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Abstract

We consider a non-local traffic model involving a convolution product. Unlike other studies,
the considered kernel is discontinuous on R. We prove Sobolev estimates and prove the conver-
gence of approximate solutions solving a viscous and regularized non-local equation. It leads to
weak, C([0, T],L2(R)), and smooth, W22V ([0, T] x R), solutions for the non-local traffic model.

Key words: Scalar conservation laws; Anisotropic non-local flux; Traffic flow models; Viscous
approximation; Sobolev estimates.

1 Introduction

We consider the non-local traffic model introduced in [4, 8] to account for the reaction of drivers to
downstream traffic conditions. It consists in the following scalar conservation law, where the traffic
velocity depends on a weighted mean of the density:

Op + Ox(pv(p*xw)) =0, (1.1)
where

x+
o) = ["pttca et dy= [ pltgyaty - ) do. (1.2)

We make the following assumptions for k = 1,2, 3:
(AX) w e C¥([0,7]) is non-negative with support in [0,7] and is non-increasing on [0, 7].
(AX) v e CK(RY) with ¢/, ..., v*) bounded.

For traffic flow applications, it is reasonable to assume that v is non-increasing, even if mono-
tonicity is not required in this paper. We also recall that a similar model, considering a weighted
mean of downstream speeds, has been recently introduced in [7]. More generally, model (1.1)
belongs to the class of conservation laws with non-local flux functions, which appear in several
applications, see for example [3, 6, 9, 10, 15]. We remark that most of the available well-posedness
results concern equations involving smooth convolution kernels [1, 2], and are based on the construc-
tion of finite-volume approximations and the use of Kruzkov’s doubling of variable technique [12].
In particular, these results rely on the concept of entropy solutions. Only recently, alternative
proofs based on fixed point theorems have been proposed for specific cases [11, 14], allowing to get
rid of the entropy requirement.

In general, solutions to non-local equations may be discontinuous [13], despite the expected
regularizing effect of the convolution product. Therefore, given any initial datum p® € L*(R) N
LY(R), the solutions to the Cauchy problem for (1.1) are usually intended in the following weak
form
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Definition 1. A function p € (L> NLY) (RT X R) is a solution of (1.1) with initial datum p° if

+oo oo +oo
/0 / (pOrp + pu(p * w)drp) (¢, x) dudt + / P (2)p(0, z)dx = 0, (1.3)

for all p € C(R?).

In this paper, we are interested in deriving regularity properties of solutions to (1.1). To this end,
we will consider approximate solutions satisfying the viscous and regularized non-local equation

Orpe + Ou(pev(pe ¥ we)) = e, pe, (1.4)
where, for any ¢ € |0, 1], the smooth function w, is an extension of w with the following regularities:

(AK) w. € CK(R) is non-negative with a support in [—¢,n + €|, is non-decreasing on [—¢, z.], for
some z. € | — ¢,0], is non-increasing on [z.,n + ¢| and w, = w on [0, .
We set W, := w.(z.) and we assume that lim._,o W, = w(0). Without loss of generality we
can assume

W < 2w(0). (1.5)

(B¥) wé‘j)(—a) = wéj)(n +e)=0forj=1,...,k and |w.(u)] < 2W./e on [—¢,0] and |[w.(u)] <
2w(n)/e on [n,n +el.

Remark 1. Given w satisfying (AX), we can construct a function we satisfying (AX_) and (BE_).
To construct such extensions, for example in the simplest case where the derivatives of w vanish at
0 and n, we use the function ¢ which is zero for x < —1, 1 for x > 0, non-decreasing and of class
C* and we define w:(x) = w(0)p(x/c) for v <0 and w(0)p((n — x)/e) for x >n.

Notice that a similar approximation was used in [5] to establish a convergence property for the
singular limit where the (smooth) convolution kernel is replaced by a Dirac delta, in the viscous
case. Here, we will study the properties of smooth solutions p. of this equation corresponding to a
fixed initial datum p°, and then we will recover properties for p passing to the limit as e — 0.

We have the following result.

Theorem 1. We assume (A2)-(A3). Let p. be a solution of (1.4) with initial datum p°. We
assume p® € WHH(R)NH2(R). Then, for T > 0 sufficiently small, p. converges in L2 ([0, T] x R)
to a solution p € C([0,T],L2(R)) to equation (1.1) with initial datum p°. Furthermore, if p° €
WL2N(R), N € N*, then p € W2V ([0, T] x R), and if p° € WHAN(R) N HY(R) N W22V (R), then

p € W22N([0,T] x R).

In particular, this provides an alternative proof of existence of weak solutions, locally in time.
To prove this result, in Section 2 we first establish estimates on the non-local term and we derive
LP(R), p > 1, estimates for p., then we get estimates in W12V (R) for p. with respect to . This
allows to prove that there exists 7' > 0 such that the sequence p. is uniformly bounded with respect
to ¢ in L>(R) on [0, T]. Then we prove uniform space estimates in W22V (R) for p., which allows
to derive estimates on J;p.. The proof of Theorem 1 is deferred to Section 3.



2 Estimates
Here and in the following sections, we will denote by

ol == HPHLOO([O,T]XR)

and by
ot Moo = Nl )| o ry-

Moreover, notice that we have
(p*we)(t,z) = /Rp(t, T+ y)we(y) dy = /Rp(t, Y)we(y — x) dy

n+e T+nte
- / Pt + y)wely) dy = / plt,y)we(y — z) dy.

—& r—¢&

2.1 Estimates of the non-local term

We start by proving the following estimates on the non-local term.

Proposition 1. 1. We assume (Al ) and that p is a continuous function. For any (t,x) €

R* x R, we have B
100 * we) (1, 2)] < 2ot )|, W (2.1)

2. We assume (A2 ) — (BL.) and that p is a C* function. For anyt >0, p > 1, we have

(/] (pxwe)P(t x)dw)l/p < nl/p (/ W (u ’p/p 1) du)l Hr (/ppt y) dy>1/p
1/p
+ (|w’(77—)| + |w’(0+)|) </Rpp(t,x) dm) (2.2)
+2 (w(n) + We) </R |0zp(t, z)|P dx) 1/17.

3. We assume (A2) — (BUZJE) that p is a C? function. For anyt >0, p > 1, we have

1/p n 1-1/p 1/p
( J R x)dx) < g ( / \w”(u)\f’/@-”du) ( / |axpty>\pdy)

(W0 + D) ([ orptt ) d ) T e
n) + W) </\ 2 o(t,2) \de>1/p.
Proof. 1. From

x+7]+€
Oy (p w2t / WLy — o) dy + plt, 5+ + )we( + ) — plt, @ — £)eon(—2)

z+77+€ n+e
-/ dtly—oydy == [ pltout o)l (wdu

—&



we obtain

2. From

a:%x(p * Ws)(ta x) =

we have

Notice that

+e
102 (px we) (&, 2)| < [lp(t; )l oo /77 [wE(u)] du

—&

< llo(t, oo ( | e [ " () du

— e

< 2||p(t¢ )HOO Ws'

r—e

—& —&

—€
0

z+n+e n+e
[ sttt -ajay= [ ol ut () du

)

T+n+te
/ Pt ) (y — 2) dy — plt, 2+ + )l (n + &) + plt, 7 — e)wl(—e)

0 n n+e
— [ pltrtut @t [Cptta+ ot dut [T ptt o+ wela) du
0 n

= p(t, 2)al(0) = p(t,z — e)wl(—€) = | Oup(t,x + w)w(u) du

—€

n
+ / p(t, x + uw)w! (u) du
0

n+e
+p(t,x+n+e)wl(n+e) —pt,z+n)wi(n) — / Dup(t, x4+ u)w (u) du

n

n
= plta)ed (04) = plt.+ (=) + [ gl + ) (u)

0

—€

( /R 102, (p * wo)|P (£, ) dw) 1p
y
; ( [
(U

P 1/p
dx)

p 1/p
dm)

P 1/p
dw)

0
/ Ouep(t, x + u)wl(u) du

n+e
/ Oep(t, x + u)wl(u) du
U

1
/ p(t, x + u)w! (u) du
0

n+e
— | Oup(t,z + u)wl(u) du — / Oup(t, z + u)w(u) du,
7

o ([owaronra)” ([ s enmaope)”

P 1/p
dl‘)

4

0
/ Oep(t, z + w)w(u) du

y



0 0 r/q 1/p
< ( / ( \azp<t,x+u>|f?du> ( |w;<u>rqdy> dx>
R —€ —€

/p

0 P/(P_l) - 1/p
/ <2W> ) (// |0wp(t, y |pdyd$>
. c r—E€&
y+e
<o ([ [ it y)ipdy>
€ RJy

0 1-1/p nte e
|w! (w) [P/ 1) du) / (/ |0zp(t, x4+ w)[P du) dx
—€ R —€

W 1/p 1/p
<olectvnci ( / raxp@,y)wdy) —ow. ( i axp@,y)rpdy)

using Holder’s inequality with ¢ = p/(p — 1) the conjugated exponent of p. Similarly

n+e
/ Ozp(t, z + w)w(u) du
7

1

Then we get
(/' 2(px we)l tx)dx)l/p
<2 (w(n) + We) </R Buplt )P dy)l/P
’ (/R (L“n”p () dy) ([ Iw;’<u>|qdu)p/ q dm) h
+ (' (nH)] + |’ (0-)1) </Rpp(t,x) dm) 1/p'
Furthermore

/ ( / >dy) < I \w”(u)ﬁdy)p_ldx
(/ p/pldu)l// PP (t,y) dz dy
<o [Rwpea)” 1 [ sy

then we get the announced formula.

3. Remark that, since w!(—¢) = w”(n+¢) = 0, we have

n+e n+e
02 (p # we) (t,7) = — / p(t 2 + u)w® (u) du = / Duoplt, z + u)

—& —&

5

P Hp 1/p
dz < 2w(n </ |0zp(t, y)|P dy> .

w;l (u) du



= agx(aﬂcp * we) (t, ),

n 1-1/p 1/p
e < /0 \w"(u)rp/(p”du) ( / \axpa,y)pdy)

(0] + 00 ( [ onote x>|pdx)1/p

1/p
n) + We) </]mpt:1:]pd:1:> .

then applying 2., we get

</R 103, (p*w)|P(t, ) dx) 1/p

IN

2.2 LP estimates for the viscous case

We turn now to estimates on solutions solving the viscous and regularized non-local equation. First,
we deal with LP estimates.

Proposition 2. We assume (AL)-(AL). Let p. be the solution of (1.4) with initial datum p° €
LP(R). If p. € L*>°([0,T] x R) for some T >0, then

p: € L*°([0,T],LP(R)) N LP([0,T] x R).
Proof. The equation (1.4) can be rewritten as
ipe + V(pe * we)Dype + pev’ (pe % We) Oy (pe ¥ we) = €, pe. (2.4)
Multiplying (2.4) by pgfl, then integrating with respect to x, we obtain
L [reads = [ (o s t2)0np. ) da
= [ P (e (1,200 ) 1,2 d
+5/Rp§_1(t,x)3§xpg(t,x) dzx.

We observe that

D
/ pg_l V(pe * We) Ogpe dz = / O <p€> V(pe * we) dx
R R p

= — £ v * W X
- /Rp'oa((pg )d

= —/ ;v/(p€ * We ) Oz (pe * we) dx

and

/Rpi’laixpe dr = —(p—1) /R P22 (Oupe)? dz <0,



therefore

d

7 Rpg(t,x) dx < (1—p) /Rpf;(t,:c)vl((pE * we ) (t, 2))0s (pe * we)(t, ) da. (2.5)

We use (2.1) to control the right hand side of (2.5) and we get

Z/Rpg(t,:z:) dr < C’f’p/Rp’g(t, x)dz, (2.6)
which implies
/R PPt @) dx < C1 /R pP(0, ) d, (2.7)
with
Cr" =2(p = Dllpelloc We V']l oo-
It gives
sup / PL(t,x)dx < e’ / PP(0,x) dx. (2.8)
tefo,7] JR R

By integration of (2.7) with respect to t € [0,T], we get

/0 ' /R P2t z) da dt < O;p (ecFT 1) /R (0, 2) da. (2.9)

2.3 WU!? estimates for p = 2N in the viscous case
We turn now to Sobolev estimates. Let N € N* and set p = 2V.

Proposition 3. We assume (A2)-(A2). Let p. be the solution of (1.4) with initial datum p° €
WL2N(R). If p. € L=([0,T] x R) for some T > 0, then

p- € L% (10,7, W' NR))  and  pe,dpp. € L ([0, 7], LN(R)) N L2V (0, 7] x R).
Proof. We differentiate (2.4) with respect to x, it gives

Drpe + 20" (pe ¥ we) Oz (pe * we) Dupe + v(pe * we) ‘ﬁxps
+pv" (pe x wz) (e we))® + pev’ (pz * WE)ag%a: (pe xwe) = Eagzxpt?' (2.10)
Multiplying this relation by (9,p-)P~!, then integrating with respect to x, we have
1d
pdt Jr
+/ p=v" (pe * we ) (9 (pe * WE))2 (axpa)p_l dz + / pe V' (p= * we) 8§x(p5 * We ) (8xp€)p_1 dx
R R

<m%vm+2/

w&*%wm%*%M@&wm+/ﬁ@wwa%wam%w4m
R

R
= g/(axpa)plaizmpe dx.
R
Notice that

/ v(pe * we) 82#%—: (a'rps)p_l dv = - / V(pe * we) Oy ((arpe)p) dx
R R



1

= / V' (pe * we) B (pe * we) (Dzpe)? da
R

and, since p is even,
/ (Oape)? 0 pupedz = —(p—1) / (82,p2)2(upe)P 2 dz < 0,
R R

thus

i (axps)p dr < (1 - Qp) / U/(pa * Ws) ax(pe * Wa) (aa:pa)p dx

_p/ Pe UH(PE * ws) (8x(ps * ws))Q (axPE)p_l dx
R
—p/ Pe U/(Ps * We) ag:e (pe * we) (axps)p_l dx
R
= IT+ 15+ I5.
We estimate now each of these terms.

e By (2.1) we get

‘Iﬂ = ‘(]‘ - 2p) /va(pe * wa) aa:(pa * Wg) (8xpg)p dx

< 2(2p— )||0/||so [19e o0 W /R 0upe]? da.

e Again by (2.1) we get

15| = ‘p /Rpav’%pa*wa><ax<pa*wa>>2<axpa>pldw

IN

Pl lloo 2lpelloc We)? / pe |Oupel" ™" dax
R

Al oo e |2 W2 ( [razs -0 [l dx> ,

1 1
where we have used Young’s inequality uv < —u” + —v? with ¢ = p/(p — 1).
p q

IN

e Similarly,

5] = ‘p/psv’(ps*ws)aix(ps*ws) (8ppe )P da

< llv/lloo l17elloo / 12, (9= # we) |0opelP | da

< 110/ lo l1pellc ( [102 0 s+ -1 [ |ampgpdx> .

We now observe that
(u+v+w)? <3P(uP + P +wP) for any u,v,w > 0 and p > 0. (2.11)
Indeed, from the binomial expansion we get

(u+v+w)? = (u+ (v+w))?



(1) #5774 ore

Observing that uFvlwP=*=! < uP 4+ vP + wP and that Zf;é“ ( p;k ) = (1 +1)P7% and

i:o ( Z )1k2p_k = 3P, we get the result.

Estimate (2.2) of Proposition 1 and inequality (2.11) give
p—1
/| c(pexw)|Pde < 3Pn (/ | (w)|P/ P~V du PE(t, x) dz
R
4 (W) + O [ g2t da
467 (o) + W) [ 10ape(t )P da (2.12)
R

thus

‘P / pe V' (p * we) 02y (pe x we) (Oppe)P ™' da
R

SC’;p/pgdx—f—Cg’p/]amp£|pd$,
R R

with

n p—1
C57 = [l 13" [17 (["wraread)” + (woml+ o)y

and
C57 = I/l llpe o [p = 1+ 67 (wn) +W2)")

These bounds give finally the estimate

d/(axpg(t,:c))pdx < C’Z’p/|8xpg(t,x)|pdx+0§’p/pg(t,x)dx.
dt Jr R R

with
Cy? =2(2p = D)[|v']|oo 1pelloo Wz + 4(p = DIV |l [l 0212 W2 + C5

and
Ce? = 40" |l Nl pellZ W2 + C5.

d ( [0tV e+ [ 20 dx)

it \ Je A

< Cg? (/ \szs(t,a:)PN dx + / pgN(t,a:) dm) , (2.13)
R R

with Cg? = max(CJ?, CeP + C7P), which implies

[0t et [ 2,200
R R

With (2.6), we get

9



< Gt (/ 10,020, )2 dx + / p2N(0, ) dw) : (2.14)
R i

Then

sup (/ ‘arps t x)|2Nd$+/pgN(tvx) d$>
te[0,T]
< T ([lop 0P s [ 2N 00)dr). (2.15)
R R

Integrating (2.14) with respect to t on [0, 7], we get

/ /|8xp€t x |2Nd33dt+/ / x) dx dt

< C’E’p (ec6 T (/ 10,0 (0, )N dx—l—/ 2N (0, z) d:v) . (2.16)
6

2.4 L™ bound on an interval [0, 7]

With the previous estimates, we are now able to prove an L> bounds for the sequence {p.}. on an
interval [0, 7).

Proposition 4. We assume (A2)-(A2). Let p. be the solution of (1.4) with initial datum p° €
H'. Then there exists a constant T > 0 such that p. € L>® ([O,T] X R) for anye >0, T < T.
Furthermore

p. € L™ ([O,T],WLQN(R)> and  pe,dype € L™ ([o,T],L2N(R)) AL2N([0, 7] x R)  (2.17)

and this sequence is uniformly bounded in these spaces with respect to €.

Proof. Let p. be a smooth solution of (1.4) with the same initial datum p° € H!. The relation
(2.13) for N =1 gives

;t</Rlﬁxpe(t7x)\2dm+4p§(t7$) dm)
< Comax (LIt} ([ opett o+ [ ey ar).

for some constant C' that does not depend on & (since W, is uniformly bounded). If no uniform
L>-bound on p; is available, we can use the Sobolev injection of H*(R) in L>°(R) and get

Hps( M < Cllee(t )i + Cllpe(t ) lgn.

eventually updating the constant C. We set u(t) = ||p=(t,-)||?51, then u < C(us+u2), which leads
to

—= = C.
Ue T+wu —
We obtain o
C()e In C()
U/g(t) S W’ for any O§t< - 5

10



Up

with Cp = 1 <1, up = ||p"||3;:. Notice that the initial datum is the same for all the sequence
. _ In Cy
and then ug and Cy do not depend on . Setting T < T := — o we have

lpe(t, i < Cllp°I3p,  forany 0<t<T, >0,

Therefore, by Sobolev injection, p. € L>°([0,7] x R). Using the estimates of Propositions 2 and 3,
we get (2.17) with bounds independents of . O

2.5 W?2? estimate for p = 2N

To pass to the limit, we need also estimates in W2P_ which will provide, in the next section, with
the help of the equation, the necessary regularity in time. As in Section 2.3, let N € N* and set
p=2N.

Proposition 5. We assume (A2)-(A3). Let p. be the solution of (1.4) with initial datum p° €
WHN(R) N HY(R) N W22N(R). Let T > 0 as in Proposition 4. Then

p- € L% (10,7, W*NR))  and  pe, Oupe, 02,p. € L (10, 7], L2N(R)) N L2N((0,7] x R)
and this sequence is bounded in these spaces with respect to €.
Proof. We differentiate (2.10) with respect to x, which gives

8t8§xp€ + 3U//(Ps * We) (O (pe * Wf—:))2 Oxpe + 3U/(Ps * We) aga:(pE * We) Oz pe
+30 (pe * we) Op(pe * we) aixpg + v(pe * we) 3§Mps + ,OEU(?’) (pe * we) (02 (pe * we))? (2.18)
+3PEU,/(P€ * We ) Oz (pe * We) a;%m (pe * we) + PsU,(PE * Ws)agm (pe *we) = 58;1a:mpa~

Multiplying this relation by (82,p-)P~!, then integrating with respect to x, we obtain

1d

— (Q%xps)p dx + 3/ U”(Pe * We) (Or(pe * Ws))2 Oz pe (@%xﬂa)pil dx

pdt Jr R

+3/ ’U'(p€ * We) agz(pe * We) O pe (aa%a:ps)p_l dx + 3/ vl(ﬂe * wWe) O (pe * we) (3296/)5)1) dx
R R

- /R V(pe * we) By pe (0ppe)’™" da + /Rpsv(‘q))(% % w:) (0z(pe x we))? (02,p=)P~  da
+3/Rpav"(ﬂe % W) O (pe * we) B2, (pe + we) (82, pe )P~ L da
+ /R pev’ (pe * ws)ﬁgm(ps * W) (8gxp€)p—1 d

= ¢ /R Ol (D5zpe) " du.

Now

1

/ v(pe * we) 323036{35 (airpa)pil dr = - / v(pe * we) Ox ((8:393/75)1)) dx
R P JRr

1
= _5 / U/(pa * ws) am(ps * wa) (‘%%xpa)p dx,
R

11



therefore
L@y = s [ i) @ulp v ) Oupe (Bp
3 /R V(9o w2) B2 (pe  w2) Dy pe (2, p0)7 ) i
+(1 - 3p) /va(ps % we) O (pe * we) (02, p: )P da
—p /R pev® (o 5 w2) (B (pe * w2))? (2, pe)P 1 dt
~3p /R P (pe * we) Doz % we) 02, (pe * we) (02,p0) da
—p / pet!(pe )02 (e  w2) (02 pe)P d

Jrgp/ ra:rsz mng)p—l dl’
= Ji+l+JIs+Ji+ J5+ Jg+ Jr.
We estimate now each of these terms.

e Using (2.1) and Young’s inequality, we get

|1l = 3p

/ UH(PE * We) (O (pe * ws))Z Orpe (8§xP€)p_1 dx
R

< 310" oo (2lpello0 W) / 00| 02,9217 da

< 120" |oo [l pell30 W2 <A|3xpe!pdm+(p—1)/If)ixpe!%ﬂ)
R

|<]2‘ = 3p/U,(pf*Wf)agz(pa*Wa)axpa(a:%xpa)p_ldx
R
< 3p ']l / 102, (pe % w2)| [Depe] |02 pelP
< 3| ||oo< /y (pe * wo)[2P dar + /|3x,ospdm+ Y /|0m,05|pdx>

using the inequality
1 1 1 1 1 1
wow < —uPt + —oP2 + —wP3, with —+ —+ — =1, (2.19)
b1 b2 b3 b1 P2 D3

setting p; = 2p = pe and p3 = p/(p — 1). Estimate (2.19) can be derived applying twice the
classical Young’s inequality to uvw = u(vw). Using now the relation (2.12) with 2p at the
place of p, we get

3%+ / K " 2p/(2p—1) S 2p
|2l = = l['lleom ; " ()] du | pedu

12




2p+1

3 2
5 e (/)] + 01D [ 2 do

— 2
3PPV oo (w() + 2(0)) p/laxpsl2”d$
R

3
5 1w [ 10upeP dz 430~ D ) [ 105,20 o
R R

sl = <3p—1>‘ [0 we) 1l ) @R
R

IN

2(3p = 1) [['[loc [l pelloc We /}Rlﬁimpalpdﬂf-

p / an(g) (pe * we) (Oz(pe * Ws))g (agxpg)p—l dx
R

IN

3 _
PIe o @l W) [ peldapde d

8 1[0 e [lp2 12, W2 ( [odsswo-n [ |8§xpal”dw)

IN

using Young’s inequality.

| J5]

IN

IN

IN

3p

/ pEUH(l)e * we) a:c(pe * We) 83%1(/)8 * wa) (831/)8)1771 dx

6p 10"l 10212, W / 12, (e * we)| |2 pe P~ da

6 [|v" oo [lpe 1l We </ Iaﬁx(ps*we)!”dfﬂJr(p—l)/ Ifﬁwslpdfﬁ)
p—1
6 [|v"[loo llpellZ We | 371 (/ Jw” () [P/ (P I)dU> /p”dw

137 (1 ()] + & (0)]) /R R da

+67 (w(n) +2w(0))" Aaxpapdw+(p1)43§xpspdx>

using relation (2.12).

|Js| = Pevl(Pe * WE)agx:c(Pe * We) (agxps)pil dx

IN

plloellooll?’ oo / 1%, (e 2| [02upelP ™ da

13



< loellool¥/loe ( [ 108ntox P et 0= 1) [ 102,021 dw)

Estimate (2.3) of Proposition 1 and the inequality (2.11) give

p—1
| 1alp sl tayde < 7 (/ ()P P ”du) [ st ap o

13 (| ()] + | (04)]) / Bape(t,2) P da

+6” (w(n) + 2w(0 /| < ope(t, )P d.

Then
n p—1
sl < llpelloollellso | 377 ( / \w”(u)rp/(p”du) / Bape(t, )P de
0 R
43 (W ()] + [ (00)])” / upe(t, 2)P do
R
L6 (w(n) + 2(0))? / 2, pe(t, )P da
R
Cp-1) / 2. p. (1, )P da
R
[ ]
2 N—1
J7—€p/ a:xzzp8 xzpa)pil dr = _5p(p_1)/ (8:%”05) (a:%mpﬁ)Q( a )dl‘go
R

The above estimates give an estimate of the form
d
G [@ntayas < c( [hpitapdss [(opltoPds [ gt
dt Jg R R R
[1ocorttaprars [ e .
R R
where C7 = C7 (p, [V oo 110" [0 Hv(g)”omsul)e {HPsHoo WE} , G2, Cv%p> and

p—1
cr = max{Spn </On|w”(u)|p/(p1)du> ,3p(|w’(77—)|+|w/(0—i—)|)p,6p(w(n)+2w(0))p}.

Note that C¥ is a constant since ||pe|loo W= is bounded with respect to e thanks to Proposition 4
and 1.5. This estimate, combined with (2.13) and (2.14), give then

d
G ([nteop s [loptea ars [ 2 a)
R R R

14



< </| 2 pe(t, PNdx+/ upe x)\QNdx—i-/pgN(t,x) dx)

2% ([ 1oup0.0) ¥ ds+ [ o001V dz).
R R

where
2N 2N 2N 2N 2N
Cs" =C7Y +supCy™, Cs" =supCg™.
3 3

Note that C’g’2N is bounded with respect to € thanks to Proposition 4 and 1.5. Since an inequality
of the form
u'(t) < Kyu(t) + Koelfst

implies the estimate

t
K
u(t) < u(0)e + KzeKlt/ eFs—K1)s g < u(0)ef1t + 22

(e(K1+K3)t _ 6K1t> ,
0 3

we get the estimate

( [108p ) ar+ [ ot s+ [ 2¥00) d:c)

</| 82,00, z) 2Ndx+/|8zp0x)2Ndx+/ PN (0, x)d:c) oz
R

—1-702]\, </ 10200, )| *N da —|—/ 1p(0, z)[4Y d:z:> (e(C§N+CSN)t _ ecgNt) 7

which implies

sup </ |8§mpg(t,x)|2Nd:c+/ |3xpg(t,x)|2Ndx+/p?N(t,az) dx)

t€[0,T]

</y 92,p(0,z) |2Ndaﬁ+/\8xp0w)|2Ndx+/ p*N (0, x)dx) T
R

+CW (/ 192p(0, )™ dor + / 1p(0, ) d:c) (T

and

(/ /| 2 pe(t, ) \QNdxdt—i—/ /\&;petm ]2Ndxdt+/ / (t,z) dwdt)

</| 92,.p(0,z) |2Ndx—|—/|8xp0x)|2Ndx—|—/ p*N (0, J;)dx)TeC T
R
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3 Proof of Theorem 1

In this section, we pass to the limit as € — 0 and we show that the limit function p satisfies equation
(1.1).

Using Proposition 2, the sequence {p.}, is bounded in L>([0, 7], L2(R)). Using Proposition 3,
the sequence {9;p.}. is bounded in L>°([0,T],L#(R)). Using Propositions 1 and 4, the sequences
{v(pe xwe)}_, {v/(pe *we)}, and {0 (pe * we)}_ are bounded in L>([0,7T] x R). Then

Oz(pv(pe * We)) = Ozpe - v(pe * We) + pe U/(Pa * We) O (pe * We)

is bounded in L>([0,T],L2(R)). Using Proposition 5, we also have a bound with respect to ¢ for
02, p. in the space L>([0,T], L2(R)), then

Oupe = €07,p= — Oa(pev(pe + we)) € L([0, 7], L*(R))

uniformly with respect to . In particular, p. € C([0,T],L2(R)) and the sequence is bounded in
this space. Since d;pe, dyp. € L([0,T],L?(R)) with uniform bounds with respect to , then {p.}.

is bounded in H{, ([0, 7] xR). Up to the extraction of a subsequence, the sequence {p. }. converges

to some p in L2 ([0,T] x R) and a.e. We have now to prove that the limit p € C([0, 7], L2(R)) is

loc
a solution of (1.1). Since

0 n
(pe * we)(t,x) — (prw)(t,z) = /pa(t,m+y)wg(y)dy+/0(pap)(t,fﬂ+y)u)(y)dy

—&

n+e
[ it + gt dy
n
tends to 0 when ¢ goes to zero, we have

Pv(pe * we) — pu(p * w) a.e.

Therefore using dominated convergence Theorem, we get p-v(pe*w:) — pv(p*w) in L ([0, T] xR),

loc
implying that p is a solution of (1.1).
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