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Divisors and line bundles

Surface = smooth, projective, over C.

PicpSq “ {line bundles on Su{ „, (group for b).

DivpSq “ tD “
ř

niCiu. D ě 0 (effective) if ni ě 0 @i .

tD ě 0u
„

ú tpL, sq | L P PicpSq, 0 ‰ s P H0pLqu

We put L “ OSpDq. Map D ÞÑ OSpDq extends by linearity to

homomorphism DivpSq� PicpSq. Then PicpSq “ DivpSq{ ”

where D ” D 1 ô D ´ D 1 “ divpϕq, ϕ rational function on S .

C irreducible curve, s P H0pOSpC qq defining C . OSp´C q ã
s
ÝÝÑ OS

ñ OSp´C q – ideal sheaf of C in S .

f : S Ñ T ù f ˚ : PicpT q Ñ PicpSq.

D P DivpT q; if f pSq Ć D, f ˚D P DivpSq and OSpf
˚Dq “ f ˚OSpDq.
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The intersection form

C ‰ D irreducible, p P C X D. f , g equations of C ,D in Op.

Definition : mppC X Dq :“ dimCOp{pf , gq.

Example: mppC X Dq “ 1 ðñ pf , gq “ mp ðñ f , g local

coordinates at p
def
ðñ C and D transverse.

Definition : pC ¨ Dq :“
ÿ

pPCXD

mppC X Dq.

Theorem

D bilinear symmetric form p ¨ q : PicpSq ˆ PicpSq Ñ Z such that

pOSpC q ¨OSpDqq “ pC ¨ Dq for C ,D irreducible.
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The intersection form: step 1

Proof : For L,M P PicpSq, we put:

pL ¨Mq “ χpOSq ´ χpL
´1q ´ χpM´1q ` χpL´1 bM´1q

Step 1 : pOSpC q ¨OSpDqq “ pC ¨ Dq.

Proof : C “ divpsq, D “ divptq. Exact sequence:

0 Ñ OSp´C´Dq
pt,´sq
ÝÝÝÝÝÑ OSp´C q‘OSp´Dq

ps,tq
ÝÝÝÝÑ OS � OCXD .

Proof: p P S , f , g P Op local equations for C and D.

0 Ñ Op
pg ,´f q
ÝÝÝÝÝÑ O2

p
pf ,gq
ÝÝÝÝÑ Op Ñ Op{pf , gq Ñ 0 .

Means: in Op, af “ bg ðñ D k , a “ gk, b “ fk.

Holds because Op factorial, f , g prime ‰. Then:

χpOSq´χpOSp´C qq´χpOSp´Dqq`χpOSp´C´Dqq “ χpOCXDq

“ h0pOCXDqq “
ř

pPCXD

Op{pf , gq
def
““ pC ¨ Dq.
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The intersection form (continued)

Step 2 : pL ¨OSpC qq “ deg L|C @ L P PicpSq, C smooth.

Proof : Exact sequences 0 Ñ OSp´C q Ñ OS Ñ OC Ñ 0,

bL´1: 0 Ñ L´1 bOSp´C q Ñ L´1 Ñ L´1
|C Ñ 0.

χpOC q “ χpOSq ´ χpOSp´C qq, χpL
´1
|C q “ χpL´1q ´ χpL´1 bOSp´C qq

ñ pL ¨ C q “ χpOC q ´ χpL
´1
|C q “ deg L|C (R-R on C ).

Step 3 : p ¨ q is bilinear.

Put spL,M,Nq :“ pL ¨M b Nq ´ pL ¨Mq ´ pL ¨ Nq.

‚ Symmetric in L,M,N. ‚ “ 0 when L “ OSpC q.

Fact (Serre): @ L P PicpSq, L – OSpC ´ Dq, with C ,D smooth

curves (In fact, hyperplane sections in appropriate embeddings).
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The intersection form: end of proof

L,M P PicpSq; M “ OSpC ´ Dq, C ,D smooth curves. Then

0 “ spL,M,OSpBqq “ pL ¨M bOSpBqq ´ pL ¨Mq ´ pL ¨OSpBqq

ñ pL ¨Mq “ pL ¨OSpAqq´pL ¨OSpBqq linear in L, hence in M.

Examples

1 S “ P2

C Ă P2 defined by a form FdpX ,Y ,Z q of degree d .
Fd
Zd

rational

function ñ C ” dH, H line in P2. Thus PicpP2q “ ZrHs,
pC ¨ Dq : degpC q degpDq (Bézout theorem).
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Examples

2 S “ P1 ˆ P1

Put A “ P1 ˆ t0u, B “ t0u ˆ P1, U “ S r pAY Bq – A2.

D P DivpSq: D|U “ divpϕq for some rational function ϕ.

D ´ divϕ “ aA` bB for some a, b P Z ùñ

PicpP1 ˆ P1q “ ZrAs ‘ ZrBs. pA ¨ Bq “ 1 (transverse).

A2 “
`

A ¨ pP1 ˆ t1uq
˘

“ 0, B2 “ 0: intersection form

˜

0 1

1 0

¸

.

3 p : S Ñ C , F :“ p´1pxq. DD P DivpC q, x R D, x ” D; then

F ” p˚D ñ F 2 “ F ¨ p˚D “ 0.

4 D ě 0, D ¨ C ă 0 ñ D “ C ` E , E ě 0.

(otherwise D “
ř

niCi , Ci ‰ C ñ C ¨ Ci ě 0 @ i)

5 C 2 ă 0,C ” D ě 0 ñ D “ C (ô h0pOSpC qq “ 1).
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Canonical line bundle and Riemann-Roch

Ω1
S “ sheaf of differential 1-forms, locally isomorphic to O2

S

(locally apx , yqdx ` bpx , yqdy).

KS “
Ź2 Ω1

S “ sheaf of 2-forms = canonical line bundle

(locally ω “ f px , yqdx ^ dy , divpωq “ divpf q).

KS or K “ canonical divisor = divisor of any rational 2-form.

Example : KP2 ” ´3H.

Indeed the 2-form
XdY ^ dZ ` YdZ ^ dX ` ZdX ^ dY

XYZ
is well-

defined, does not vanish, and has a pole ” 3H.

Example : C1,C2 smooth projective curves, S “ C1 ˆ C2,

projections pi : S Ñ Ci . Then KS ” p˚1KC1 ` p˚2KC2 .

Indeed if αi is a 1-form on Ci (possibly rational), p˚1α1 ^ p˚2α2 is a

2-form on S , with divisor p˚1 divpα1q ` p˚2 divpα2q.

Arnaud Beauville Algebraic surfaces



Riemann-Roch

Recall: L P PicpSq ù H i pS , Lq “ H i pLq, i “ 0, 1, 2.

hi pLq “ dimH i pLq. χpLq :“ h0pLq ´ h1pLq ` h2pLq.

If L “ OSpDq, we write H i pDq, hi pDq, χpDq.

Theorem

Riemann-Roch : χpLq “ χpOSq `
1

2
pL2 ´KS ¨ Lq.

Serre duality : hi pLq “ h2´i pKS b L´1q.

Since the term h1 is difficult to control, we will most often use R-R

as an inequality, using Serre duality. In divisor form:

h0pDq ` h0pK ´ Dq ě χpOSq `
1

2
pD2 ´ K ¨ Dq .
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Proof of Riemann-Roch

We admit Serre duality. Riemann-Roch follows directly from the

definition of the intersection form:

Proof : L´1 ¨ pLbK´1
S q “ χpOSq ´ χpLq ´ χpKS b L´1q ` χpKSq

“ 2χpOSq ´ 2χpLq by Serre duality. Hence

χpLq “ χpOSq ´
1

2
L´1 ¨ pLbK´1

S q “ χpOSq `
1

2
pL2 ´ L ¨KSq.
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The genus formula

Corollary (genus formula)

C irreducible Ă S ñ gpC q :“ h1pOC q “ 1`
1

2
pC 2 ` K ¨ C q.

Proof : Exact sequence 0 Ñ OSp´C q Ñ OS Ñ OC Ñ 0 ùñ

χpOC q “ χpOSq ´ χpOSp´C qq
R-R
““ ´

1

2
pC 2 ` K ¨ C q .

Examples : ‚ C Ă P2 of degree d ñ

gpC q “ 1`
1

2
pd2 ´ 3dq “

1

2
pd ´ 1qpd ´ 2q .

‚ C Ă P1 ˆ P1 of bidegree pp, qq (i.e. C ” pA` qB) ñ

gpC q “ 1`
1

2
p2pq ´ 2p ´ 2qq “ pp ´ 1qpq ´ 1q .
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The genus of a singular curve

Remark : Let n : N Ñ C be the normalization of C . Then

gpC q ě gpNq, with equality iff C is smooth.

Proof : Exact sequence 0 Ñ OC Ñ n˚ON Ñ T Ñ 0

with T concentrated on the singular points of C .

Hence H i pT q “ 0 for i ą 0. Therefore χpOC q “ χpONq ´ h0pT q,
and gpC q “ gpNq` h0pT q ě gpNq, equality iff C “ N smooth.

Corollary

C 2 ` K ¨ C ě ´2; equality ñ C – P1.

Indeed C 2 ` K ¨ C “ 2gpC q ´ 2 ě 2gpNq ´ 2 ě ´2.
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Numerical invariants

Algebraic surfaces are distinguished by their numerical invariants:

‚ The most important: K 2, χpOq.
Though we will not use this in the lectures, I want to mention:

Theorem

1 (M. Noether) K 2 ě 2χpOq ´ 6;

2 (Miyaoka-Yau) K 2 ď 9χpOq.

The relation of K 2{χpOq with the geometry of the surface is a

long chapter of surface theory (“geography”).

Refined invariants:

‚ h2pOq “ h0pK q (Serre duality), the geometric genus pg ;

‚ h1pOq “ H0pΩ1q (Hodge theory), the irregularity q;

‚ h0pnK q pn ě 1q, the plurigenera Pn.
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Exercises

1) Let C be an irreducible curve in P2, p P C . We choose affine

coordinates px , yq with p “ p0, 0q, and write the equation of C as

0 “ fmpx , yq ` fm`1px , yq ` . . ., where fq is homogeneous of degree

q. We have fm “ `1 . . . `m, where the `i are linear forms; the lines

`i “ 0 are the tangent to C at p. Show that a line ` passing

through p is tangent to C if and only if pC ¨ `qp ą m.

2) Let C be a curve of genus g . Let ∆ Ă C ˆ C be the diagonal

(∆ “ tpx , xq | x P Cu.

a) Using the genus formula, prove that ∆2 “ 2´ 2g .

b) Let p, q : C ˆ C Ñ C be the two projections. Show that if

g ą 0, PicpS ˆ Sq Ą p˚ PicpC q ‘ q˚ PicpC q ‘ Zr∆s. What

happens for g “ 0?
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Exercises

3) a) Let S0 be a smooth surface in the affine space A3, defined by

an equation f “ 0. Prove that
dx ^ dy

f 1z
“

dy ^ dz

f 1x
“

dz ^ dx

f 1y
on

S0, so that this expression defines a non-vanishing 2-form on S0.

b) Let S be a smooth surface in P3, defined by an equation F “ 0

of degree d . Prove that the expression

T d´4TdY ^ dZ ` YdZ ^ dT ` ZdT ^ dY

F 1X

defines a 2-form on S with divisor pd ´ 4qH.

4) (Hodge index theorem) Let H be a divisor on S such that

H ¨ C ą 0 for every curve C Ă S (for instance a hyperplane

section). Let D be a divisor such that H ¨ D “ 0. We will prove

that D2 ď 0.
Arnaud Beauville Algebraic surfaces



Exercises

a) Show that h0pnDq “ 0 for all n P Z, n ‰ 0.

b) If D2 ą 0, deduce from Riemann-Roch that h0pK ´ nDq and

h0pK ` nDq Ñ 8 when nÑ8; conclude that D2 ď 0.

5) Let C ,C 1 be two curves, D a divisor on C ˆ C 1. Let p P C ,

p1 P C 1; put A “ p ˆ C , B “ C ˆ p1, a “ D ¨ A and b “ D ¨ B.

Prove the Castelnuovo-Severi inequality D2 ď 2ab (apply the

previous exercise to H “ A` B, and the divisor D ´ bA´ aB).

[Note: This inequality was the essential step in Weil’s proof of his

conjectures for curves.]

Arnaud Beauville Algebraic surfaces



Algebraic surfaces

Lecture II: Rational and birational maps
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Blowing up

Proposition

p P S. D b : Ŝ Ñ S, unique up to isomorphism, such that

1 b´1ppq “ E – P1;

2 b : S r E „ÝÑ S r p.

Sketch of proof: coordinates x , y in U Q p

Û Ă U ˆ P1 : xY ´ yX “ 0.

b : Û Ñ U projection, satisfies 1 and 2 .

Then glue S r p and Û along U r p.

In Û 1 Ă Û : tX ‰ 0u, y “ xt with t “
Y

X
:

px , tq local coordinates, bpx , tq “ px , txq,

E given by x “ 0.
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The strict transform

We say that E is the exceptional curve of the blowing up.

E „ÝÑ PpTppSqq: pX ,Y q P E Ø tangent direction xY ´ yX “ 0.

For C Ă S , strict transform Ĉ :“ closure of C r p in Ŝ .

Ĉ X E “ ttangent directions to C at p}.

Lemma

b˚C “ Ĉ `mE in DivpŜq, where m :“ mppC q.

Proof : Eqn. of C in U: 0 “ f px , yq “ fmpx , yq ` fm`1px , yq ` ..

Choose px , yq such that fmpx , 0q ‰ 0, i.e. C not tangent to y “ 0.

b˚f “ f px , txq “ xm
`

fmp1, tq ` xfm`1p1, tq ` . . .
˘

, fmp1, 0q ‰ 0

ñ multiplicity of E in divpb˚f q “ m.
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The Picard group of Ŝ

Proposition

1 PicpŜq “ b˚ PicpSq
K

‘ ZrE s, pb˚C ¨ b˚Dq “ pC ¨ Dq, E 2 “ ´1.

2 KŜ “ b˚KS ` E.

3 b2pŜq “ b2pSq ` 1.

Proof : ‚ Γ Ă Ŝ , Γ ‰ E ñ Γ “ strict transform of bpΓq Ă S

ñ Γ “ b˚bpΓq ´mE .

‚ @C Ă S , C ” A S p ñ pb˚C ¨ E q “ 0, pb˚C ¨ b˚Dq “ pC ¨ Dq.

‚ Take H Q p, mppHq “ 1. Then pĤ ¨ E q “ 1; b˚H “ Ĥ ` E ,

pb˚H ¨ E q “ 0 ñ E 2 “ ´1.

‚ b˚KS “ KŜ ` kE ñ KŜ ¨ E ` kE 2 “ 0. KŜ ¨ E “ ´1 (genus

formula) ñ k “ ´1.

‚ The claim on b2 follows from standard topological arguments.
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Rational maps

Corollary

C Ă S, strict transform Ĉ Ă Ŝ . Then Ĉ 2 ď C 2, KŜ ¨ Ĉ ě KS ¨ C.

Proof : ‚ Ĉ 2 “ pb˚C ´mE q2 “ C 2 ´m2.

‚ KŜ ¨ Ĉ “ pb
˚KS ` E q ¨ pb˚C ´mE q “ KS ¨ C `m.

Definition : Rational map ϕ : S 99K T :“ morphism S Ą U Ñ T .

We’ll always take the largest U such that ϕ|U is a morphism.

‚ ϕ is birational if DU Ă S , V Ă T such that ϕ : U „ÝÑ V

– then we say that S and T are birational.
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Elimination of indeterminacy

Theorem (Elimination of indeterminacy)

1 D u, v morphisms, u “ b1 ˝ . . . ˝ bn blowups.

Ŝ

u

��

v

��
S

ϕ // T

2 A birational morphism is a composition of blowups.

Remark : 1 holds in higher dimension (”Hironaka’s little roof”),

but not 2 .
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Example: stereographic projection

Q Ă P3 smooth quadric XT ´ YZ “ 0. Segre embedding

s : P1 ˆ P1 „ÝÑ Q Ă P3, spU,V ;W ,Sq “ pUW ,US ,VW ,VSq.

For each p “ spa, bq P Q, there are 2 lines Ă Q passing through p:

spP1 ˆ bq and spaˆ P1q.

Let Π Ă P3 plane S p.

ϕ : Q 99K Π: q ‰ p ù xp, qy X Π.

Extension f : Q̂ Ñ Π: ` P PpTppQqq ÞÑ `X Π.

f birational, contracts the 2 lines through p.

Q̂

b

yy

f

""
P1 ˆ P1 “ Q

ϕ // Π “ P2
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Some consequences

Corollary

ϕ : S 99K T rational. DF Ă S finite, ϕ : S r F Ñ T morphism.

Remark : Direct proof easy, see exercises.

Consequences : ‚ Since DivpSq „ÝÑ DivpS r F q and PicpSq „ÝÑ

PicpS r F q, ϕ˚ : DivpT q Ñ DivpSq and PicpT q Ñ PicpSq defined.

‚ For C Ă S , ϕpC q :“ ϕpC r F q well-defined.

‚ ϕ : S „99K T ñ H0pT ,KT q
„ÝÑ H0pS ,KSq.

(Beware! Not true that ϕ˚KT “ KS , think of blowups)

Proof : ϕ˚ : H0pT ,KT q Ñ H0pS r F ,KSq
„ÐÝ H0pS ,KSq, then

pϕ´1q˚ : H0pT ,KT q Ñ H0pS ,KSq inverse of ϕ˚.

‚ H0pT , nKT q
„ÝÑ H0pS , nKSq for n ą 0 (same argument).

‚ H0pT ,Ω1
T q

„ÝÑ H0pS ,Ω1
Sq (same argument).
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Birational invariants

‚ The numerical invariants pg pSq :“ h0pKSq (geometric genus),

PnpSq :“ h0pnKSq (plurigenera), qpSq :“ h0pΩ1
Sq (irregularity)

are birational invariants.

Definition

A surface is ruled if it is birational to C ˆ P1.

Proposition

S ruled ñ PnpSq “ 0 @n ě 1.

Proof : Suffices to prove it for S “ C ˆ P1.

F “ tcu ˆ P1 satisfies F 2 “ 0, hence K ¨ F “ ´2 (genus formula).

If nK ” D ě 0, D must contain tcu ˆ P1 for all c P C ,

impossible.
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Irregularity of ruled surfaces

The converse is true, but difficult:

Theorem (Enriques)

PnpSq “ 0 @n ñ S ruled.

In fact Enriques proved a more precise result: P12 “ 0 ñ S ruled.

Proposition

S birational to C ˆ P1 ñ qpSq “ gpC q.

Proof: S “ C ˆ P1 p
ÝÑ C . Claim: p˚ : H0pC ,KC q

„ÝÑ H0pS ,Ω1
Sq.

ω P H0pΩ1
Sq, s : C ãÑ C ˆ P1, spcq “ pc , 0q. Suffices: ω “ p˚s˚ω.

Local coordinates z on C , t on P1 ù ω “ apz , tqdz ` bpz , tqdt.

ωtcuˆP1 “ 0 ñ bpc , tq ” 0 @c ñ b “ 0.

dω P H0pKSq “ 0 ñ
B

Bt
apz , tq “ 0 ñ apz , tq “ apz , 0q,

ω “ apz , 0qdz “ p˚s˚ω.
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Minimal surfaces

Definition

S minimal if any birational morphism S Ñ T is an isomorphism.

Proposition

Every S admits a birational morphism onto a minimal surface.

Proof : If not, D an infinite chain S Ñ S1 Ñ ¨ ¨ ¨ Ñ Sn Ñ ¨ ¨ ¨ of

blowups. This is impossible since b2pSnq “ b2pSq ´ n.

Theorem (Castelnuovo’s criterion)

Let E Ă S, E – P1, E 2 “ ´1. There exists a surface T and a

blowing up b : S Ñ T with exceptional curve E .

Corollary

S minimal ô S Č E – P1 with E 2 “ ´1.
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Exercises

1) Let b : Ŝ Ñ S the blowup of p P S , Ĉ the strict transform of

C Ă S . Using the genus formula, compute gpĈ q. Deduce that

after a finite number of appropriate blowups, the strict transform

of C becomes smooth.

2) Let σ : P2 99K P2 be given by σpX ,Y ,Z q “ pYZ ,ZX ,XY q

(“standard quadratic transformation”). Let b : P Ñ P2 be the

blowup of P2 at the points p1, 0, 0q, p0, 1, 0q, p0, 0, 1q. Show that

there is an automorphism s of P, with s2 “ IdP and b ˝ s “ s ˝ σ.

3) Let ϕ : S 99K Pn be a rational map.

a) Show that there exists rational functions ϕ0, . . . , ϕn on S such

that ϕppq “ rϕ0ppq, . . . , ϕnppqs (observe that there is an open

subset U Ă S such that ϕ|U is a morphism into An Ă Pn).
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Exercises

b) Prove that there is a finite subset F Ă S such that ϕ is

well-defined outside F (suppose ϕ is not defined along a curve C ;

let p P C , g P Op a local equation for C . We can assume that all

ϕi are in Op, with no common factor. But ϕi “ 0 along

C ñ g | ϕi @ i , contradiction.)

4) Let u : S Ñ T be a birational morphism of surfaces, C Ă S an

irreducible curve such that upC q is a point. Show that C – P1,

and C 2 ă 0.

5) Let S Ă P3 be a smooth surface of degree d . Using

KS ” pd ´ 4qH and the exact sequence

0 Ñ OP3p´dq Ñ OP3 Ñ OS Ñ 0, compute PnpSq.
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Algebraic surfaces

Lecture III: minimal models
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Geometrically ruled surfaces

Definition

A surface S is ruled if it is birational to C ˆ P1.

If C “ P1, we say that S is rational.

S is geometrically ruled if D p : S Ñ C smooth, fibers – P1.

The last definition is justified by:

Theorem (Noether-Enriques)

p : S Ñ C geometrically ruled ñ S ruled.

Note that this is specific to surfaces: there exist smooth

morphisms X Ñ S (S surface) with all fibers – P1, but X not

birational to S ˆ P1 (Severi-Brauer varieties).
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Minimal ruled surfaces

Theorem

S ruled not rational. S minimal ô S geometrically ruled.

Proof : 1) p : S Ñ C with fibers – P1, gpC q ě 1.

If E Ă S , ppE q “ q P P1 since gpC q ě 1 ñ E“p´1pqq ñ E 2 “ 0.

2) S – C ˆ P1 ù rational map p : S 99K C , gpC q ě 1.

Claim : p is a morphism.

If not,
Sn

u

��

v

  
S

p // C

u : Sn Ñ Sn´1 Ñ ¨ ¨ ¨ Ñ S0 “ S .

En Ă Sn exceptional curve; since gpC q ě 1, vpEnq “{pt} ñ can

replace Sn by Sn´1, then ... till S0 ñ .
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End of the proof

3) p : S Ñ C , general fiber F – P1. Want to prove all fibers – P1.

Recall: F 2 “ 0, K ¨ F “ ´2 (genus formula).

‚ F irreducible ñ F – P1 (genus formula).

‚ F “ mF 1 ? Only possibility m “ 2, K ¨ F 1 “ ´1, contradicts

genus formula.

‚ F “
ř

niCi . Claim : ñ C 2
i ă 0 @i .

Because: niC
2
i “ Ci ¨ pF ´

ÿ

j‰i

njCjq, Ci ¨ F “ 0, Ci ¨ Cj ě 0, and

Ci ¨ Cj ą 0 for some j since F is connected.

‚ Then K ¨ Ci “ 2gpCi q ´ 2´ C 2
i ě ´1, “ ´1 ô Ci exceptional.

So if S minimal, pK ¨Ci q ě 0 @i ñ pK ¨F q ě 0, contradiction.
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Projective bundles

E rank 2 vector bundle on C ù projective bundle

p : PC pE q Ñ C , p´1pxq “ PpExq, so PC pE q is a geometrically

ruled surface.

The following can be deduced from the Noether-Enriques theorem:

Proposition

Every geometrically ruled surface is a projective bundle.

There is a highly developed theory of vector bundles on curves,

particularly in rank 2; therefore the classification of minimal ruled

surfaces is well understood.
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Elementary transformation

f : S Ñ C geometrically ruled. Choose p P C ,

q P F :“ f ´1ppq. Blow up q.

f̂ : Ŝ
b
ÝÝÑ S

f
ÝÝÑ C . Fiber above p “ E Y F̂ .

0 “ pf̂ ˚pq2 “ pE ` F̂ q2 “ E 2 ` F̂ 2 ` 2 ñ

F̂ 2 “ ´1, hence F̂ is an exceptional curve

(Castelnuovo). Contraction c : Ŝ Ñ S 1:

ùñ

Ŝ

b

��

c

��
f̂

��

S

f ��

S 1

g
��

C

f̂ induces g : S 1 Ñ C geometrically ruled.
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Elementary transformation with section

Ŝ

b

��

c

��
S S 1

Let Σ Ă S be a section of f passing through q.

Then Σ and F are transverse, so Σ̂X F̂ “ ∅ in Ŝ ,

and c maps Σ̂ isomorphically to Σ1 section of g .

Then Σ12 “ Σ̂2 “ pb˚Σ´ E q2 “ Σ2 ´ 1 .

Lemma

Suppose PicpSq “ ZrF s ‘ ZrΣs. Then PicpS 1q “ ZrF 1s ‘ ZrΣ1s.

Proof : It suffices to prove that pc˚F 1, c˚Σ1, F̂ q basis of PicpŜq.

But c˚F 1 “ b˚F , c˚Σ1 “ Σ̂ “ b˚Σ´ E , F̂ “ b˚F ´ E

and pb˚F , b˚Σ,E q basis of PicpŜq.
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The surfaces Fn

Proposition

‚ For n ě 0, D a geometrically ruled rational surface Fn Ñ P1,

with a section Σ of square ´n, and PicpFnq “ ZrF s ‘ ZrΣs.

‚ For n ą 0, the curve Σ is the only curve of square ă 0 on Fn.

Proof : We start with F0 :“ P1 ˆ P1, with f “ pr1 and

Σ “ P1 ˆ t0u. Once pFn,Σq is constructed, we choose q P Σ :

elementary transformation ù Fn`1 “ S 1 with Σ12 “ ´n ´ 1.

‚ By the Lemma, PicpFnq “ ZrF s ‘ ZrΣs.

‚ Let C ‰ Σ irreducible curve on Fn. C ” aΣ` bF .

pC ¨ F q ě 0 ñ a ě 0; pC ¨ Σq “ ´an ` b ě 0

ñ C 2 “ ´na2 ` 2ab “ ap2b ´ anq ě an2 ě 0.
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Minimal rational surfaces

Corollary

Fn is minimal for n ‰ 1.

F1 is obtained by blowing up a point q in P1 ˆ P1 and contracting

one of the lines through q; by stereographic projection, F1 – P̂2.

Theorem

The minimal rational surfaces are P2 and Fn for n ‰ 2.

Remark : Being geometrically ruled, the surfaces Fn are of the

form PP1pE q. It is not difficult to show that all vector bundles on

P1 are direct sums of line bundles; in fact, it was observed by

Hirzebruch that Fn “ PP1pOP1 ‘OP1pnqq.
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Non-ruled surfaces

Theorem

Two birational minimal surfaces not ruled are isomorphic.

Thus a non-ruled surface admits a unique minimal model (up to

isomorphism); the birational classification of these surfaces is

reduced to the classification (up to isomorphism) of the minimal

ones. In contrast, ruled surfaces have a simple birational model

(C ˆ P1), but the determination of the minimal ones is subtle.

The theorem follows easily from an important Lemma (admitted):

Key lemma

If S is minimal not ruled, pK ¨ C q ě 0 for all curves C .

We say that K is nef. This is the crucial notion to extend the

definition of minimal surface in higher dimension.
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Proof of the Theorem

Let ϕ : S „99K T , with S ,T minimal not ruled. We want to prove

that ϕ is an isomorphism.

We choose a diagram:

Sn
u

��

v

  
S

ϕ // T

v birational, u : Sn Ñ Sn´1 Ñ ¨ ¨ ¨ Ñ S0 “ S ,

with n ě 1 minimal ñ v maps En to a curve C .

Since v is a composition of blowups,

pKT ¨ C q ď pKSn ¨ Enq “ ´1, contradicting the key lemma.

Thus ϕ birational morphism; S minimal ñ ϕ isomorphism.
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Exercises

1) Let C be a curve of genus g . Show that the sections Σ of the

fibration C ˆP1 Ñ C are in bijective correspondence with the maps

f : C Ñ P1. Using the genus formula, compute Σ2 in terms of the

degree of f . Show that Σ2 is even, nonnegative, and ‰ 2 if g ą 0.

2) a) Show that the canonical divisor of Fn is ´2Σ` pn´ 2qF and

that K 2 “ 8.

b) We say that a divisor D (or the corresponding line bundle) on a

surface S is nef if D ¨ C ě 0 for all curves C on S . Show that the

anticanonical divisor ´K on Fn is nef if and only if n ď 2.

c) We say that D is ample if D ¨ C ą 0 for all curves C , and

D2 ą 0. Show that ´KFn is ample if and only if n ď 1.
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Exercises

d) Let S be a surface with ´KS ample. Show that S is obtained

from P2 by blowing up ď 8 points (observe that if ´KT is not

ample for a surface T , any blowup of T has the same property).

3) We consider the divisor class Hk :“ Σ` kF on the surface Fn.

a) For k ă n, show that the effective divisors ” Hk are sum of Σ

and k fibers.

b) Compute χpHkq by Riemann-Roch; deduce that H1pHn´1q “ 0.

c) Using the exact sequences

0 Ñ OpHkq Ñ OpHk`1q Ñ OP1p1q Ñ 0, show that H1pHkq “ 0

for k ě n ´ 1, and h0pHkq “ 2k ` 2´ n.
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Linear systems and rational maps

L “ OSpDq P PicpSq. (Complete) linear system :

|L| “ |D| :“ tE ě 0 |E ” Du “ PpH0pLqq.

BL “ Base locus of L :“
Ş

EP|L|
E “ Z

Ť

tp1, . . . , psu

Z “
Ť

Ci “ fixed part, pi base points.

Rational map defined by L:

ϕL : S r BL Ñ |L|_, ϕLppq “ tE | p P Eu “ hyperplane in |L|.

If Z “ fixed part of |L|, ϕL “ ϕLp´Zq: can assume L has no fixed

part, i.e. BL finite.

E P |L| ù hyperplane HE Ă |L|_;

ϕ˚LHE “ tp P S rBL |E P ϕLppq ô p P Eu “ E rBL : ϕ˚LHE “ E .
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Properties of ϕL

Properties of ϕL

‚ ϕL morphism ô |L| base point free (i.e. BL “ ∅).

‚ ϕL injective ô @ p ‰ q, DE P |L|, p P E , q R E . If this holds:

‚ ϕL embedding ô @ p, v ‰ 0 P TppSq, D p P E P |L|, v R TppE q.

If this is the case, we say that L is very ample.

‚ ϕL embedding ñ degpϕLpSqq “ L2.

Remark : If D is very ample and |E | is base point free, D ` E is

very ample.

Examples : ‚ Let H be a line in P2. The linear system |nH| of

curves of degree n (n ě 1) is very ample. In particular, ϕ2H is an

isomorphism of P2 onto a surface V Ă P5, the Veronese surface.

We have degpV q “ p2Hq2 “ 4; the hyperplane sections of V are

conics.
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Examples

‚ On P1 ˆ P1, let A “ P1 ˆ t0u and B “ t0u ˆ P1. The linear

systems |A| and |B| are base point free, and ϕA`B is the Segre

embedding in P3. Hence aA` bB is very ample for a, b ě 1. In

particular, |2A` B| gives an isomorphism onto a surface of degree

4 in P5 (“quartic scroll”). Since A ¨ p2A`Bq “ 1, the curves in |A|
are mapped to lines in P5.

‚ Let p1, . . . , ps P S . Let |D| be a linear system on S , and P Ă |D|
the subspace of divisors passing through p1, . . . , ps . Assume that

at each pi the curves of P have different tangent directions. Let

b : Ŝ Ñ S be the blowing up of p1, . . . , ps , Ei the exceptional

curve above pi . The system D̂ :“ b˚D ´
ř

Ei is base point free

and defines a morphism ϕD̂ : Ŝ Ñ |D̂|_ to which we can apply the

previous remarks.
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Examples (continued)

‚ Let p P P2; consider the system of conics passing through p. It is

easy to check that |2b˚H ´ E | on P̂2
p is very ample. It gives an iso-

morphism onto a surface S Ă P4, with degpSq “ p4H2 ` E 2q “ 3.

The strict transforms of the lines through p in P2 form the linear

system b˚H ´ E ; since pb˚H ´ E q ¨ p2b˚H ´ E q “ 1, they are

mapped to lines in P4. S is the cubic scroll.

‚ Now let us pass to linear systems of cubic curves.

Proposition

For s ď 6, let p1, . . . , ps P S “ P2 , such that no 3 of them lie on a

line and no 6 on a conic. The linear system |´K | on Ŝ is very

ample, and defines an isomorphism of Ŝ onto a surface Σd of

degree d :“ 9´ s in Pd , called a del Pezzo surface.

In prticular, Σ3 is a (smooth) cubic surface in P3.
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Sketch of proof

Sketch of proof : The proof is a long exercise, with no essential

difficulty; I will just give an idea. We have ´KŜ “ 3b˚H ´
ř

Ei ,

corresponding to the system P of cubics passing through the pi .

Let us show that ϕ´K is injective in the most difficult case s “ 6.

‚ Let p ‰ q P P2 r tpiu. Can assume p1 is not on the line xp, qy.

‚ D ! conic Qij passing through p and the pk for k ‰ i , j .

‚ Q1i X Q1j “ tpu Y 3 other pk ñ q P at most one Q1i , say Q12.

‚ q is at most on one xp1, piy, say xp1, p3y.

‚ Then Q14 Y xp1, p4y P P, Q p, S q ñ ϕ´K ppq ‰ ϕ´K pqq.

‚ Then: degpΣdq “ p3b
˚H ´

ř

Ei q
2 “ 9´ s “ d ; one has

h0p3Hq “ 10, and one checks that p1, . . . , ps impose s

independent conditions.

Example : Σ3 is a smooth cubic surface in P3; we will see that

one obtains all smooth cubic surfaces in that way.
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Lines on del Pezzo surfaces

Proposition

lines Ă Σd “ exceptional curves = the Ei , the strict transforms of

the lines xpi , pjy and of the conics passing through 5 of the pi pfor

s “ 5 or 6q. Their number is s `
`

s
2

˘

`
`

s
5

˘

.

Proof : E Ă Ŝ ù line in Σ ô KŜ ¨ E=-1, i.e. E exceptional.

E ‰ Ei ñ E ” mb˚H ´
ř

aiEi in PicpŜq; ai “ E ¨ Ei “ 0 or 1.

p´K q ¨ E “ 3m ´
ř

ai “ 1 ñ
ř

ai “ 2 and m “ 1, or
ř

ai “ 5

and m “ 2.

Remark : We know more than the number of lines, namely their

classes in PicpΣdq, their incidence properties, etc. The

configuration of lines has been intensively studied in the 19th and

20th century. Let us just mention that the lattice KK Ă PicpΣdq is

a root system, of type E6, D5, A4, A2 ˆ A1 for s “ 6, 5, 4, 3.
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The cubic surface

Proposition

Any smooth cubic surface S Ă P3 is a del Pezzo surface Σ3.

In particular, S contains 27 lines.

Strategy of the proof : show that S contains a line, then 2 skew

lines; then deduce from that a map S Ñ P2 composite of blowups.

There are many details to check, left to the reader.

1 G :“{lines Ă P3}, dimG “ 4.

C :“ |OP3p3q| “{cubic surfaces Ă P3u – Pc (c “ 19).

Incidence correspondence: Z Ă Gˆ C “ tp`,Sq | ` Ă Su.

Z
p

��

q

��
G C

Fibers of p – Pc´4 (S : F “ 0 contains

Z “ T “ 0 ô F has no X 3,X 2Y ,XY 2,Y 3).

Thus dimZ “ dim C. We want q surjective.
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Cubic surface (continued)

If q : Z Ñ C not surjective, dim qpZ q ď c ´ 1 ñ dim q´1pSq ě 1

for S P qpZ q. But q´1pΣ3q finite ñ impossible.

2 S Ą `. The planes Π Ą ` cut S along a conic.

Claim : 5 of these conics are degenerate, i.e. of the form `1 Y `2.

Proof : ` : Z “ T “ 0 ñ

F “ AX 2 ` 2BXY ` CY 2 ` 2DX ` 2EY ` G , with A, . . . ,G

homogeneous polynomials in Z ,T . The conic is degenerate

ô det

∣∣∣∣∣∣∣∣
A B D

B C E

D E G

∣∣∣∣∣∣∣∣ “ 0, degree 5 in Z ,T . ě 2 distinct roots ñ

S Ą 2 triangles: `Y `1 Y `
1
1, `Y `2 Y `

1
2. Then `1 X `2 “ ∅.
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Cubic surface (continued)

3 ` Ă S , given by X “ Y “ 0. Projection from `: S
pX ,Y q
ÝÝÝÝÝÑ P1.

Well-defined: S : XB ´ YA “ 0, pX ,Y q “ pA,Bq on S ,

X “ Y “ A “ B “ 0 ñ S singular.

ϕi : S Ñ P1 projection from `i ù ϕ “ pϕ1, ϕ2q : S Ñ P1 ˆ P1.

Geometrically, ϕi ppq “ plane x`i , py through `i .

Birational: for pπ1, π2q P P1 ˆ P1, π1 X π2 “ line meeting `1 and

`2, intersects S along a unique third point p.

ñ ϕ “ composition of blowups. Blowup of P1 ˆ P1 at 1 point =

blowup of P2 at 2 points ñ ϕ1 : S Ñ P2 composition of blowups.

λ line contracted by ϕ ðñ π1pλq “ tpu,π2pλq “ pts

ðñ λ meets `1 and `2.

For each of the 5 triangles `1, `
1
1, `

2
1, `2 meets one of `11, `

2
1 ñ

5 lines contracted ñ S – P2 with 6 points blown up.
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Exercises

1) Show that the linear system |Σ` nF | on Fn defines a morphism

Fn Ñ Pn`1, which is an embedding outside Σ and contracts Σ to a

point p. Show that the image of Fn is a cone with vertex p, and

that the hyperplane sections not passing through p are rational

normal curves of degree n in Pn (use exercise 3 of Lecture II).

2) Show that the linear system |Σ` kF | on Fn for k ą n defines

an isomorphism of Fn onto a surface of degree 2k ´ n in P2k´n`1.

The images of the fibers are disjoint lines, and that of Σ is a

rational normal curve of degree n ` k .

3) Let S be the vector space of symmetric 3ˆ 3 matrices. Show

that the locus of rank 1 matrices in PpSq – P5 is a Veronese

surface V . Deduce that all secants to V (i.e. the lines xp, qy,

p ‰ q P V ) are contained in a cubic hypersurface.
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Exercises

[Note: the secant lines depend on 2` 2 parameters, so one would

expect that their union fills P5. It is a classical theorem of Severi

that the Veronese surface is the only smooth surface in P5 (not

contained in a hyperplane) with this property.]

4) a) Let C be a smooth rational curve of degree e on a del Pezzo

surface Σd . Show that C 2 “ e ´ 2. Prove that the linear system

|C | has dimension e ´ 1 (use the exact sequence

0 Ñ OS Ñ OSpC q Ñ OSpC q|C Ñ 0).

b) Describe in terms of P2 with 9´ d points blown up the pencils

(= linear systems of dimension 1) of conics on Σd . Find their

number.
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Exercises

c) We fix e “ 3. Show that the linear system |C | is base point free,

and defines a birational morphism to P2 (use the exact sequence of

a). Conversely, any birational morphism Σd Ñ P2 is defined by a

net (= linear systems of dimension 2) of twisted cubics.

d) Describe the nets of twisted cubics on Σ3. Show that there are

72 such nets.

5) A double-six in P3 consists of 2 sets of disjoint lines `1, . . . , `6

and `11, . . . , `
1
6, such that `i X `

1
j ‰ ∅ for i ‰ j and `i X `

1
i “ ∅.

a) Show that in a cubic surface Σ3, the images of E1, . . . ,E6 and

of the conics passing through 5 of the pi form a double-six.

b) Conversely, given a double-six p`i , `
1
jq on Σ3, there is a birational

morphism S3 Ñ P2 contracting the `i to points pi and mapping

the `1j to conics through 5 of the pi .

c) Conclude that there are 36 double-six on Σ3.
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Algebraic surfaces
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Kodaira dimension

The key ingredient to distinguish different projective varieties is the

behaviour of the canonical bundle.

Definition

The Kodaira dimension of a surface S is

κpSq :“ max
n

dimϕnK pSq

with the convention dim∅ “ ´8.

Using the plurigenera Pn “ h0pnK q, this translates as

κpSq “ ´8 ðñ Pn “ 0 @n ðñ S ruled (Enriques theorem).

κpSq “ 0 ðñ Pn “ 0 or 1 @n, and “ 1 for some n.

κpSq “ 1 ðñ Pn ě 2 for some n, and dimϕmK pSq ď 1 @m;

κpSq “ 2 ðñ dimϕnK pSq “ 2 for some n.
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Examples

‚ Let B,C be two curves of genus b, c . Then:

κpB ˆ C q “ ´8 ô bc “ 0;

κpB ˆ C q “ 0 ô b “ c “ 1;

κpB ˆ C q “ 1 ô b or c “ 1, bc ą 1;

κpB ˆ C q “ 2 ô b and c ě 2.

‚ Let Sd Ă P3 of degree d ; then Sd is rational for d ď 3,

κpS4q “ 0, κpSdq “ 2 for d ě 5.

These examples show a general pattern: most surfaces have κ “ 2

(they are called of general type), some have κ “ 1, and the cases

κ “ 0 and κ “ ´8 are completely classified.

Remark : S minimal, κpSq ě 0 ñ K 2
S ě 0.

Indeed |nKS | Q E for some n ě 1, and K ¨ E ě 0 by the key lemma.
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κ “ 2

Proposition

Let S be a minimal surface. The following are equivalent:

1 κpSq “ 2;

2 K 2 ą 0 and S not ruled;

3 ϕnK birational onto its image for n " 0.

Proof : 3 ñ 1 clear.

2 ñ 3 : let H be a very ample divisor on S . Riemann-Roch ù

χpnK ´ Hq „ 1
2n

2K 2 ą 0 for n " 0, hence

h0pnK ´ Hq ` h0pp1´ nqK ` Hq ą 0.

But
`

p1´ nqK `H
˘

¨K ă 0 for n " 0, hence h0 “ 0 by key Lemma

ñ h0pnK ´Hq ą 0, hence nK ” H `E , E ě 0 ñ ϕnK birational.
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κ “ 2 (continued)

1 ñ 2 : κpSq “ 2 ñ S not ruled and K 2 ě 0. But K 2 ą 0 by:

Lemma

S minimal, K 2 “ 0, |nK | “ Z `M with Z fixed part. Then M is

base-point free, and ϕM “ ϕnK : S Ñ C Ă |nK |_.
.

Proof : Key lemma ñ pK ¨ Z q and pK ¨Mq ě 0, hence “ 0.

0 “ M ¨ pZ `Mq ñ M2 “ 0 ñ |M| base-point free, hence

ϕM : S Ñ C Ă |nK |_. M2 “ 0 ñ C curve.

Remark: D much more precise results for 3 (Kodaira, Bombieri):

ϕnK morphism for n ě 4, birational for n ě 5.

Example: For S “ B ˆ C as above,

K 2
BˆC “ pp

˚KB ¨ q
˚KC q “ p2b ´ 2qp2c ´ 2q: K 2

X ą 0 ô b, c ě 2.
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Surfaces with κ “ 1

Proposition

S minimal, κpSq “ 1 ñ K 2 “ 0, and D p : S Ñ B with general

fiber elliptic curve.

(We say that S is an elliptic surface.)

Proof : Choose n such that h0pnK q ě 2, |nK | “ Z ` |M|. By the

Lemma, ϕM : S Ñ C Ă |nK |_.

Stein factorization: ϕM : S
p
ÝÑ B Ñ C , with fibers of p connected.

F smooth fiber. F ď M ñ K ¨ F “ 0, F 2 “ 0 ñ gpF q “ 1

(genus formula).

Remark : An elliptic surface can be rational, ruled, or have κ “ 0.
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Surfaces with κ “ 0

Theorem

S minimal with κ “ 0.

1 q “ 0, K ” 0: S is a K3 surface;

2 q “ 0, 2K ” 0, K ı 0: S is an Enriques surface – quotient

of a K3 by a fixed-point free involution.

3 q “ 1: S is a bielliptic surface, quotient of a product E ˆ F

of elliptic curves by a finite group acting freely (7 cases).

4 q “ 2: S is an abelian surface (projective complex torus).

We will treat only the cases with q “ 0 (the other cases require

the theory of the Albanese variety). If K ” 0, we are in case 1 .

We want to prove that q “ 0, K ı 0 ñ 2K ” 0.
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S minimal, q “ 0, K ı 0

Proof : We have h0pnK q “ 0 or 1 @n ě 1, and K 2 “ 0 by the

case κ “ 2. We first prove pg “ h0pK q “ 0.

If h0pK q “ 1 Riemann-Roch gives

h0p´K q ` h0p2K q ě χpOSq “ 1´ q ` pg “ 2 ,

hence h0p´K q ě 1. Thus DA P |K |,B P |´K | ñ A` B ” 0

ñ A “ B ` 0, K ” 0, excluded. Hence h0pK q “ 0.

Then: h0p´K q ` h0p2K q ě χpOSq “ 1.

If h0p´K q ą 0, |´K | Q D ě 0, |nK | Q E ě 0, nD ` E ” 0 ñ

D ” 0, contradiction. Hence h0p2K q ą 0.

Riemann-Roch: h0p3K q ` h0p´2K q ě 1. Suppose h0p3K q ě 1.

D P |2K |, E P |3K |; 3D, 2E P |6K | ñ 3D “ 2E ñ

D “ 2F ,E “ 3F with F ě 0. But F ” E ´ D ” K , contradiction.

Therefore h0p´2K q ą 0, and 2K ” 0.
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The double cover of an Enriques surface

Let S be an Enriques surface. View KS as a line bundle

p : KÑ S ; we have a non-vanishing section ω of H0p2K q. Let

X “ tx P K | x2 “ ωppxqu

It is a closed subvariety of K; for each y P S there are 2 points in

X above y , exchanged by the involution σ : x ÞÑ ´x . This

involution acts freely, and pX identifies S with X {σ.

The morphism pX : X Ñ S is étale, hence p˚XKS – KX .

Consider the pull back diagram:

K ˆS K //

p1

��

K
p

��
K p // S

p1 has a canonical section x ÞÑ px , xq; this section does not vanish

outside the zero section of K. Therefore p˚K|S “ KX is trivial.

We will admit q “ 0, so X is a K3 surface.
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Examples

‚ S4 Ă P3 (smooth) is a K3 surface.

Indeed KSd ” pd ´ 4qH, so ” 0 for d “ 4. To prove q “ 0 we

admit a classical result:

Lemma

H i pPn,OPnpkqq “ 0 for all k and 0 ă i ă n.

Then from the exact sequence 0 Ñ OP3p´4q Ñ OP3 Ñ OS Ñ 0

we get H1pOSq “ 0.

‚ More generally, for each g ě 3, there is a family of K3 surfaces

of degree 2g ´ 2 in Pg : in P4 we get the intersection of a quadric

and a cubic, in P5 the intersection of 3 quadrics, etc. These

surfaces have a rich geometry and have been, and still are,

extensively studied.
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An Enriques surface

In P5, with homogeneous coordinates X0,X1,X2,X
1
0,X

1
1,X

1
2,

consider the surface S defined by

PpX q ` P 1pX 1q “ QpX q ` Q 1pX 1q “ RpX q ` R 1pX 1q “ 0 ,

where P,Q,R;P 1,Q 1,R 1 are general quadratic forms in 3 variables.

The involution σ : pXi ,X
1
j q ÞÑ p´Xi ,X

1
j q preserves S ; its fixed

points are the 2-planes Xi “ 0 and X 1j “ 0, which are not on S

since the quadratic forms are general. The surface quotient S{σ is

an Enriques surface.

THE END
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Exercises

1)Let S be a K3 surface, C Ă S a curve of genus g .

a) Show that C 2 “ 2g ´ 2 and h0pC q “ g ` 1 (deduce from the

exact sequence 0 Ñ OSp´C q Ñ OS Ñ OC Ñ 0 that

H1pOSp´C qq “ 0).

b) Show that the restriction of OSpC q to C has degree 2g ´ 2 and

h0 “ g , hence is – KC .

c) Deduce from b) that |C | is base point free. If C is not

hyperelliptic, show the morphism ϕC is birational onto its image.

2) a) Let C ,C 1 two cubic curves in P2, which intersect

transversally at 9 points p1, . . . , p9. Let P̂ be the bowup of P2 at

these points. Show that the anticanonical system |´KP̂ | is base

point free, and defines a morphism P̂ Ñ P1 whose general fiber is

a plane cubic, hence an elliptic curve.
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b) Let S be a smooth quartic surface in P3 containing a line `,

defined by X “ Y “ 0. Show that pX ,Y q define a morphism

S Ñ P1 whose general fiber is a plane cubic.

3) Let S be a K3 surface, D an effective divisor on S with D2 “ 0

and D ¨ C ě 0 for every curve C on S . Show that D ” mE , where

m ě 1 and E is a smooth elliptic curve.

( Let Z be the fixed part of |D|, so that D ” Z `M; prove

D ¨ Z “ 0, then Z 2 “ 0, which implies Z “ 0 by Riemann-Roch.

Then use the same argument as in the Lemma.)
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4) Let S be an Enriques surface, E an elliptic curve on S . Show

that either |E | or |2E | is a base point free pencil of elliptic cuves.

(Use the exact sequence 0 Ñ OS Ñ OSpE q Ñ OSpE q|E Ñ 0. If

OSpE q|E “ OE , |E | is a base point free pencil. If not, observe that

|K ` E | contains a divisor E 1 by Riemann-Roch; then |2E |
contains 2E and 2E 1, and the above exact sequence tensored by

OSpE q shows that h0p2E q “ 2.)

5) Let S be a surface, p : S Ñ B a morphism onto a curve with

connected fibers. Suppose a fiber F is reducible, i.e. F “
ř

niCi .

Let D “
ř

riCi , with ri P Z. Show that D2 ď 0, and D2 “ 0 if

and only if D ” kF for some k P Q.

(Write Gi “ niCi and si “
ri
ni
P Q, so that D “

ř

siGi ; using

G 2
i “ Gi ¨ pF ´

ř

j‰i
Gjq, prove that D2 “

ř

j‰i
psi ´ sjq

2Gi ¨ Gj .)
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6) Let S be a minimal surface with a morphism p : S Ñ B onto a

curve, whose general fiber is an elliptic curve. By a theorem of

Zariski all fibers of p are connected.

a) Suppose a fiber is reducible, hence “
ř

niCi . Using exercise 5,

show that C 2
i ă 0 for all i . Deduce that Ci is smooth rational and

C 2
i “ ´2.

b) Suppose κpSq ě 0. Show that there exists an integer d such

that dK ” p˚D for some D ě 0 on B (let D P |rK |; since

D ¨ F “ 0, D is contained in some fibers. Apply exercise 5.)
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