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0. Introduction

The Schottky problem is the problem of characterizing Jacobian varieties among
all abelian varieties.
More precisely, let:

Ay =H,/Sp(Z,28g)

be the moduli space of principally polarized abelian varieties of dimension g,
J, =4, the locus of Jacobians. The problem is to find explicit equations for J,
(or rather its closure J,) in <7, . _

In their beautiful paper [A-M], Andreotti and Mayer prove that J, is an
irreducible component of the locus N, _, of principally polarized abelian varieties
(4, ©) with dim Sing @ >g—4. Then they give a procedure to write “explicit”
equations for N, _,. ~

There is no hope that J, be equal to N,_,: already in genus 4, there is at least
one other component, namely the divisor f,,, of principally polarized abelian
varieties with one vanishing theta-null (i.e. such that Sing ® contains a point
of order 2). Our aim is to prove the following:

Theorem. a) N, =J,U6,,;.
b) The divisor 8, is irreducible.

In genus 5, the locus N, < .o/ has already many components. However, we
prove that J; is the only component of N; not contained in 0,,.

The proofs use the fact that a generic principally polarized abelian variety of
dimension 4 or 5 is a Prym variety. In [M 2], Mumford gives a complete list of
all Prym varieties with dim Sing & = g —4. If every principally polarized abelian
variety (of dimension 4 or 5) were a Prym variety, the results would follow at
once; however we see immediately from Mumford’s list that the product of an
elliptic curve and a non-hyperelliptic Jacobian —for instance —is not a Prym
variety in the classical sense.
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Thus the main ingredient of the proofs is the construction of the generalized
Prym varieties which appear in the closure of the locus of ordinary Prym varieties
in &, It turns out that the whole theory of Prym varieties, as developped in
[M 1] and [M 2], extends to certain coverings of curves with ordinary double
points. These generalized Prym varieties were known in the case of one ordinary
double point (see [M 2] and (3.6) below); in general, they naturally appear as
intermediate Jacobians of certain non-singular varieties, for instance the inter-
section of three quadrics in P2" (n>2).

After some preliminary results (§1 and 2), we define the generalized Prym
varieties in § 3. In §4, we give a list of all the generalized Prym varieties with dim
Sing @ =z g —4. The method is that of [M 2], but there are some technical difficulties
due to reducible curves. It should be noted that the proof of the result for Prym
varieties of dimension 4 and 5 (the only one to be used in this paper) is considerably
simpler; in particular, the hardest part of Lemma 4.9. (from (4.9.4) on) is not needed.
However, we have insisted on giving a general proof because of the application to
intermediate Jacobians: thus Theorem 4.10 implies for instance that every smooth
intersection of three quadrics in P is non-rational.

In §5 and 6, we prove that the locus of generalized Prym varieties is closed
in «f,; this follows from the work of Deligne and Mumford on compactification
of the moduli space of curves. In §7 and 8 we apply these results to principally
polarized abelian varieties of dimension 4 and 5.

Most of our results are actually valid over an algebraically closed field of any
characteristic different from two. In particular, we obtain as a consequence the
irreducibility of the moduli space of principally polarized abelian varieties of
dimension 4 or 5, over a field of characteristic p#21.

1 am heavily indebted to H. Clemens for his continual encouragement. I wish to thank Columbia
University for its hospitality during the preparation of this paper.

Terminology and Notation

Throughout this paper we fix an algebraically closed field k of characteristic #2;
all varieties considered are defined over k. By a point of a variety we mean a point
rational over k.

A curve is a one-dimensional variety over k (that is, a one-dimensional reduced
scheme of finite type over k). The genus p,(C) of a curve C is defined by:

p(C)=1—x(Oc)

Let C,..., C, be the irreducible components of C. For any vector bundle E
on C, the multidegree deg(E)=(r; ... 1) is defined by r,=deg E,¢, and the degree
of E by deg(E)=)Y r. For any coherent sheaf F on C, we write:

dim H°(C, F)=h°(C, F)

(or K°(F) if there is no ambiguity on C).

! I am grateful to F. Oort for pointing out to me that this fact was not known, and that it should be

a consequence of the results contained in this paper
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1. Theta-Characteristics on a Singular Curve

In this section we indicate how to modify the proofs in [M 1] to get the corre-
sponding results for curves with arbitrary singularities.

(1.1) Theorem. Let

(i) m: & — S be a proper, flat family of curves.

(i) & a coherent Oy -Module, flat over S, such that for all seS the induced
sheaf &, is torsion-free of rank r.

(ii)) Q: & — wy s a non-degenerate quadratic form.

Then the function s—dim H*(Z,, &) mod2 is constant on connected compo-
nents of S.

Here wy s is the relative dualizing sheaf f' s ([H]), that is, a sheaf whose
restriction to each fibre % is the dualizing sheaf wy . By (iii), we mean that Q

induces an isomorphism &, — Hom,, e, (&, wg,) for each s.
N

1) Define a= )’ P, where the P, are non-singular points of ;. Since E=¢,
i=1
is locally free outside the singular locus, one gets as in [M1]: I'(E)=T(E(a))
NIT(E/E(—a)) in I'(E(a)/E(—aq)).
2) Use Grothendieck duality instead of Serre duality: since Ext} I,(E’ Wy, )=0
by local duality, one still gets dim W, =dim W, = Nr, dimV=2Nr.

3) Replace ordinary residue by generalized residue ([A-K]). The function on
N
E(a)/E(—a) given by g(@)= ), Resp, Q(a;) still defines a non-degenerate quadratic
form on V. i=1
The theorem follows as in [M1].
Before stating the following coroliary, we fix some notation: we denote by

J, the set of line bundles L on C such that [*=(; we define the pairing e, on
J, by:

e (@ B)=e, n(f* o, f* B)
where f: N— C is the normalization of C, and e, y:(JN),— {+1} is the pairing
induced on the group of points of order 2 by the Riemann form of JN ([M3]);

we could as well define e, directly as for abelian varieties, or by the cup product
on H' (C, Z/(2)).

(1.2} Corollary. Let C be a curve, Ly a “ theta-characteristic” on C (a torsion free,
rank one Oc-module such that Lo~Hom (Lg, wc)). Then the map from J, to Z/(2)
defined by

L—h®(Lo®L)+h°(Ly) (mod2)
is a quadratic form on J, whose associated bilinear formis e, .

Proof. Let L, M be two line bundles on C such that [?=M?x~(.. We want to
prove:

O (Lo)+ h® (Lo® L)+ ho(Ly@ M)+ h® (L@ LOM)=In e, (L, M) (mod 2)
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where In(1)=0, In(—1)=1. One defines a quaternion algebra structure on
A=0;+L+M+L®M as in [M1]. Then A4 is isomorphic to Hom (E, E) for
some rank 2 vector bundle E on C: and since f*A~Hom/(f*E, f* E), Lemma 2
in [M1] gives:

degE=lne,(L,M) mod2.

Now by Lemma 1.3 below the set of vector bundles of given rank and multi-
degree is connected, hence by the theorem:

W (Lo®A4)=h°(L,®Hom (E, E)) mod?2

for any rank 2 vector bundle E’ with deg E'=deg E. We pick a line bundle F on C
with deg F=deg E, and take E'=(-®F. Then:
o (L,®@Hom(E', EN=2h"(Lo)+h° (L@ F)+h° (L, ®F 1)
=h(Lo®@F)—h° (Lo®@F~') mod2
=y(Lo®F) by Grothendieck duality
=deg F by Riemann-Roch
=lIne, (L, M).

(1.3) Lemma. Given integers r=1; d,, ..., d,, there exists an irreducible variety
S and a vector bundle & on C x S of rank r and multidegree (d,, ..., d,) such that any
vector bundle of rank r and multidegree (d,, ...,d)) on C is isomorphic to &¢,
for some s€S.

Proof. The lemma is well-known if C is non-singular ([S]). If C is singular, define
the skyscraper sheaf 6 by the exact sequence:

00— f, 04— -0

Let E be a rank r vector bundle on C. Cﬁoosing an isomorphism E > (7 near
the singular points, we get:

0—-E—=f f*E—>¢—0.

Thus any vector bundle E on C can be given by a vector bundle F=/*E on N,
plus a “descent data” morphism h: f, F— ¢” which must be surjective with locally
free kernel.

Now let T be an irreducible variety parametrizing all vector bundles of rank
r and multidegree (d,, ...,d.) on N, & the corresponding vector bundle on N x T,
p, q the projections from C x T onto C, T.

NxT—Z 5 CxT

/
C

o

N
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The sheaf H=q,Hom (fr, &, p* &") is locally free on T (since locally over T
we may replace & by (¢, r; then H becomes isomorphic to g, p*G, with G=
Hom(f, Oy, 5", but q,p*G= (9T®kH°(C G) is a free @p-module). We denote
by S, the associated vector bundle (S;=V(H) in EGA notation), by k: C x §, —

C x T the projection; on C x S, there is a canonical morphism:

hik* fpu&— k¥ p* &

such that a point s in S, is given by a point te T, together with a morphism h¢,
S5 (& \nxg)— 0" We take the open set S in S; consisting of points s€ S such that
hic « s 18 surjective with locally free kernel. § is irreducible, and by what we have
seen, S together with the vector bundle Kerh on C x S give a complete family of
vector bundles on C.

2. Theta Divisor of a Generalized Jacobian

We consider a connected curve C of genus g, with only ordinary double points.
We denote by JC the generalized Jacobian of C;recall that JC is a smooth commu-
tative algebraic group, and the points of JC can be naturally identified with
isomorphism classes of line bundles on C of multidegree (0, ..., 0). The normaliza-
tion f: N— C induces an epimorphism f*:JC— JN, whose kernel is a torus
(i.e. a multiplicative group (G,,)"). For any line bundle L of degree g—1 on C, we
define @, as the locus of line bundles M in JC such that: h° (L®M)= 1. We denote
by @’ the theta divisor on JN (defined up to translation).

Our aim is to prove that @, is a divisor, algebraically equivalent to (f*)~1(&").
However, if C is reducible, this will be true only for a good choice of deg(L). To
deal with this case, we associate to the curve C a graph I':

The set of vertices of I' is the set {C,, ..., C.} of irreducible components of C;
an edge between two vertices C;, C; corresponds to a point of C;n C;.

(2.1) Lemma. Let d=(d,,...,d) be a multidegree such that Zd,:g—l. The
following conditions are equivalent:

(i) There exists a line bundle L on C, of multidegree d, with h°(L)=0.

(i) Given line bundles LO on C, and L, on N such that:

deg(Lo)=d; deg(L,)=%deg(wy), there exists an irreducible non-singular
variety S, a coherent sheaf ¥ on C x S, flat over S, and two points s, 5, €S such that:
= Fy=L\cxs IS torsion-free of rank one, for each sin S;

sa - LO >

(iii) The graph I' can be oriented in such a way that, if k; denotes the number

of edges starting from C,, one has:

di=p,(C)—1+k, (i=1,...,¢).

Assume moreover that the restriction of w¢ to C; has even degree for each i;
then the multidegree d =4 deg(w) satisfies conditions (i) to (iii).
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Proof. (iii)= (ii). We use the same construction (and notation) as in Lemma 1.3.
Here we take for T the variety of line bundles L on N with deg L =d, and for
& a Poincaré line bundle on N x T; we define S, as in Lemma 1.3 and denote by
S, the open set in S; consisting of points s such that k¢, is surjective; so a
point s of S, corresponds to a line bundle L on N (of muitidegree d), together with
a surjective morphism on C: hg: f, L— 8. Let z be a singular point, £ ~'({z})={x,y},
U a neighborhood of z in C which contains no other singular points and such that
L=0y on f~!(U). Choosing a generator of L on f~!(U), one checks easily that
h, is given by:

h(t)=at{x)+pt(y) with a, Bek.

If « and B+0, Ker h, is an invertible sheaf on U; if for instance a+0, =0, then
Ker h, is isomorphic on U to f_ (Oy(—x)).

Define & =Kerh on S,. Since k* & and k* p* J are flat on S, and 4 is surjective,
ZLisflaton §,. Let s be a'point in S,. If A is such that « and f+0 at each singular
point, then &£, =%, (, is an invertible sheaf of multidegree d, and all the invertible
sheaves of multidegree d are obtained that way. On the other hand, if we choose s
such that a. #=0 at every singular point, then

=1 (L Z X))

where { f(x,), ..., f(x,)} is the set of singular points in C.
To achieve the proof that (iii) implies (ii), we must show that we can choose
one point x;e N above each double point z; of C in such a way that: 2 deg L(— ) x,)

=deg wy. If z; belongs to only one component of C, we choose x; arbitrarily
(among the two points of f~!(z;)). Suppose that z; belongs to two components.
We consider the graph I'; we assume it is oriented so that property (iii) holds.
The point z; corresponds to an edge of I, and we choose the point x;ef~!(z,)
which lies in the component corresponding to the starting point of the edge.

For 15j<c, let I; be the number of double points of C which belong to C;
and not to C, for k=j. Then:

deg L(— Zx,)lc =d;—k;—1;=p,(C)—1;—1=p,(N;)—1, where N; is the com-

ponent of N whlch dominates C;. Hence, 2deg L(— Z x;)=deg wy, so we have
proved that (iii) implies (ii).

(ii)= (i): Assume that property (ii) holds. We can choose L, such that h°(N,L,)
=0; then there is a neighbourhood U, of s, in § such that h°(C, #,)=0 for seU,.
On the other hand there is a neighbourhood U, of s in S such that %, is an invertible
sheaf of multidegree d when tel,. If ueU,n U, the invertible sheaf L=2,
satisfies condition (i).

(i)=> (iii): We prove this by induction on the number m of edges of I'. If m=0,
there is nothing to prove. If m> 0, let us choose an edge of I, i.e. a point s of C;n C;
(i=Jj). Let f;: N,— C be the normalization of C at the point s. We get as before an
exact sequence:

0—-L—(f), f*L-255-0, with 6=k(s).
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Since h°(L)=0 by hypothesis and h'(L)=0 by Riemann-Roch, the mapping:
hg: HO(N,, f* L)— 6

is an isomorphism. Therefore H°(N,, f* L) is generated by a section ¢ such that:
h()+0.1f £ ~1(s)={s;, 5;}, we have seen that: h () =o(s)+ B t(s)), withaand 0.
It follows that ¢ cannot vanish identically both on C; and C;. Suppose that t does
not vanish identically on C;; then if x is a generic point of C,, the sheaf L' = f* L(— x)
on N, verifies h°(L)=0. If N, is connected, one has deg(L)=p,(N,)— 1, so that one
can apply the induction hypothesis to L; if N, has two connected components
N, N,, one checks that:deg Ly, =p,(N)—1 (i=1,2), so that we can apply the
induction hypothesis to Ly, and Ly,. In both cases, if e; denotes the edge of I'
corresponding to s, we can find an orientation of I' —{e,} such that (iii) holds
(with respect to deg (L)); then we orient the edge e, from C; to C;. It is immediate
that the orientation obtained for I’ satisfies (iii).

The last assertion of the lemma follows from Euler’s graph theorem: a graph I,
such that the number of edges passing through each vertex is even, can be oriented
in such a way that at each vertex p, the number of edges starting from p equals
the number of edges abutting to p.

Recall that we denote by @' a theta divisor on JN, and by &, the locus of
line bundles M in J C such that ’° (L@M)=1.

(2.2) Proposition. Let L be a line bundle on C whose multidegree satisfies the
equivalent conditions of Lemma 2.1 (for instance 2 deg(L)=deg(wc)). Then @y
is a divisor, algebraically equivalent to (f*)~(@").

Proof. Choose S, &, s,, s, as in condition (ii) of the lemma, with L = L,. We want
to construct a divisor Z in JC x §, flat over S, such that for each s in S, Z; is the
locus of line bundles L in JC with h®(#,®L)=1. We use Kempf’s construction
(see [Sz]). Let £ be a Poincaré bundle on C x JC, p, g, r, m the projections from
CxJCxS§ onto Cx§, JCxS, CxJC, C. We put F=r*P2Qp*#. Let se§,
aeJC (corresponding to a line bundle L, on C); one has by definition:

%Cx{a}x{s}=$s®[‘a‘

Let us choose g non-singular points x,, ..., x, on C such that if D=3 x;, one has
deg D\, 2d,; for each j. Since & is invertible around {x;} xS, we get an exact
sequence:

0->F@m*O:(—D)» F > F@m*0,—0.

Apply g, to this exact sequence; we claim that:

— 4, (F @m* Op) is locally free of rank g.

— R'q (F @m* 0p)=0.

— R'q, (F ®@m* Oc (— D)) is locally free of rank g.
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To prove these assertions, it is enough (using [EGA II1.7]) to show that for
each seS, aecJC:

hO (C7 °gs®l‘a®@b):ga
hl (C$ gs®La®@D):0:
W (C, 4,®L,(~D)=g.

The first and the second equality are clear; the third one follows from the choice
of the x; and Riemann-Roch formula.
Therefore we obtain an exact sequence:

El"‘u—) E2—>qu*(9'.)——>0

where E,, E, are locally free sheaves of rank g on JC x S.
Let p=(a, s) be a point in JC x §. Since the formation of R' ¢, (F) commutes
with base change, we get an exact sequence:

E\(p) 2 E,(p) - H'(C, Z,®L,)—0.

Since i' (#,® L,)=h°(¥,® L,) by Riemann-Roch, we conclude that h°(£.QL,)
=1 if and only if det (u(p))=0.

We define the divisor Z on JC x S by the equation det (1)=0. Then, by con-
struction, for each s in S, Z, is the locus of line bundles M in JC with h°(Z,@ M)
= 1. Since by 2.1(ii), for each s in S one has Z,+JC, Z is flat on §. Since:

f(LY)®M =S, (L,Qf*M),

one has Z, =(f*)"'(©"), where @ ={MeJN, h°(L,@M)=1}; and also Z, =0, .
So @, is algebraically equivalent to (f*)~! (@").

Fix an L as in the Proposition, and put @, = . The divisor @ on JC defines a
group homomorphism:

1 JC(k)— Pic(JC)
' ar—0,:(6,-0)

([L, p. 75]); here JC (k) denotes the group of rational points of JC. Similarly the
divisor @' on JN defines a morphism of algebraic groups:

. A
w: JN = Pic®(JN)=JN.
(2.3) Corollary. The diagram:
JC (k) —2— Pic(JC)
I Pic(f%)
N
JN (k) —%— JN(k)

is commutative.
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The corollary is an immediate consequence of Proposition 2.2 and Proposition
4in [L, p. 75].

(2.4) Remark. Let C— S be a flat family of curves of genus g, with at most ordinary
double points, and let JC— S be the corresponding flat family of Jacobian
varieties (JC is an algebraic space: see [A]). Locally over S for the étale topology,
one can find a line bundle L on C such that deg(L,)=g—1 and h°(C,,L)=0
for each s in S. Then, for each s in S, the multidegree of L, satisfies condition (i)
of Lemma 2.1. One sees as in the proof of Proposition 2.2 that the divisors @,
on JC, fit together to define a divisor © on JC, flat over §, such that &;c, =6,
for each s.

3. Generalized Prym Varieties : Definition

Throughout the rest of~this paper, C is a con~nect§d curve with only ordinary
double points, f: N— C its normalization, 1: C — C an involution (12 =1d).

(3.1) Lemma. The quotient curve C/(1) has only ordinary double points.

Proof. We have only to check what happens at a singular point s of C fixed under
the involution. Let ¢, be the local ring of C at s; the completion @, can be identified
with k [[u, v]1/(uv). If the involution exchanges the two branches of C at s, one
can choose u, v so that 1*u=uv, 1*v=u; then the subring of invariants in &, is
the ring of formal power series in «+ v, which is regular. If the branches at s are
not exchanged, one can choose u, v so that 1* u= —u, 1* v= —v; hence the subring
of invariants is k [[#?, v2]], which is isomorphic to k [[x, y11/(x y).
We now assume:

(x) The fixed points of 1 are exactly the singular points, and at a singular point
the two branches are not exchanged under 1.

We note C=C/(1) the quotient curve, n: C— C the projection, f:N— C
the normalization of C, 7': N— N the morphism deduced from 7 (so that fon’

— o))

N—L¢
! l

n' ™

i

N—L ¢
7' is a two-sheeted covering, ramified at the points x;, y; of N which lie over singular
points z; of C.

(3.2) Lemma. n* .~ wg.

Proof. wg is the sheaf of forms @ on N, regular except for simples poles at the x;
and y;, with Res, (®)+ Res,, (@)=0. Since = is etale outside the singular points,
and Res, n*w=2Res,, w for a form wew:, one gets div(z* w)=n*div(w),
- hence 7* v = wg.
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One should notice that n is not a two-sheeted covering in the usual sense;
in fact, = is not flat at the singular points. From Lemma 3.2 we obtain: p,(C)
=2p,(C)-1.

We shall need some facts about Cartier divisors on € and C. Let K (resp. K)
be the ring of rational functions on € (resp. C), that is the product of the fields
of functions of the components. The group of Cartier divisors on € is:

Div(€)= @ Z-x + @ R0}

x€Creg s singular

Let s be a singular point of C, s,,s, the two points of N lying over s, v,, v, the
corresponding valuations of K. One has an exact sequence:

0 k* — K*/0* 22, ZOZ —0

(the kernel is identified with k* by frs2C) )

f(s2)

It is convenient to split this exact sequence by choosing uniformizing param-
eters t, and r, at 5; and s,, thus getting an isomorphism: K¥/0¥ = k* x Z x Z.
With this identification, assuming 1*t,=—t;, 1*t,= —t,, the action of i on
K¥/0% is simply:

*(z,m, n)y=((—1y"*" z, m, n),.

The norm of K/K maps (¢ into O, thus gives a diagram of exact sequences:

K* — Div(€)—— Pic(€) -0

J"N'ic/x i INm
K* ——— Div(€C)— Pic(C)— 0

where:
— =, is the direct image under n: n, (3 x)=) nx; for x;€ C,,,
n, ((z, m, n))=((— 1)"*" 2%, m, n),, (follows from the formula for 1*).
— Nm: Pic(C)— Pic(C) is the usual norm for line bundles ([EGA I1.6.5]),
which induces a morphism of algebraic groups Nm: JC — JC.

(3.3) Lemma. If Lis aline bundle on C such that NmL~0.,then LxM®1* M~*
Jor some line bundle M on C. Moreover M can be chosen of multidegree (0, ...,0)
or(1,0,...,0).

Proof. As in [M 1], Lemma 1, we get L=0(D) where =, (D)=0. Writing D=}  x;

+ Y (z,,my,n), we get that D is a linear combination of divisors x—1x,
s singular

for xe C‘,,g, and (— 1, 0, 0), at singular points s; but (—1, 0, 0)=(1, 0, N—:*(1,0, 1),

hence D=E —*E for some divisor E and LxM®1* M~ with M=0(E). We

may replace M by M@n* N for any line bundle N on C, hence assume deg(M)

=(g,...,&) where =0 or 1. Since (Id —1)*(1,1, —1)=0 and € is connected,

we can further normahze M as in the statement of the lemma.
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We denote by P (resp. B) the variety of line bundies in Ker (Nm) of the form
M®1* M~ with deg(M)=(0, ..., 0) (resp. (1,0, ..., 0)). Note that P is a connected
algebraic subgroup of JC. ~

(3.4) Proposition. Fix a line bundle L, on C with Iy=w. The function:
L—h®(L®n* L,)
is constant mod 2 on P and on B, and takes opposite parity on P and F,.

Notice that such an L, always exists, since the hypothesis (x) insures that
deg Weyc, is even for all i.

Proof. We first prove that h® (L@n* Ly)=h°(L,®m, L) is constant mod 2 when L
varies in a connected algebraic family; for this we exhibit a non-degenerate
quadratic form $?(L,®m, L)— w¢ (or, what amounts to the same, S n, L— O)
and apply Theorem 1.1. The norm induces a quadratic form:

S*n, L— Nm(L)= 0,
which can be identified locally with:

o: S n, Og — O
' h— Nm(h)

and Q is easily seen to be non-degenerate by local computation. The proof in
[M 1] that h° (L®=n* L,) takes opposite parity on P and P; applies in a straight-
forward manner to our case (use Lemma 3.2 in Step II).

(3.5) Proposition. P is an abelian variety of dimension p,(C)— 1.

Proof. We look at the diagram:

0T JC JN 50
|
Nm Nm Nm
¥
0-T »JC JN—-0

where T and T are the groups of classes of divisor of multidegree (0, ..., 0) with
singular support; 7* induces an isomorphism of T onto T, hence, since Nmon* =2,
Nm; is surjective and Ker Nm; =T, ={points of order 2 in T}.

Thus one gets an exact sequence:

0-T,-»PxZ2-% R0

where R=Ker Nm ;5 is a complete subvariety of JN; therefore P is complete,
reduced and connected, hence an abelian variety.

(3.6) Remark. R is an abelian variety, called in [M 2] the Prym variety associated
to the ramified two-sheeted covering N — N. Notice that g: P— R is an isogeny,
but not an isomorphism if the dimension ¢ of T is greater than 2: in fact #ker(g)
=21,
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Using the line bundle n* L, we define a divisor ® on JC (§2).
(3.7) Theorem. @ induces twice a principal polarization on P.

The statement of the theorem means that @' = @), is algebraically equivalent
to 2Z, where Z is an ample divisor with h°(0(Z))=1; or, equivalently, that the
morphism »

. P—P
P a—0:(0,-0)
is twice an isomorphism. By Corollary 2.3, we have a commutative diagram:
P g » P
Jg 12
- ~ .
Re—— JN —£— JN R

We first need the following lemma:

(3.8) Lemma. Let h: A— B be an isogeny of abelian varieties, f: B— B a principal
polarization on B, a=hofoh the pullback of B on A.

Assume:

(i) Ker hc A,, the set of points of order two in A;

(i) h(A,) is totally isotropic maximal with respect to the symmetric pairing
defined by f on B,.

Then Ker a=A,.

Proof of the Lemma. Let us consider A, and B, as vector spaces over E,, and denote
by A% and B% the dual spaces. Cartier duality provides us with a commutative
diagram:

0—A,~——>A—2-54-0

hy h h

0 A ——A—254-0
where the horizontal rows are exact.

It follows from (i) that Kerhc(B),, hence: p~!(Kerh)=g;'(Ker'h,)=
B3 (Imh,)*)=(Imh,)*, where the sign 1 means orthogonality with respect to the
pairing on B, defined by g.
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Now, (ii) implies that (Im h,)* =Im h,, so that: Ker a=h~1(Im h,)= A, +Kerh
=A4,.

Proof of Theorem (3.7). We apply the lemma to the isogeny h: P x JN — JN and
the principal polarization on JN. We check the conditions (i) and (ii):

(i) An element of Ker(h) is a pair (L, M) with LeP, MeJN andf*L@n’*M
=~ 0. Write M = f* M’ for some M'eJC; then LQ7* M'cker f* =T, hence since
T=n*(T), L=n*M" for some M”"eJC. Using Nm(L)=0. one gets M"? =0,
hence [ =@z and M?>=0)y.

(ii) Let e, 5 (resp. e, y) the pairing defined on JN, (resp. JN,) by the polar-
ization. Nm and #n'* are dual with respect to the polarizations on JN and JN,
therefore:

e, w(mw*a,b)=e, y(a, Nm(b)) for aeJN,, beJN,.

In particular, n'* JN, is orthogonal to both itself and f*P. Now if L, MeB,,
Corollary 1.2 gives:

Ine, 5 (f*L, /*M)=h(n*Lo)+h° (n* Lo@L)+ h° (n* L,®M)
+h° (n* Lo @ LQ M) (mod 2)
=4h°(n*L,) mod 2 by Proposition 3.6,

hence the subspace h(P, x JN,) is totally isotropic in JN,. To prove that it is
maximal, we have only to check that:

dimg, (h(P, x JN,)) =4 dimg, (JN,).
Since dimg, (B, x JN,)=dimg, (JN,), it is equivalent to show that:

dimg, (Ker h)=4 dimg, (JN,).

We have shown in the proof of (i) that:

Ker h={(n* a, f*a) where aeJC, is such that n* ae P}.

Since ©*(resp. f*) is injective when C is singular (resp. non-singular), we
conclude that Ker A is isomorphic to the group of points ae JC, such that n*aeP;
this group is the kernel of the linear form given by the composition:

¢:JC, = Ker(Nm) — Ker(Nm)/P — F,

(where the last isomorphism is given by Lemma 3.3).

We now prove that ¢ +0. If C has a singular point s, let D, be the divisor
(—1,0,0), and d the class of O-(D) in JC; then de JC, and since n* D,=(—1, 0, 0);,
one has n*deR, hence ¢(d)=1. If C is non-singular, it follows from [M2] (or
directly from Corollary 1.2) that:

@(a)=(¢-a) foreach aeJC,,

where ¢ is the only non-zero element of Ker(n*); in particular ¢ +0. Therefore,
in any case, if we put t =dim (T)=dim (T), we obtain:

dimg, (Ker h)=dimg, (JC,)—1=2g—t—1
while dimg, (JN,)=2dim (JN)=2(2g—1—t), which achieves the proof of (ii).
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Therefore the lemma applies and gives:
Ker(hopoh)=PB x JN,.

But the polarization a=/ o o h can be written as a sum of four morphisms:
p:P>P;, 6:PoIN; wJIN-P; vIN—JN.

Since n'* and Nm are dual to each other with respect to the principal polarizations
of JN and JN ([M2]), we find that 0 =0; then from & =« we deduce that t=5=0.
We conclude that Ker(p)=P,, which proves the proposition.

(3.9) Definition. The abelian variety P, together with the principal polarizatiojz )
defined by 25 = @,p in NS(P), is the (generalized) Prym variety associated to (C, 1).

Actually, as in the non-singular case, the relation between @ and Z can be
made much more precise:

(3.10) Proposition. Choose Ly such that h°(n* Ly) is even (and 1% =w.). Then,
with the preceding notation: © =22, where Ec P is a divisor in the class of the
principal polarization on P.

Notice that one can always find such an L: if s is a singular point of C, D the
divisor (—1,0,0),, then h°(n*(Ly(D)))=h’(n* Ly)+1 (mod 2), by Lemma 3.3 and
Proposition 3.4.

To prove the proposition, we need Riemann’s singularity theorem for singular
curves. We state a-more general result:

(3.11) Proposition. Let C be a curve, JC* the variety of line bundles L on C such
that 2deg L=degw,, @ the divisor of line bundles M in JC* such that h®(M)2= 1,

Le@®, ¢ the pairing :
HOL)@H (@ ®L™) — HO(w).

Choose a basis (s) of H(L), a basis (t}) of H*(wc@L™"); identify H®(w() to the dual
of the tangent space T to JC* at L. Assume the function det(p(s;®t)) is not
identically zero on T; then it defines a hypersurface in T which is equal to the
tangent cone to @ at L. In particular the multiplicity of @ at L is h°(L).

Proof of Proposition (3.11). The proposition is proved in Kempf's thesis (see [Sz])
when C is irreducible; the argument can be adapted to the general case as follows:
let 2 be a Poincaré bundle on C xJ C*, q: C xJ C* — J C* the projection. Put
h®(L)=m; choosing m non-singular points x,, ..., x,, such that H°(C, L(-Y x,))
=(0), we get as in Proposition 2.1 an exact sequence in a neighborhood U of L
in JC*:

Op - 0F — R'q,(#)— 0
and a local equation for @ is det(u)=0.

Since h®(L)=m, the coefficients u;; of u are zero at L; the tangent cone to &

at L is given by the determinant of the first-order terms of the u;;—unless this
determinant is identically zero. In other words, let ¢ be a tangent vector to JC*
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at L; t corresponds to a morphism Spec k[e] — JC* (¢ =0), or equivalently to
a line bundle L, on C,= C x Speck[¢]; and ¢ is tangent to @ at L if dim, Ker(t* u)
>m+1. Now by construction, Ker(t*u)=H°(C,,L,); the tangent vector ¢,
viewed as an element of H'(C, Op)= Ext}yc(L, L), corresponds to an extension of
sheaves:

0-L—>L,—-L-0
which gives:
0— H°(L)— H°(L,)— H°(L)-% H*(L).

Thus ¢ belongs to the tangent cone if and only if the map H®(L)— H'(L) defined
by cup-product with ¢ is not an isomorphism. By choosing a basis for H°(L) and
H®(w,®L™) one finds the statement of the proposition.

Proof of Proposition (3.10). We must check that for line bundles L in JC* satis-
fying 1* Lws®L™, the determinant given in Proposition 3.11 is not identically
zero. But the vanishing of det(¢(s;®t;)) implies that there is a se H°(C, L) such
that ¢(s®1)=0 for all te H*(C, wz®L™'); since ¢(s®i*s) is non-zero, this is
impossible. Thus we can use Riemann’s singularity theorem, and the argument
in [M2, p.342] applies identically.

(3.12) Remark. To avoid the choice of a theta-characteristic L, as in Proposi-
tion 3.10, it is often convenient to look at the Prym variety in JC¥*, after transla-
tion by n* L,: thus the Prym variety becomes the variety of line bundles L in JC*
such that Nm(L)=~ w and h°(L) is even, Z is the divisor of effective line bundles
in P, and @p=2Z.

4. Dimension of Sing £

Keeping the notation of § 3, we denote by € a connected curve of genus 2g—1
with ordinary double points, 1 an involution of C satisfying condition (*), C the
quotient curve (of genus g). Our aim is to extend Mumford’s description of Sing =
([M2]) to the Prym variety and its polarization defined in § 3. According to
Remark 3.12, we look at the situation in JC*; we denote:

P={line bundles L on €, Nm(L)~w,, h°(L) even},
E={Lin P,h°(L)22).

(4.1) Lemma. A line bundle L in P belongs to Sing = if and only if :
(i) either h°(L)=4, N
(ii) or h°(L)=2, and for a basis {s, t} of H°(C, L) one has:

*s@t=s@*t in HYC,L®1*L)=H(C, ws).

Proof. By Proposition 3.10, a point L in P belongs to SingZ either if it is of multi-
plicity 23, or if it is of multiplicity 2 and the tangent space to P is contained in
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the tangent cone to @ at L. The first case gives (i); in the second case, we can apply
the analysis in [M2, p. 343], using Proposition 3.11, and find condition (ii).
We first get rid of case (i) following [M2].

(4.2) Proposition. Let Z be an irreducible component of Sing= with dimZzg—S5.
Then, a generic line bundle L in Z has the property:

(P) There exist two linearly independent sections s,t in H°(C, L) such that
*s®t=s®@1*t.

Proof. The proof in [M 2, p. 345] applies identically once one knows the following
lemma:

(4.3) Lemma. Let X be a curve of genus g. Let us denote by G the variety of line
bundles L on X with degL=d, h°(L)=r+1. Let Z be an irreducible subvariety
of G4, L a line bundle in Z with h°(L)=r+ 1, ¢, the pairing:

o HHL)Y®H(wy®@ L) — H%wy).

Then
dimZ <g-—-dimIme,.

Proof as in [S-D, p. 162].

We now begin the study of line bundles with property (P). We fix some nota-
tion. If L is a line bundle on a curve X, we denote by |L| the set of effective divisors
D such that (D)= L; this is an open set in P(H°(X, L)) (which may be different
from P(H°(X, L)) if X is reducible). We shall say for convenience that L is non-
singular if |L] contains a divisor with non-singular support (or equivalently, if
at each double point x of X, there is a global section s of L such that s(x)=+0).

(44) Lemma. Let L be a line bundle on C with property (P); assume that at each
double point of C, either s or t do not vanish. Then L~ n* M(E), where:

~ M is a non-singular line bundle on C with h°(M)=2.

— E is a divisor on C with non-singular ‘support.

- n,Eeloc®M~2|; in particular o, @M~' and o @M ~?* are non-singular
line bundles.

Proof. One can suppose that s and ¢ are both non-zero at each double point of C.
Put ¢ =s/t; since 1* ¢ =, one gets ¢ =n*y, where y is a rational function on C.
Let E be the divisor of common zeros of s and ¢, Z(s) (resp. Z (@), Z (¢)) the divisor
of zeros of s (resp. @, ¥); all these divisors have non-singular support and one has:

Z($)=Z(p)+E with Z(@)=n*Z({}).

This gives L=~n* M(E), with M =0.(Z(})); the last statement follows from the
isomorphisth Nm(L)= w,.

(4.5) Notice that the argument is still valid if the involution z has some non-
singular fixed points.

We are thus led to study the dimension of the locus of line bundles M on
a curve C with ordinary double points, such that hi°(M)=2 and M, 0o, ®M ~*
and w.®M ~? are non-singular. We need some preliminary lemmas:
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(4.6) Lemma. Let L, M be two non-singular line bundles on C, ¢ the pairing:
HY(L)Y®@ H*(M) — HY(L®M).
Then dimIm e = h°(L)+h°(M)—1.
Proof. The lemma follows from the fact that |L| and |M] are non-empty, and the
morphism:
ILIx M| = LM
is generically finite.

(4.7) Lemma. Let L be a non-singular line bundle on C; suppose w-® L™ is non-
singular. Then:

kO(L)§deTgL+l.

If equality holds, then either L=0; or L= or there exists on C a non-singular
line bundle M with deg M =h°(M)=2 (we’ll say for short that “C has a non-singular

1

g2

Proof. The first statement follows from Lemma 4.6 and the Riemann-Roch
theorem; the second statement is proved as in [S-D, p. 159], noting that if one
chooses D'e|w® L™*| with non-singular support, then (D, D)) and w¢(—(D, D))
are non-singular.

(4.8) Lemma. Let Z be an irreducible subvariety of Gj, (0 <d<2g—2) such that
for L generic in Z both L and o.®L™' are non-singular. Then dim(Z)<d—2r.
Moreover if wc® L2 is non-singular, equality holds only if C has a non-singular g} .

Proof. The first part follows from Lemmas 4.3 and 4.6. If dimZ =d —2r, a generic
line bundle L in Z is generated by its global sections, and h°(L)=2. From the
exact sequence:

(48.1) 0> w®L 2= (. QL) &0, i, —0
we get:

dimIm o, =2h°(wc®L ')~ h®(w QL ?),
hence by Lemma 4.3:

d—2r<g—-2(g+r—d)+h° (0L ?)
or

P (oc®L ) zg~d=4deg(wc®L %) +1.
Since I? is clearly non-singular, C has a non-singular g} by Lemma 4.7.

(4.9) Lemma. Let C be a curve of genus g with ordinary double points, such that
for each component C,; of C, the intersection number of C, with the rest of C is
even. Suppose that C has no non-singular g5. Let Z be an irreducible subvariety



166 A. Beauville

of G}, 0<d<g—2; assume that for Lgeneric in Z, L, o, QL "' and o QL ? are
non singular. Then, dimZ <d —3.

If dimZ=d -3, C is one of the following:

a) C is trigonal (= 3-sheeted covering of P');

b) C is a two-sheeted covering of a curve of genus one, and g=6;

c) C is a plane quintic;

d) C is the union of two curves C, and C,, with one of the following configura-
tions:

# Cl M Cz =2.

# C, n C,=4, and neither C, nor C, is a rational curve.

# C,n C,=4, C, is rational, C, has a non-singular g and p,(C,)=4.

#C; N C,=4, C, is rational and o, = Oc, (> u;), where C; 0 C,={u,...,u,}.

(4.9.1) Proof. The first statement is contained in Lemma 4.8. Assume dim Z=d—3,
and take the smallest d for which this happens (so that a generic L in Z is generated
by its global sections). If d=3, we get a non-singular line bundle L with h°(L)=2,
deg L=3. L defines a morphism h: C — P If some union of components C,
goes to a point under h, the intersection of C, with the rest of C consists of at most
2 points (since this number is even by hypothesis, and A is of degree 3), so we are
in case d); if not, h is a 3-sheeted covering of P': that is case a).

(49.2) Assume d=4 (hence g=6). The exact sequence (4.8.1) gives h°([?)=d,
so that we get a (d—3)-dimensional subvariety of G%;'. By Lemma 4.8, this is
possible only if:

(i) d=4, dimZ =1,

(ii) d=5, dimZ =2, g=7.

Exclusing case d), we may assume that for any decomposition C=C,u C,
with #C, n C,=n, the following holds:

(A) n=4, and n=6 except if C; or C, is a rational curve. Moreover since
wc® L2 must be non-singular we get:

(B) degLic,Sp(C)-1+3 (i=12).

Furthermore we claim that one must have deg L\c,>0 for any component
C; of C. Namely for L generic in Z, let us denote by h;: C — P! the morphism
defined by L. Let C, be the union of the components C; of C such that k, (C))=P!
(for L generic in Z). If h;*({z}) is one-dimensional for some zeP! and L generic,
one must have h'({z})n Co={u; ... u,} by (A), and h%(Co, Lic,(—Y u))21
for L generic in Z.

Let us put Lic,=L,. If deg(L)=4 (case (i)), we get:

Lo=0c, (3 u) for L genericin Z.

In order to get dim Z=1, we must have h°(Ly)=3.
Note that L, and w,®L;' are non-singular, and p,(Cy)=3 by (B). Hence
Lemma 4.7 gives:
— either p,(Co)=3 and w¢, =0, (> u)
+~ or p,(Cy)=4 and C, has a non-singular g3.
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Both cases are excluded (by d)).
If deg(L)=35, we find:

Lo=0c, (Y u;+x);  xeC,.

Since dim Z > 2, x must be a generic point of some component of C,; but this
contradicts the fact that L is generated by its global sections.
We conclude finally that Cy=C, i¢. deg L,c,>0 for any component C;.

(4.9.3) Now if possibility i) holds, we apply the argument in [M 2, p. 349]; note
that the line bundle M can be chosen non-singular. So we get a morphism
h: C—P? such that for a generic L in Z, the morphism C — P* defined by L is
the composition of h with a projection from P? to P!. We denote by (C)) the
irreducible components of C'=h(C),

d;=deg C;, ri=deghy-ic)-
One has:
deg Lyy-1cp=rild; —¢)

where ¢; =1 or 0 according to whether every center of projection lies on C; or not;
and:

Yridi—e)=4 with Yex1.

Now we examine the various possibilities:

If deg C'=5, h is birational: since g=6, C is a plane quintic.

If deg C' <4 and C' is irreducible, one must have r; =2, d, =3: we get case b).

Suppose deg C'<4, C' reducible. If r;=1 for some i, C; must have at least
4 intersection points with the rest of C’, by (A): the only possibility is d, =d, =2,
rn=2,r=1, ¢g=1 But then degL-:(, =2, which contradicts (B).

Thus one has ;=2 for all i; the only possible case isr;=2and d;—e;=1(i=1, 2).

But then the intersection h~!(Cj)nh~(C}) contains at most 4 points, and this
contradicts either (A) or (B).

(4.9.4) The elimination of possibility (ii) in (4.9.2) is more tedious.
We first suppose g=8. We proceed as in (4.9.3): we fix a non-singular L,
in Z; then we can choose (g—38) points F ... E_g on C such that:

M=wc®Lz{(—Y,P;) is non-singular and h°(M)=4,

HPM®LY)z1 foranyLin Z.
We conclude that M defines a morphism h: C — P2 such that for L generic in Z,
the morphism C — P* defined by L is the composition of & with a projection from
P3 to P

We use the same notation as in (4.9.3):

WCO)=C=)Cj, d;=degC;, r=deghy-\c,
i
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e;= intersection number of C; with a generic line of projection so that
degLy,-1cy=r(d;—e) and Y r(d;—e)=5(C).
One has ¢,<2 and Y, ¢;<2 (if C' has a 2-dimensional family of trisecants,

it must be the family of lines lying in a plane IT containing some component C;;
but if the generic line of projection lay in II, one would have d;—e;=0, which
is impossible (4.9.2)).

Now we look at the various possibilities:

i) If h was birational, the curve C' would have degree <7 and genus 8.
Suppose C' does not contain any plane curve of degree =3. Then we can find a
plane IT in P? such that IT ~ C’ consists of distinct points B, ..., B (d<7), no 3 of
them lying on a line. For r=3, we can always find a surface of degree r passing
through B ... B_, and not R, (k<d): namely, one can find a union of r planes with
this property. This implies:

ho(C', h* COP(r))—hO(C;, h*Cp(r—1))=d for r=3.
Since h'(C’, h* Op(r))=0 for r large enough, we get:
' (C, h* 0p(2))=0.

Hence h°(C', h* 0p(2))=2d+1—p,(C)E7.

Thus €’ must be contained in 3 linearly independent quadrics, which is im-
possible.

If C' contains a plane curve of degree =3, one checks easily (using (A)) that
p.(C)<6. Thus h is not birational; C" must be reducible, of degree £6.

11) There cannot be any component of degree 5 by (A) and (B).

iii} There cannot be any component C; of degree 4: by (C) and (A), one must
have r,=1; by (B), this implies ¢;=2 and n==6, ie. C' is the union of a rational
quartic and two trisecants; but this contradicts (A).

iv) If C;is a conic, e;=1.

Proof of iv. If r,=2, iv) follows from (C) and (A). If ,=1, we get from (B) n=6;
this is seen to be incompatible with (C).

v) There cannot be any component C; of degree 3.

Proof of v. If ¢,=2, C' is the union of C; and some lines (by iv)); one checks that
this always contradicts (A). If r,=1, p,(C;)=0, one gets by (B) n=6, which is im-
possible by (C). If =1, p,(C})=1, C' is a plane curve; by (A) C' must be the
union of C; and a rational curve having 4 common points, which is impossible.
If n=2, e,=1, one gets a contradiction to (A) (using (C)).

vi) Therefore €' is a union of lines and conics; moreover d;,—e;=1 for all i,
and ) r,=>5. One checks easily that every choice for the (r;) leads to a contradiction
with (A) or (B).

(4.9.5) We now suppose g=7, C irreducible. Then we can modify the argument
in [M2, p. 350] as follows: by Riemann-Roch, we get for L generic in Z: o, ®L™?
= Oc(p+q), where p and g are non-singular points of C. Let W be the locus of



Prym Varieties and the Schottky Problem 169

effective divisors of degree 2 on C, C,,, the open set of non-singular points of C,
d: JC->JC the multiplication by 2. Choosing base points, we get embeddings:

C..cWcJC

reg

since the restriction to C,, of any irreducible covering of JC is irreducible (see
for instance [Se, § 6, Prop. 10]), we conclude that d~!(W) is irreducible. Conse-
quently we get as in [M 2] h°(M) =3 for any M with M? =~ . But there is always
such an M with h°(M) even. To see this, we can use Corollary 1.2 if the normaliza-
tion N of C is not rational; if N is rational, we find an equisingular deformation
of C into a hyperelliptic curve C, (i.e. such that there exists a two-sheeted covering
p: Co—P"), use Theorem 1.1 and the fact that if M = p* (p(3), one has M®? =,
and h°(M)=4.

Thus in any case we get an M of degree 6 with h®(M)=4; one checks easily
that M is non-singular, hence by Lemma 4.7 C is hyperelliptic.

(4.9.6) Suppose finally g=7, C reducible. Again for L generic in Z we get
wc®L 2= 0(p+q), where p, q are non-singular points of a component C,. We
put Co=J C;, n=4%Con C;.

i>1

If p,(Cy)=0, it turns out that we can still apply the argument of (4.9.5). We first
notice that the Jacobian of C is isomorphic to the Jacobian of the irreducible
curve obtained from C; by identifying the points of Cy » C,; from this we deduce
as in (4.9.5) that the set of line bundles L such that o ® L~ 2= 0.(p + q), for some
non-singular points p, ge C,, is irreducible. Thus we get h®(M(—p))=2 for any
M with M? =@, and any p non-singular in C,. Now we must rule out the possi-
bility that every section of M vanishes on C,; but this is impossible since the
kernel of the restriction

H°(C, c) — HO(CU wclcl)

is H°(C0,wco), which is zero. So, we obtain h’°(M)=3, and we conclude as in
(4.9.5).
Using (A) and (B), we find two cases with p,(C,)+0:

a) degLc, =1, p,(C,)=0, n=6.
b) degL]C1=2’ pa(C1)=Pa(C0)=1, n=6-

We notice that in both cases L, is fixed (since Lj¢, = w¢c,) and h°(Co, Li¢)=3,
h°(Cy, Lic)=2. Let g: C,—P? be the morphism defined by L,c,; put Con C;
={x, ... X¢}. A line bundle in Z corresponds to a morphism k: C; —P* (defined
by Li,), plus a projection ¢ from P2 to P! such that: ¢ o g(x;)=h(x;) (1ZiL6).
In case a), L, is fixed, so any projection from P? to P* should conserve the pro-
jective relations between the 6 distinct points g(x;), which is impossible.

In case b), for each degree 2 morphism h there must be a one-dimensional
family of projections; this implies that the g(x,) lies on a conic Q, and the center
of projection lies on Q. But then every morphism h should give the same projective
relations between the h(x,), which is easily seen to be impossible.

We are now in position to prove the main theorem of this section. For sim-
plicity of the statement, we assume that C (or equivalently C) is a stable curve
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([D-M1); in our situation, this means that we eliminate the case C=C, u C,,
with #C, " C,=2 and C, rational (see 4.11.3 below). We say that a curve is
hyperelliptic if it can be realized as a two-sheeted covering of P*.

(4.10) Theorem. Let C be a stable curve of genus 2g—1, 1 an involution of C
satisfying (%), C=C/(1) the quotient curve, (P, E) the associated Prym variety.
Recall that p,(C)=g and dimP=g—1; we assume g=5. Then:

If dimSing E=g—3, C is hyperelliptic, or C=C, U C, with $C; N C,=2;
(P, &) is a product of two principally polarized abelian varieties.

If dim Sing E=g —4, C is hyperelliptic or obtained from a hyperelliptic curve
by identifying two points; (P, =) is a hyperelliptic Jacobian.

If dim Sing E=g—35, one of the following holds:

a) C is a 3-sheeted covering of P'; then (P, Z) is a Jacobian.

b) C is obtained from a hyperelliptic curve by identifying two points; then
(P, £) is a Jacobian.

¢) C is a double cover of a stable curve of genus one and g=6.

d) C is a genus 5 curve with one vanishing thetanull (that is, a line bundle N
such that W°(NY=2, N*~w,) and h°(C, n* N) is even.

e) C is a plane quintic and h°(C, n* O.(1)) is odd.

f) C is obtained from a hyperelliptic curve by identifying two pairs of points.

g) C is obtained from a genus 4 curve with one vanishing thetanull by identifying
two points.

h) C=C,u C, with # C, n C,=4, and neither C, nor C, is a rational curve.

i) C=C,uC, with #C,nC,=4, C, is rational and C, is a hyperelliptic
curve of genus 3.

j) C=C,uC, with Cyn Cy={uy,...,u,}, Cy is rational and wc,=0c, (3 u)
(hence p,(C)=¥6).

Proof. Let Z be an irreducible component of SingZ with dimZ2>g—5, and
L a generic line bundle in Z. According to Proposition 4.2 we can find two
linearly independant sections s,t of L such that s®i1*t=1*s®t.

(4.10.1) Assume first that the sections s, t have the property that at each singular
point of C, either s or t is non-zero. Then, by Lemma 4.4, L is of the form n* M(E);
that is, for each L in Z we get:

— a line bundle M on C with #°(M)=2;
— an effective divisor 7, Ec|w. @M ~?.

(Moreover if E=0, one has the supplementary condition h°(n* M) even.)
Conversely for any such line bundle M and any effective divisor Dejw.@M 2|
we get as in [M 2] a finite number of points in Sing =.
Thus we can bound dim Z by:

(dimension of possible M’s)+h%(w @M ~?)—1.

Assume C has no non-singular g and deg M <g—2; then Lemmas 4.7 and 4.9
give dim Z<g—5, and dim Z=g—35 only in cases a) to d) of Lemma 4.9. This
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gives cases a), ¢), €), h), 1), j) of the theorem (for plane quintics, the same study as
in [M2, p.347] gives the supplementary condition h°(C,n*0.(1)) odd). In
case a), (P, E) is a Jacobian by [R].

If deg M =g — 1, M is a theta-characteristic; this can give a (g — 5)-dimensional
Sing Z only in genus 5 (case d)).

If C has a non-singular gi, this g} defines a morphism g: C —P*; if at least
one component of C is mapped to a point, then C is a union C, uC, with
# C; n C,=2, and we conclude by Lemma 4.11 below. If not, g is a two-sheeted
covering, and C is hyperelliptic; at this point one can either extend the analysis
of two-sheeted coverings of hyperelliptic curves in [M 2] to singular curves, or
simply notice that a singular hyperelliptic curve is a specialization of a non-
singular one, hence the Prym variety must be a hyperelliptic Jacobian or a product
of two hyperelliptic Jacobians.

(4.10.2) Next suppose that the two sections s, t of L are such that s and ¢ do not
vanish simultaneously on any component of C, but vanish simultaneously at
some singular points z,,...,z,. Let f: D— C be the normalization of C at
Zy,...,2,, D=D/(1) the quotient curve, n': D — D the projection; we define:
Li=f*L(—Y (x;+y;)), where {x;,y;}=f""(z;). Then Nm(L,)=~wp, and since s
and t define global sections of L,, L, has property (P).

First suppose that D is connected. Then we can bound the dimension of
possible L,’s as in 4.10.1; but to a line bundle L, on D corresponds only a finite
number of L’s in the Prym variety (see Remark 3.6). Since p,(D)=g—n, the only
possibility in order to getdim Z=zg—Sisn=2and D=D, uD, with #D, "D, =2,
which gives case h), or n=2 and D hyperelliptic, which gives case f), or n=1 and
D hyperelliptic. In the last situation we can have dim Z=g—5 or g—4; but both
cases are specializations of case a). Namely, put C'= D U R, where R is a rational
curve and D R={n'(x,), #'(y;)}. We can find a one-dimensional family of non-
singular trigonal curves, with C’ as special fibre; then we blow down R and get C
as special fibre. It follows that the Prym variety is a Jacobian, which must be
hyperelliptic if dim SingZ=g—4.

Now suppose that D is disconnected: say D=D, uD,, with D, D=4, The
hypothesis on s, t implies h°(L,3,)=1, h°(L;,)= 1. Conversely, this is enough
to insure that L, has property (P)! Namely take ae H*(Dy, L, 5,), be H*(D,, Ly p,),
and define s=(q, 0), t=(0, b) via the identification:

HO(D, L1)=H°(1~)1, Lum)@Ho(ﬁz, Ll]bz)

then clearly 1* s~®t=s®z*t=0. 3
Let D;=n='(D,); the locus of effective divisors E on D, such that z, E€|w),|
has dimension p,(D,)— 1. Thus we get:

dim Z=p,(D;)—1+p,(D;)~1=g—n—1

provided neither D, nor D, is rational. To get dim Z = g — 5, we must have either
n=2, which gives the case C=C,uC,, #C,nC,=2, to which we apply
Lemma 4.11 below; or n=4, which gives case h).

(4.10.3) Finally let us consider the general case. Then it may happen that s and ¢
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vanish simultaneously on some components of C; let F be the union of these
components, G the union of the other components, F=F/i1), G=G/(1), FnG
={x;...x,}. Put L, =Lz(—) x;); then, Nm L, ~w; and again L, has property
(P). Conversely given L, and any line bundle N on F such that NmN=aq,
we get a finite number of line bundles L in Z such that:

Lg=L,(}x), LjF=N.

The dimension of possible N’s is:
Pa(F)~p,(F)=p,(F)~ 1+

(recall that we use the convention that p,(F)=1-yx(0;) for a not necessarily
connected curve F). Assume first that G is connected; then we can bound the
dimension of possible L,’s as in (4.10.2) by p,(G)—e, where e =3. Thus, we get:

dimZ<p,(G)—e+p,(F)—1 +%=g—e—%.
The only new possibility is r=4, e=3 which gives case i), Finally if G is discon-
nected, the dimension of possible L,’s is bounded by p,(G)—1 (4.10.2). Therefore:

dimnga(G)—1+pa(F)—1+—;~=g— 1—-%.

But, this gives no new case. Thus the proof of the theorem is complete, once we
prove the following lemma:

(4.11) Lemma. Suppose C=C,u C,, with C;nC,={p,q}. Let C, (i=1,2) be
the curve obtained from C; by identifying p and g, P. the Prym variety associated to
C; with the involution induced by 1. Then P B, x P, as principally polarized abelian
varieties.

(4.11.1) We first prove the following more general statement:

— Let C be a curve with ordinary double points, 1 an involution of € satisfying (x),
(P, E) the associated Prym variety; let N be a curve obtained from C by blowing-up
some singular points, such that dim JN =dim JC —1. Define R=Ker(Nm)<JN.
Then R is an abelian variety, the principal polarization on JN induces twice a
principal polarization ¥ on R, and (R, ¥) is isomorphic to (P, E

Proof of (4.11.1). As in Proposition 3.5, we get an exact sequence:
0-Z/(2)—>Z/2)x P2 R—0

where g: P — R is an isomorphism. Then the proof of Theorem 3.7 applies to
this situation and gives the statement about polarizations.

(4.11.2) Proof of the Lemma. Let R,= Ker(Nm”C) (i=1,2). By (4.11.1), the
principal polarization on JC, mduces twice a principal polarization ¥, and
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(R;, ¥) is isomorphic to P, with its principal polarization; then by (4.11.1) again,
P is isomorphic to the product (R,, ¥) % (R,, ¥), hence the result.

(4.11.3) The proof of the lemma applies when C,, say, is a rational curve: in
that case one finds P~ E. This allows to extend the theorem to non-stable curves
(with ordinary double points).

5. Exchanged Components

We shall need to study the Prym variety under a more general assumption than

hypothesis (x) in § 3. We start from a connected curve C of genus 2g— 1, with

ordinary double points, and an involution i: C — C. If C is the quotient curve,

the norm defines a morphism Nm:.JC — JC, and we define the Prym variety P

by P=(Ker Nm)°. It is a group variety, extension of an abelian variety by a torus.
We now assume:

— 1 is not the identity on any component of C.

(xx) 1= p(C)=¢.
— P is an abelian variety.

Let us fix some notation:

ng= # nodes of C: fixed under 1, with the 2 branches not exchanged.
n;= % nodes of C fixed under 1, with the 2 branches exchanged.
2n,=# nodes exchanged under 1.
¢, = # components fixed under 1.
2¢,= 4 components exchanged under .
r= # fixed- non-singular points of 1.

(5.1) Lemma. The assumptions (x*) are equivalent to r=n;=0, n,=c,.

Proof. Let N (resp. N) be the normalization of C (resp. C). The covering n': N —» N
is ramified at the points of N lying over fixed non-singular points, and fixed
singular points with no exchanged branches; hence, by the Hurwitz formula:

Pa() = 1=2(p,(N) = )+ 41,
SO
P(O)—1=p,(N)—1+2n,+n,+n,

——=2(pa(N)—1)+—;—+2ne+2nf+n}.

The singular points of C come from singular points on € with no exchanged
branches and from exchanged singular points, hence:
P (C)—1=p,(N)—1+n,+n,.

Therefore

Pa(C) = 1=2(p,(C) = )+ -+ 1.
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Thus the condition p,(C)=g is equivalent to r=n,=0.
We now express the condition that P is an abelian variety; from the diagram:

0T »JC JN -0

e

0-T »JC -»JN—0

and from the surjectivity of the norm it follows that P is an abelian variety if and
only if dim T = dimT.
Here dimT=2n,+n,~2c,— ¢, +1

dimT=n,+n;—~c,—c,+1
thus dim T —dim T=n,—c,, and the lemma is proved.

So the assumptions (*x) are equivalent to (x) if ¢,=0. When ¢,=n,+0, let B
be the union of the components of € fixed under 1; we write C=AUA'UB,
where A'=1(A4) and 4 and A’ have no common component. Recall that to the
curve C we associate a graph I': the vertices of I' are the irreducible components
of I', and the edges between two vertices are the intersection points of the two
corresponding components. We say that C is tree-like if its graph is a tree and if
each irreducible component of C is non-singular.

(5.2) Proposition. (i) If B=@, then C =AU A’ where A can be chosen connected
and tree-like, and AN A =2,

(i) If B+@, then AnA =@; each connected component of A is tree-like and
meets B at only one point. B is connected and satisfies condition ().

We shall use the following easy lemma:

(5.3) Lemma. Let I' be a connected graph, 1 an involution of I' without fixed points.
There exists a connected subgraph S of T such that Sn1S=@ and S U 1S contains
every vertex of I'.

(Hint: take a connected subgraph S maximal for the property Sn:S=0.)

Proof of the Proposition. If B=@, we write C =AU A’, where A corresponds to
the subgraph S in Lemma 5.3. Let v be the number of vertices of S, e the number
of edges, s the number of singular points on 4 which belong to only one compo-
nent. The equality c¢,=n, gives:

v=e+s+3(#4n4).
Since 1 —v+e>0, we get =0, #4nA'=2and 1 —v+e=0, that is A4 is tree-like.

Assume B+@. By Lemma 5.1, the points of 4" A’ are exchanged under i;
we put:

#A4nA=2r,
#ANB=#A"nB=m.

© i,= # irreducible components of A.
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¢, = # connected components of A.
n, = # singular points of A.
2 b= # singular points of B exchanged under 1.

Then ¢, =iy, n,=n,+r+m+>b.

Recall that for any curve A, n,—i, +c, 20 (this is the first Betti number of
the graph of A4, plus the number of double points of 4 which belong to only one
component).

Thus, if c,=n,:

O=n,~i,+r+m+bzr+m+b—c,.

Since C is connected, any component of AU A’ meets B. But one can choose 4
in such a way that a connected component of AU A’ is either a connected compo-
nent of 4 or A’, or can be written DU 1D where D is connected (by Lemma 5.3).
From this, we get m=c,, hence:

0zr+m+b—c,2r+b=20

and r=0, m=c,, n,—i,+c,=0, b=0, which gives the proposition.

(5.4) Theorem. Under the assumptions (x*), any theta divisor of JC (§ 2) induces
on P twice a principal polarization E. In case (i) of Proposition 5.2, (P, E) is iso-
morphic to the Jacobian variety JA (with its principal polarization); in case (ii),
(P, E) is isomorphic to the product JA x Q (with the product polarization), where Q
is the Prym variety associated to (B, 1).

Proof. We recall that if (4, @,), (B, ®) are two principally polarized abelian
varieties, the divisor @, x B+ 4 x @5 defines a principal polarization on A x B,
which we call the product polarization.

In case (ii), JC is isomorphic to J4 x J4 x JB, and P =(Ker Nm)° to the sub-
variety j(JA4)x Q, where j is the embedding of J4 in JAxJA defined by j(x)
=(x, —Xx) (note that since A is tree-like, J4 is an abelian variety). If B’ is the
normalization of B, the polarization induced on P by a theta divisor of J€ is the
pull-back of the product polarization on JAxJAxJB' (by Proposition 2.2);
therefore, it is the product of the polarization on j(JA4) induced by the product
polarization of JA x J4, and the polarization on Q induced by a theta divisor of
JB. The result follows by noting that the product polarization on J4 x J4 induces
twice the principal polarization on j(JA).

In case (i), € is obtained from the disjoint union A]JA' (A’ = A) by identifying
a point p (resp. q) in A with a point g (resp. p) in A’; C = C/1 is obtained from A by
identifying p and g, and n: € — C is an unramified two-sheeted covering.

We look at the exact sequences:

0T >JC yJAXJA—0

0-T »JC > JA -0
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here m is the addition morphism; T and T are isomorphic to the multiplicative
group of k. One checks immediately that Nm: T— T is an isomorphism; hence
PxKerm=j(JA), and by the preceding remark the polarization induced on P
is twice the principal polarization of the Jacobian variety JA.

6. Compactification of the Prym Mapping

In this section we apply the results of [D-M] to “compactify ” the mapping which
associates to a curve plus a 2-sheeted covering the corresponding Prym variety.
The natural language here is the theory of stacks, used in [D-M]. However, to
avoid excessive technicality, we first prove the main result over C, with a more
down-to-earth language; then we consider the situation over Z, using algebraic
stacks.

(6.1) Construction. There -exists an irreducible complete variety S over k, a family
of stable curves q: % — S, and a S-involution 1: % —€ such that:

a) For each s in S, the induced involution 1.: €,— €, is different from the identity
on each component of €,.

b) %, has genus 2g—1, and the quotient curve %,/(1) has genus g.

¢) For any non-singular curve C of genus 2g—1 with a fixed point free involu-
tion 1, the pair (C,1) is isomorphic to (€,,1) for some s in §.

We start with a complete family of stable curves of genus 2g—1
4T,

where T is a complete, irreducible varlety ([D-M]). Using [D-M, p. 84], we see
that the functor of T-involutions of & is representable by a scheme finite over T’
this means that we can find a complete variety I, a finite morphism r: 1 - T,
and an [-involution ¢ of & x I, such that for any ¢ in T, the correspondence:

r~1(t) - {involutions of %},

X017, x ()

is one-to-one.

Since the moduli space of non-singular curves of genus g with a two-sheeted
covering is irreducible ([D-M]), we can find an irreducible component S of I
such that property c) is satisfied, where we denote by (%, 1) the pull-back of
(& x1,0) over §.

Suppose 1 equals the identity on some component D of €,. One can find an
open set U in €, stable under 1, smooth over S, such that U ~ D +@. The quotient
U=U0/(1) is smooth over §, hence the finite morphism n: U — U is flat (use for
instance [EGA IV 11.3.11+15.4.2]). Since n has degree 2, it must be ramified
along U D, which is impossible since D is reduced. This gives a); since the
quotient curve %,/(1) is reduced, its genus is independant of s, hence equal to g.

(6.2) We put ¥=%/(1). By a result of M.Artin (LAD), the Jacobians of the
cutves %, (resp. %,) fit together in an algebraic space over S, denoted by Pic®(%/S)
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(resp. Pic®(%/S)). The norm defines a morphism:
Nm: Pic®(€/S) — Pic®(4/3).

Let #=(Ker Nm)°®. It follows from the general theory of group schemes (e.g.
[SGA 3 exp. VI, Cor.4.4]) that & is a smooth algebraic space over S, whose
fibre over s is the Prym variety associated to (%, 1).

The set S of points s in S such that Z is an abelian variety is open. By Lemma 1.3
in [FGA exp. 236], the restriction 2 of £ to S is proper over S.

Moreover, according to Remark 2.4, by choosing a line bundle L on % such
that deg(L)=2g—2 and h°(L,)=0 for each s, we can define (locally on § for the
étale topology) a divisor @ over Pic®(€/S), and the restriction of @ to 2 gives
a S-morphism:

p: PP

such that p=2p’, where p’ is an isomorphism from 2 onto & (by Theorems 3.7
and 5.4).

Since p does not depend on the choice of L, the polarization p’ is defined
globally over S, so that we get a flat family of principally polarized abelian vari-
eties over S, hence a morphism:

p:S—aly

where </, _; is the (coarse) moduli space of principally polarized abelian varieties
of dimension (g — 1) over k (see [M4]. Over C, o, is the quotient of the Siegel
upper half-space H, by the modular group Sp(2g, Z)).

{6.3) Proposition. The mapping p is proper.

Proof. Using the valuative criterion of properness ([EGA I1,7.3.8]) and the com-
pleteness of S, we are reduced to prove the following:

Let T be the spectrum of a complete discrete valuation ring, # its generic
point; also let #— T be a family of stable curves with involution, such that
(‘é,,, 1) satisfies condition () and the Prym variety 2 has good reduction (ie.
extends to an abelian variety over T). Then & is an abelian variety.

But now since £ is an extension of an abelian variety by a torus, it is iso-
morphic to the neutral component of the Neron model of %, over T ([SGA 7 IX,
3.2]) which is abelian by hypothesis. Hence p is proper.

(6.4) Proposition. Assume k=C. Then every principally polarized abelian variety
of dimension g<5 is a (generalized) Prym variety.

Proof. In view of Proposition 6.3 and of the irreducibility of s, ,, it suffices to
prove that p is generically surjective, and this is a classical result by Wirtinger
([W, §59]). A different proof of Wirtinger’s theorem can be given as follows:
using Theorem 5.4 one sees easily that every Jacobian variety is a specialization
of a Prym variety, hence p(S) contains the Jacobians. This gives the result for
g = 3; and also for g=4, since p(S) is irreducible, contains the divisor of Jacobians
and some other abelian varieties.
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In genus 5, it is enough to prove that for a suitable choice of S, the morphism p
is unramified at some point s of S. If C=%, is non-singular, this is easily seen to
be equivalent to the following: the natural map:

@: S*H*(C, wc®n) — H(C, v€?)

(where n is the line bundle with #*=(, associated to the 2-sheeted covering
n: C— C) is an isomorphism.

We start from a non-singular curve X of genus 5, not trigonal, without
vanishing theta-nulls. X is a complete intersection of 3 quadrics (P), (Q), (R)
in P*; we identify the set of quadrics (AP + uQ + vR) containing X to a projective
plane IT. Inside of IT we consider the discriminant locus C, which is a non-singular
curve of degree 5 (hence of genus 6). The points of C correspond to quadrics of
rank 4 through X; these quadrics contain two systems of generatrices, which
define an unramified 2-sheeted covering of C, hence a line bundle # on C with
n:~0c.

Besides the embedding i: C— I1, we consider an other embedding j: C —»P*
defined by:

j(x)=focus of the singular quadric corresponding to x. One checks that:
JF*Op()=i*0a(2)®n.

Now in the product embedding C —“2— JT x P4, C is a complete intersec-
tion: in fact it is defined by the 5 equations:

ARy +uQy,+VRy,=0; i=0,...,4.

Therefore. if p and g are the projections from IT x P* onto IT and P* and
E=[p*05(1)®q* Gp(1)]°, we get a resolution of ¢ by the Koszul complex:

0—>AE—--—>E—0Op,pa— Oz —0.

Taking tensor products with g*®p(2), we conclude by standard arguments that
the restriction map:

J*:H°(P*, Gp(2)) > H°(C, )

is an isomorphism; but this map can be identified with ¢, hence the result.

Now we return to the case of an algebraically closed field k of arbitrary
characteristic 2.

(6.5) Theorem. (i) Every principally polarized abelian variety of dimension g<5
is a (generalized) Prym variety.

(i) The moduli space o4, of principally polarized abelian varieties over k is
irreducible for g<5.

Proof. We refer to [D-M] for the definition and the properties of algebraic stacks.
All the schemes and stacks we consider are defined over B=Spec(Z[3]).

(6.5.1) We start with the algebraic stack .#,,_,[3] classifying stable curves of
genus (2g—1). The stack .#,,_;[4] is proper over B. ‘
"According to [D-M, Th. 1.11], the stack .#’ which classifies stable curves of
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genus (2g — 1) with a non trivial involution is finite and unramified over .#,, _, (31,
hence proper over B. We consider the subset # of .# which classifies curves with
involution (C, 1) — T such that for each ¢ in T:

— The involution 1, induced on C, is different from the identity on each compo-
nent of C,;

- pa(ét/(lt))=g'

The argument of (6.1) shows that .# is an open and closed subset of .#".

We define as in (6.2) the open subset . of .# classifying stable curves with
involution such that the associated Prym variety is an abelian variety. We get
a morphism of stacks over B:

p: I

where o/, ; denotes the algebraic stack classifying principally polarized abelian
varieties of dimension (g— 1) over B.

(6.5.2) Lemma. p is proper, and surjective if g<6.

Proof. The proof of Proposition 6.3 gives the properness of p. Since the restriction
of p in characteristic zero is surjective (6.4), p is surjective.

This proves part (i) of the Theorem; it remains to prove that the fibres of .#
over B are irreducible. By associating to a curve with involution (C, 1) the quotient
curve C/(1) we get a morphism of algebraic stacks over B:

q: I —M[1].

The morphism g is not representable since the involution 1 is an automorphism
of (€, 1) which induces the identity on C/(1). We introduce the universal curve €
(resp. €) over F (resp. M, [3]), and its smooth open subset ‘ﬁ,eg (resp. €,.,); the
stack ‘K,eg classifies curves with involution (C, 1) — T, plus a section &: T— reg
(we denote by Creg the open subset of C consisting of points smooth over T).
The stack €., classifies stable curves of genus g: C — T, plus a section e: T— C,,.
There is a morphism:

r: %,eg -,

reg

such that the diagram:

~

%reg (greg

]

AT
is commutative.
(6.5.3) Lemma. The morphism r is representable and finite.
Proof. This means the following:

a) Let (C,1)— T be a curve with involution (classified by ), &: T— €

reg
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section. Thep, any T-automorphism of ¢ which commutes with 1, induces the
identity on C/(1) and leaves ¢ fixed is the identity.

b) Let C— T be a stable curve of genus g, e: T— C,,, a section. We consider

reg

the functor F which associates to each T-scheme U the set:

— stable curves with
involution (C, 1) —» U

+ section é: U— Cfss

+ U-morphism n: C— Cy

—(C, 1) is classified by .J;

—nmoé=¢

—meol=n

— = induces an isomorphism C/(1) = C,,.

F(U) = set of isomorphism classes of

such that:

Then, F is representabie by a scheme finite over T.

To prove a), we note that the only non-trivial T-automorphism of € which
commutes with 1 and induces the identity on C/(1) is 1 itself; but by Lemma 5.1,
any fixed point of 1 is singular in its fibre, so 1 cannot leave ¢ fixed.

Let us prove b). We associate to the data (C, 1, &, n) the coherent sheaf & on C,,
defined by:

7, Oe=0c @ L.

& induces on each fibre (Cy), a torsion-free rank one coherent sheaf. Note that
the algebra structure on n, Oz gives an isomorphism:

A P—> Hom(Z, Oc¢,)-
The section & corresponds to an isomorphism:
aer ¥ =0,

such that (e* ))(x~ (1)) =0

Conversely given (%, «) such that & is isomorphic to Hom(%, O ), there is
exactly one A satisfying the preceding condition; from (%, «, 1) we can reconstruct
the data (C, 1,8, n). Therefore, our functor F is isomorphic to the functor:

F': U~ {set of isomorphism classes of pairs (¥, o) on C, where:

(i) & is a coherent sheaf whose restriction on each fibre is torsion-free of
rank [;

(ii) & is isomorphic to Hom (%, ¢, );

(iii) « is an isomorphism e* ¥ "> (,,.

If we replace condition (ii) by a certain condition on deg %, then it follows from
the work of Oda and Seshadri ([O-S]) that the functor F” we obtain is repre-
sentable by a “compactification of Pic®(C/T)” K. The functor F’ is a closed
subfunctor of F”, hence is representable by a closed subscheme K, of K, proper
over T; since the fibres of K, over T are finite, K, is finite over T. This achieves
the proof of the lemma.
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Now, we consider the “Teichmiiller stacks” ;.#, and .4, ([D-M] p. 106)
with G=Z/2. Recall that . classifies smooth curves of genus g:p: C—T
with an element of HO(TRlp*(Z/Z)), and ;.#, is the normalization of ./, [1]
with respect to g.#,. Let %, (resp. ;%°) be the pull-back of %,,, over G‘/”
(resp. g.#). These stacks are normal, irreducible, and their fibres over
B= Spec(Z [4]) are normal and irreducible: this follows from the same result for
o#, and ;.47 (proved in [D-M]) and the fact that the morphism (greg—> M,
and ¢€° — g4 are flat, with normal fibres and with an irreducible generic ﬁbre
In particular, %, is the normalization of %, with respect to ;6°.

Let #° be the open subset of ¢ which classifies smooth curves. It follows
from the proof of Lemma 6.5.3 that €° is isomorphic to ;£°. By the universal
property of the normalization and Lemma 6.5.3, there is a morphism:

‘gmg—»(g

which is finite and surjective. Therefore, there is a surjective morphism %, —.5;
it follows that the fibres of .# over B are irreducible, and so are the fibres of .7.
Since p is surjective when g=<6 (Lemma 6.5.2), we conclude that the fibres of
s, _1, or equivalently the coarse moduli spaces .o/, _; over k, are irreducible for
gs6.

Let us mention a first (and immediate) consequence of Theorems 6.5, 5.4 and
4.10.

(6.6) Proposition. Let (A, @) be a principally polarized abelian variety of dimension
g (2=g=5).

1) If dimSing®@=g—2, (4,0) is a product of two principally polarized
abelian varieties.

2) If dim Sing @ =g —3, (4, O) is a hyperelliptic Jacobian.

7. Schottky Problem in Genus 4

(7.1) In the moduli space %/, we look at the following subvarieties:

Ny=locus of principally polarized abelian varieties with Sing @ +§.

J,=locus of Jacobian varieties and products of Jacobians.

0.n=locus of principally polarized abelian varieties with (at least) one
vanishing theta-null, i.e. such that Sing @ contains a point of order two.

It is clear that N, is a closed algebraic subvariety of «7,; J, is an irreducible
divisor in &, ([Ho], [D-M]). The subvariety 8, is a divisor: to see this, we can
find a finite covering g: &' — o, such that there exists on &/':

— a complete family of principally polarized abelian varieties ¢: & — o', cor-
responding to g;

— adivisor ¥ in Z, flat over /', such that ¥, is a symmetric @ divisor on %, for
any t in &'

— a set of sections of g (e,),.s such that for any t in o', {e,(t)},.s is the set of
points of order two in %,.
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By [M5] (or, over C, by the classical theory of theta functions), the subset:
It ={o€Z, e,(o/')¢ ¥} is non empty; therefore 6,,,,=g( |} e; () is a divisor
in o, oelt
(7.2) TheOI'em. No =ju Hnu”.

Proof. Let (A, @) be a principally polarized abelian variety with Sing @ +§,
which is neither a Jacobian nor a product; we must prove that (4, @) has a
vanishing theta-null. By Theorems 6.5, 5.4 and 4.10, (4, @) is isomorphic to a
Prym variety satisfying condition d), ), g) or h) in Theorem 4.10.

We will prove that the line bundles L which give singular points on Z are
theta-characteristic (I> = wg). This is obvious in case d). In the other cases, we
start from a curve N which is:

— a hyperelliptic curve of genus 3 in case f);
— a genus 4 curve with one vanishing theta-null in case g);
— the disjoint union of two elliptic curves in case h).

In any case there is a line bundle H on N such that H®?~w,, h°(H)=2. C is

obtained from N by identifying points p, to p,, p; to p,, etc.... We get a diagram:

N—L ¢
N—L

where 7’ is a two-sheeted covering ramified at p,, p,,....
We put

(n)~! (p)=1{p:}.

The proof of Theorem 4.10 shows that the possible singularities of Z arise from
line bundles Lon C such that:

S*L=a"*H(Lp).

The ramified covering n’ defines a line bundle # on N with:
n®2=0,2p) 7*n=05h)

hence
S*L=n*H®n).

Choose M on C such that f*M=H®#n and M®2=qw; then: f*L=n'*f*M
=f*n*M and Nm(n* M)=a.
Thus after suitable modification of M we get L=n*M, hence [®2=w;.
Using Proposition 3.4, we see that exactly half of the line bundles M on C
with f* M =H®n, M®2 =, are such that n* M belongs to P (hence to Sing Z).
Thus we find:

-2 singular points of £ in case f);
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1 singular point in case g);
3 singular points in case h).

All these points correspond to vanishing theta-nulls.

(7.3) Proposition. The divisor 0,,, is the closure of the locus of Prym varieties
associated to a non-singular curve C of genus five with one vanishing theta-null
N and h°(C, n* N) even.

Proof. We have to prove that cases f), g), h) are specializations of case d). We keep
the notation used in Theorem 7.2.

(7.3.1) In the canonical embedding (defined by w(), C is a complete intersection
of 3 quadrics, except in case g) if h°(H(—p,—p,))=1. This is seen as for non-
singular curves: C is contained in 3 linearly independant quadrics (by Riemann-
Roch); if the intersection of these quadrics is bigger than C, it must be a cubic
scroll, and C must be trigonal —thus the only possibility is the exceptional case
mentioned above. This case is a specialization of the generic case g), so we may
always assume that C is a complete intersection of 3 quadrics.

(7.3.2) Furthermore C is contained in a quadric Q of rank <3. This is because
of the diagram:

0— Ker oo —— S? H°(C, o) —2¢— H°(C, ®®?)

]

0— Ker oy —— SZHO(N, wy) —2— H°(N, % ?)

which implies that Ker ¢ contains a quadratic relation of rank 3 in case f) and g),
and of rank 2 in case h). :

(7.3.3) In cases f) and g) we fix the quadric Q and a two-dimensional linear
subspace 1T < (0, and deform the other quadrics; in case h), we let IT be the singular
locus of Q and deform Q in a rank 3 quadric containing 1. Thus we get a family
of curves in P*:

G—P*xT

e

T

such that €,= C, and ¥, is non-singular for t+0.
Let S =ideal of (IIXT)N% in ¢, =Hom,,(F,0). It is easy to check
that Lo f, (H), while &, is a “vanishing theta-null”.
Thus we have found a family of curves # —» T and a coherent sheaf ¥ on €
such that:

— Fort+0, %, is a non-singular genus 5 curve, %, is a line bundle with 2> =y,
and h°(%)=2;

— % =C and Z,=f (H).
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Moreover, from the multiplication 4 ®@.9 — wg <0y we get a duality ®.F

(7.3.4) There exists a line bundle L, on C such that:
[32=w., f*L,=H®n, h°L,)even

(see Theorem 7.2). The variety of line bundles M on %, with M®2 =y, is étale
over T, hence by passing to an étale covering of T, we may extend L, to a line
bundle L on € with I®2~w,;. Then by Theorem 1.1, h°(%,, L,) is even for any
tin T

(7.3.5) Define € =Spec(0,@® (£ ® L)), where the algebra structure is given by
the morphism:

(FRLH(ZFRL )0,

deduced from the duality #®% — wy,;. Then:

— for t#0, n,: 4,—%, is an unramified two-sheeted covering, and h®(n*.%,)
=h°(L)+h°(Ly) is even; )

— my:%6o— %, can be identified to the morphism n: C— C.

This proves that situations f), g), h) are specializations of situation d).

(7.3.6) One sees easily that a morphism C — C, in case d) with C, singular is a
specialization of an unramified two-sheeted covering C— C in case d) with C
non-singular. This achieves the proof of Proposition 7.3.

(7.4) Theorem. In characteristic zero, the divisor 0, is irreducible.

(7.4.1) Proof. We can suppose k=C.

Let f: X — S be a complete family of curves of genus 5 with one vanishing
theta-null; this means that there is a line bundle N on X whose restriction N,
to X, satisfies:

Nl=wy; h°(N)=2 foranysinS§.

We can take for S an irreducible smooth variety (fix a rank 3 quadric g, in P*;
a generic cuive of genus 5 with one vanishing theta-null can be obtained as the
intersection of Q, with two arbitrary quadrics).

Let us denote by (JX,), the group of points of order two in JX_, isomorphic
to H'(X,, Z/2). We consider the covering Z of S whose fibre over a point s in §

is (JX,),. The quadratic form g on (JX,), given by:
q(m)=h"(X, N,®n) (mod2)

splits the covering Z into two parts: we denote by Z, the subcovering correspond-
ing to g=0. We have to prove that Z, is irreducible; or equivalently, fixing a point
s in S, that II, (S, s) acts transitively on the set of #e(JX,), with ¢(n)=0. Observe
that it is enough to prove this assertion for one family X — S (not necessarily
complete) of curves of genus 5 having a vanishing theta-null. We will reduce this
problem to a statement about plane curves by using the following known facts
about curves of genus five,
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(74.2) Let X be a non-singular curve of genus S5, which is neither hyperelliptic
nor trigonal. Then X is canonically embedded in P* as a complete intersection
of three quadrics. Hence the linear system of quadrics in P* containing X is a
projective plane I1. The discriminant locus (curve of singular quadrics in IT) is
a plane quintic with ordinary double points; such a double point appears if and
only if the corresponding quadric is of rank 3, which means that X has a vanishing
theta-null. The rank 4 quadrics contain two systems of generatrices, which define
a double covering n: € — C; if C is singular, 7 is a degree two morphism with
property (x) of § 3. In any case the Prym variety associated to (C, C) is isomorphic
to the Jacobian JX. Note also that h°(n* ¢.(1)) is odd.

Conversely, given a stable plane quintic C, a degree two morphism n: C — C
with property (x) and such that h°(z* ¢-(1)) is odd, there exists a unique curve X
of genus 5 such that JX ~Prym(C, C).

Furthermore, this construction can be done locally over any base variety.
Let € — S be a family of stable plane quintics (with € = P2) and n: € — % a degree
2 morphism such that for each s in S, the induced morphism = :%,— %, has
property () and h°(n¥ Oy (1)) is odd. Then locally over S, there exists a family
X — S of non-singular curves of genus 5 such that JX, 2~ Prym(%,, %) for each s.

In the sequel of the proof, we are going to translate the assertion about the
action of IT,(S) on (JX,), as an assertion about ¢ and €, and then we shall prove
by monodromy methods that this last assertion is true for a good choice of the
family € — S.

(7.4.3) Now let g: C'— T be a family of plane quintics with exactly one ordinary
double point. We denote by R, (te T) the set of isomorphism classes of degree 2
morphisms n: C'— C; with property (x) and such that h°(n* O,(1)) is odd. Let
p:S— T be the covering of T such that p~1(1)=R,; we put C=C'x;S. We get
a degree 2 morphism over S:

n.C—C.

To this family of plane quintics with covering we associate (7.4.2) a family
X — S of non-singular curves of genus 5 having one vanishing theta-null. Recall
that there is a canonical isomorphism:

JX,—— Prym(C,, C).
Let N, be the normalization of C,. By [M2, p. 332], there is an isomorphism:
JX,), — H'(N,,Z/2)

which is equivariant with respect to the action of x,(S, s).

To the quadratic form g on (JX,), corresponds a form ¢’ on H*(N,, Z/2),
invariant under the action of I1,(S,s). We wish to prove that for a certain choice
of the family C'— T, the group I1, (S, s) acts transitively on the set of ne H'(N,, Z/2)
with ¢'(n)=0, n=+0.

Put t=p(s). The group II,(T,t) acts on R, and I1,(S, s) is isomorphic to the
isotropy subgroup of seR,.

A covering n: C — C, with property (%) is given by a cycle in H,(C,, Z/2)
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which does not belong to Im H, (N,, Z/2); or in terms of cohomology, by a linear
form:

¢: H(C,, Z2/2)— Z/2
such that
plw)=1,

where @ denotes the only non-zero element of the kernel of the cup product
on H'(C,, Z/2). The composition:

Ker pH'(C,, Z/2)~ H'(N,, Z/2)

is an isomorphism respecting the symplectic structure and the action of I1,(S, s).

We now wish to express the condition that the degree 2 morphism n: € — C,
corresponding to ¢ belongs to R,, that is h%(n* O, (1)) is odd. We can embed the
family C— S in a larger family of plane quintics h: D — U such that the fibres
of h over U—S are non-singular. Let us choose a path in U from s to a point u
in U —S. By Lefschetz theory we get an injective map:

HY(C,,Z/2}~H'(D,, Z/2)

which identifies H'(C,, Z/2) to the orthogonal of the “vanishing cycle” w. The
form ¢ determines an element ye H'(D,, Z/2) such that:

o(x)=(x-y) for xeH (C,,Z/2).

There is a unique deformation invariant quadratic form r on H*(D,, Z/2) whose
associated bilinear form is the cup-product (see [M 1]); algebraically, it is given by:

r(m=h°(D,, Up (1)®N)+1 for ne(D,),=H'(D,, Z/2)

and its Arf invariant is equal to 1.

The condition @eR, is equivalent to r(y)=1. Notice that Ker(¢) is the sub-
space of H'(D,, Z/2) orthogonal to the hyperbolic plane generated by w and 7.
Also, since w is a vanishing cycle and r is deformation invariant, one must have
r{w)=1. It follows that the condition g(y)=1 is equivalent to the following:

(A1) The Arf Invariant of the Restriction of r to Ker(¢) is 0

Note that this is consistent with the fact that the Arf invariant of the form g
(74.1) is 0.

(74.4) We are now reduced to a monodromy computation. We will use the
method of [A’C]. We consider the plane singularity:

x3+xy3=0.

A versal deformation of this singularity is given by:
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XY+ xtyrt, xt X3yt 3+ s xPy+text+tyxy
+tgy*+itgx+t oY+, =0.

Note that the projective completion of this curve has always an ordinary double
point at infinity.
Recall the notation of [A’C]:

9,=a small ball in C'!,
4 < g, =discriminant locus,
B,=a small ball in C2.

We take T=92, — 4, the family C'— T being given by the restriction of the versal
deformation.

Fix teT; put C,=C, F=CnB,. A’Campo’s method allows to compute the
local monodromy, that is the action of IT,(T,t) on H,(F, Z), or equivalently on
H!(F, Z). But now there is an equivariant exact sequence:

0— H°(C,Z)— H°(C—F,Z)— H!\(F,Z) - H\(C, Z).

Since C—F is connected, and dim H} (F)=dim H'(C)=11, we get an isomor-
phism:

HI(F, Z/2)— H'(C, Z)2)

which respects the symplectic structure and the action of I, (7).

We are going to choose a linear form ¢ on H'(C, Z/2) as in (7.4.3), and prove
that the subgroup of IT,(T, t) which leaves ¢ invariant acts transitively on the set
of neKer ¢ with q(n)=0, 1 +0; by what we have seen, this will prove the Theorem.
Now we apply A’Campo’s method. To get a “confluence de Morse”, we use the
foliowing succession of blowing up, deformation and blowing down:

/|
i
|

—_—
—

~—

- %_,
%_*

/

o e
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One checks immediately that these operations can be done without altering the
double point at infinity.
We obtain finally the following “partage”:

Recall that this means that there is a basis d,, ..., §;, of H'(C, Z/2) with:
(6;-6)=1 if @ and @ are connected by a line in the diagram (i =j);
=0 if they are not.

With the notation of (7.4.3), we have:
o) = 64+ 55 + 66 N

The quadratic form r is characterized by r(;)=1 for all i.
We choose the linear form ¢ on H'(C, Z/2) defined by:

00e)=1, @(6)=0 for i%6.

We must check condition (41). It is convenient to use a symplectic basis for
Ker(¢); we take:

oy =d,; By =9,,
o, =0y; B2=0,4,
ay=0y; B3=0d,+9s,

, a4=54+57; ﬁ4=53+59+511,
a5=68+59; ﬂ5=51+53+54+55+57+58+510+511.
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Then:
(“i'“j)=0’ (.Bi‘ﬁj):()’ (ai'ﬁj)zo’ if i#j,
(- B)=1.

One checks immediately that:

()rﬂ)O

IIMU.

i

i.e. condition (A1) is verified.
The monodromy group is generated by the transvections 7;:

T,(x)=x+(x-38)8, xeH(C, Z/2).

We will study the orbits in Ker(¢) of the group G generated by the transvections T;
which leave ¢ invariant, that is the T;’s for i&6. We set up sume notation:

If x=Y pa;+ q;p;, we note:
= [P1 Ps]‘
qdy---9s
We write x=y if y=g - x for some g in G.
The action of T,, T,, Ty. T;, T; is very simple; for instance:

Pita; ...
19|70 ]
T
(which means that only the coordinate p, is modified).

Then we have:

_ P1+(‘11+P3) .
Tst)= [ . q3+(q, +p3) . -]’

T, (x)= [ (91+494) - - Pat+(q1+44) . ],
T, (x)= [ P2+(‘I2+515) .o P5+(512+‘15)]’
P4+P2+qz) . .
T3( )_ 3
q2+(P4+P2+‘12) s+ (Pst+pr+qs) .
To(x)= [P1+'" Pa D3+t patr p5+r]
qi gy q3+r qa+r gs+r

with r=q; +p3+q3+ps+qs+ps+gs.
a) There exists in G-x an element with p, =q, =0.

Proof. If x does not have this property, we can suppose (using T,, T;) that:
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_ [1 S ]

oo, .
Using T, and T,, T,, we can always suppose p,=1. Then using Ty and T, T},
we can suppose q, = 1. Then we apply T,.

b) There exists in G- x an element with p,=q,=p,=q,=0.
Proof. Using a) and Ty, T;,, we can suppose:
e [() I ]
oo . . T
If gs=1, we apply Tj.
If gs=0, q,=0, note that using eventually Ty, T;, we can suppose
41+P3+4q3+ps+ds+ps+qs=1. Then, we apply T; T T;,.

If g5=0, q,=1, we manage in the same way to obtain g, +p;+q;+ps+4,
+ps+4g5=0. Then we apply T; T, T-.

c) There exists in G-x an element with p,=q,=0 (i=1,2, 3).

Proof. Applying T, we can suppose:

ither _[001.. orx_[oo1..]
e"_001..] “lo oo . .|

We put r=p,+q,+ps+9s.
00 1 . .
<) x=[0 0 1 ]

Ifr=1weapply 10, T L, T,T, T, Ts.
If r=0, using possibly T} T,, Ts we. can suppose g, = 1. Then we apply T, T5.

c _[0 01 . ]
D =l o0 . .|
If r=1, we apply T,, Ts.

If r=0, using T5T1T10 we can suppose q,=1. Then applying T, T, we find
again situation c,).

d) Let us now write:

[0 0 0 p, P5]=(P4 Ps)

0 0 0 g4 g5 da 4s
Then we have:

I psy _ (1 ps+l
(q4 0)—(q4 0 ) by LT, T, T;,
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1 1 1
( "S)s( Y by T,

4¢s O qa+1 1

(:4 1)15)5(4431 pf) by LT LT T,

(b 2)=0"  wonnnnnnonn

(lz; 22)5(1)14 Ziii) if patps+qs=1,by TLTL,T LT, T

From this, it is immediate to conclude that the non-zero elements of H'(N,, Z/2)
fall into two orbits under G, according to the value of the quadratic form r. This
achieves the proof of Theorem 7.4.

Let us mention the following corollary of Theorem 7.4:

(7.5) Proposition. Assume char(k)=0. For (A, @) generic in 8., the divisor @
has only one ordinary double point (corresponding to the vanishing theta-null).

Proof. 1t is clearly enough to prove the result for one principally polarized abelian
variety (4, ®) in 0,,,. Let C be a non-singular curve of genus 5, not trigonal,
having precisely two vanishing theta-nulls; i.e. two line bundles, H and H’, with:

H@Z,;Hf@Zng and hO(H)___hO(HJ)=2

Then n=H'@H™" satisfies n®>=(0,, thus determines a two-sheeted covering
n: € — C. The only singularity in the divisor £ of the associated Prym variety
(P, &) corresponds to the line bundle 7n* H; we wish to compute the tangent cone
to Z at this singular point. According to [M 2, p. 343], we must take a basis s, ... s,
of H°(C, =* H); if we identify the tangent space to P to H®(C, o.®%)*, the equa-
tion of the tangent cone is given by the Pfaffian of the matrix:

M=(5;®@1*5;—5;®1*s})1 <i j<a-

Using the decomposition:
H(C,n*H)=H°(C, HH®H°(C, H®n)

we get a basis s,, 5,,t,,t, of H*(C, n* H) with:
*sp=s, 1=t

Then, the above matrix becomes:

with a;;=5®t,e H*(C,0,®n) (1£i,j=2).
Thus, the tangent cone is given by the equation:

Q11 G35 — 01505, =0.
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Now from the exact sequence:

0 H-! (52, —51) ‘(95 (81, 52) H-0
we deduce after tensorization with H®# that the natural map:
HO(Ca H)®H0(C, H®11)_"’H0(C7 wc@’l)

is injective. Hence the (a;;)’s are linearly independant in H°(C, w.®n). Therefore
the tangent cone to £ at the singular point is of rank 4, which means that this
point is an ordinary double point.

(7.6) Note that this is in contrast with the situation for Jacobians: the @-divisor
of a Jacobian variety has two ordinary double points, which can collapse in one
non-ordinary double point.

(7.7)  Remark. Let us denote by p the projection from the Siegel upper half-
space H, onto .2,. Theorem 7.2 and the work of Androtti-Mayer ([A-M]) give
a theoretical way to write an equation for the divisor p~*(J,) in terms of theta-
nulls. Notice first that the procedure given in [A-M] can be slightly modified to
get only one equation for p~!(N,). Namely the fact that a point z in H, belongs
to p~(N,) is equivalent to the following (here we use freely the notation and
results of [A-M], p. 227]):

the linear space of codimension 5 in P*° given by:
S 0a41(0.9=0

(L) 2,1 5225#1(0’2)20 a=1,...,4

has a non-empty intersection with the Kummer-Wirtinger variety K(z)cP'>.

This gives one condition on z; it is expressed by the vanishing of a function
F(z) which is a homogeneous polynomial with rational coefficients in the
“theta-nulls” C(r, u, z). Note that F(z) is the Chow form of K(z) applied to the
Pliicker coordinates of the linear system (L).

We don’t know whether the divisor given by 0(0, 2)==0 in H, is irreducible;
however we know that each of its components has multiplicity 1: this follows from
the “heat equations” ([A-M]) and Theorem 7.4. Let us denote by ¢(z) the product
of all the theta-null functions corresponding to even characteristics; in classical
notation:

o= [] 0[](02)

£-g'=0

Then it follows from what we have seen that a certain power of ¢(z), say ¢(z),
divides F(z), and the holomorphic function:

@(2)~* - F(2)

gives an equation for p~!(J,).
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8. Schottky Problem in Genus 5

In genus 5, Theorem 4.10 (together with Theorem 6.5) gives a complete descrip-
tion of the locus N; of principally polarized abelian varieties with dim Sing @ = 1.
N, has already many components. However, if we still denote by 8, the divisor
in &/, of principally polarized abelian varieties with (at least) one vanishing theta-
null, we have:

(8.1) Proposition. J; is the only component of N, not contained in Oy-

Proof. It is well-known that a generic Jacobian has no vanishing theta-null ([F]).
Clearly any product of principally polarized abelian varieties belongs to 6

null -

Thus we must prove that every Prym variety in case c), f), h), i) or j) of Theorem 4.10
has a vanishing theta-null.

(8.1.1) Case ¢. We may assume that C is non-singular, since this is the generic
case and 0, is closed.

Let E be an elliptic curve, h: C — E a two-sheeted covering ramified at the
points 7,,...,7s of C, 6: C— C the corresponding involution; to this covering
is associated a line bundle é such that:

=0y (Y.r) with r=h().

Let n: C — C be an unramified two-sheeted covering, given by a line bundle
n on C with n%=(; we consider the Prym variety (P, E) associated to this cover-
ing. According to §4, the singular points of Z correspond to line bundles:

L=n*h*M(x+y)

where:

— M is a line bundle of degree 2 on E;
— nx+ny=h*p where Oy(p)=6Q@M 2,
—~ h°(L) is even.

Such a line bundle gives a vanishing theta-null when [®2~qg, that is:
p=r, and L=rm*(*M(F) (i=1,...,10).

We wish to find such an L with h°(L) even.

Let us fix i and consider the quadratic form g on (JC), associated to the
“theta-characteristic” h* M (%) (see [M 1] or § 1). Notice that h°(L)=q(n). If we
replace M by M®ua (xe(JE),), we get a new line bundle L with:

ho(L)=q(h* o) +q(h* a®@n)=q(n)+(h*a-n)=q(n)+(x-Nmn) (mod). (1.2)

Now we distinguish two cases:

¢,) o*n+n. Then Nmn=+0, so we can always find a theta-characteristic L
with h°(L) even —which gives a vanishing theta-null.

c,) o*n=n. Then C is a Galois covering of E, with group Z/2 x Z,/2. Such
a covering can be constructed in the following way: let R=r+---+r,, be the
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ramification divisor of h; we take a partition R=R, +R, with R;20, deg(R))
even; we choose two line bundles §,,, on E such that:

82=04(R) (i=1,2) and 6,+6,=0.

Let h;: C;— E be the associated 2-sheeted coverings, ramified along R; (i=1, 2);
we put C=C, x;C,, and denote by =, the projection C — C;. The morphism
C — E factors through h and thus defines a 2-sheeted covering n: ¢ — C.

The line bundle L can be written:

L=n¥*(h*M(q)) where i=1or 2and qeh;'(p).

According to Proposition 3.4, one value of i gives an L with #°(L) even and the
other gives h°(L) odd; we fix i such that h°(L) is even. When q is a ramification
point of h;, we have I~ wyg, so we get a vanishing theta-null. Now #, is always
ramified, except possibly when deg(R,)=0, deg(R,)=10. But in that case we find:

hO (zf (b} M(@)=h° (hf M(q))+R° (hf (M®351)(g)=5+0=5
h° (n3 (h3 M(@))=h° (13 M(@))+ h° (3 (M @3] ) (q) =2 +2=4.
Hence, h;=h, is ramified.

(8.1.2) Case f. We use the notation of (7.2): so C is obtained from a hyperelliptic
curve N by identifying p, to p,, ps to py;

N—L ¢

n’ lﬂ:

S

N——C

we denote by H the line bundle on N with deg(H)=h°(H)=2, by p, the point of N
lying over p;. Here again we may assume that N is non-singular, The points of
Sing £ correspond to line bundles L such that:

F*L=n*HQ.p;+x+y) with (¥ x+7'y)e|H|.
In order to get L®%~w; we must have
2= [* op = o (LB,

that is 2x+2y)e|n’* H|.
This happens in particular when x + y=n'*r and r is one of the 10 Weierstrass
points of N, In this case, one has:

f* L' *(H®S(r)

where d is the line bundle on N associated to the covering ' (52 =0y (3. p;)). Then
we conclude as in (7.2) that [®?~w;.

(8.1.3) The proofin cases h), i), j) is identical to (8.1.2); details are left to the reader.
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(8.2) Remarks,

(8.2.1) One can prove by the same method that every Prym variety of dimension
h with dim Sing @ =h—4 and which is not a Jacobian has a vanishing theta-null.

(8.2.2) In genus 5, a careful study of the curve Sing = described in Theorem 4.10
gives the following result:

Let (A4, ®) be a principally polarized abelian varieties of dimension 5. Then
(4, ®) is a non-hyperelliptic Jacobian if and only if (Sing @)/{ + 1} is isomorphic
to a stable plane quintic.

(8.2.3) Here we use the notation of (7.7).
In [A-M], Andreotti and Mayer give a set of equations

fo(2)=0
defining p~*(J5) in the open set &= Hj:
&={zeH,, 0(u, z) is irreducible}.

From Proposition 8.1, we conclude that the f,’s define p~*(J5~0,,,) in the open
set @(z)#+0. The ideal of p~!(Js) in & consists of all functions g holomorphic
on & such that for some r=0:

g(2)-9"(2)=Y.a,(2)- f,(z)  a, holomorphic in &.
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