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ON THE GROUPS J(X)—II

J. F. ADAMS

(Received 4 September 1963)

§1. INTRODUCTION

THE GENERAL object of this series of papers is to give means for computing the groups J(X).
A general introduction has been given at the beginning of Part I. The object of the present
paper, Part I, is to set up the groups J'(X) and J"(X).

The arrangement of the present paper is as follows. We reach the group J'(X) in §6.
Its definition depends on the “cannibalistic characteristic class” p*, which is treated in §5;
and this in turn depends on the Thom isomorphism in K-theory, to which we devote §4.
The group J'(X) is treated in §3. Here we prove Theorem (3.12), which states a formal
property of J”, and is required for use in [5]. §2 is devoted to necessary number-theory
about the Bernoulli numbers.

§2. NUMBER-THEORY

The work of Milnor and Kervaire [15] shows the importance of the Bernoulli numbers
in studying the J~homomorphism. In what follows, we shall need certain elementary
number-theoretical results about Bernoulli numbers and related topics. These results are
presumably known, but for completeness, they are collected and proved in the present
section.

We begin by establishing some notation. The Bernoulli numbers enter algebraic
topology in various ways. One of their bridgeheads is the power-series for the function.

Sinh {x
Log( pou )
Sinh 4x
3x

is to be interpreted as 1 for x = 0; it is then analytic and non-zero for |x| < 2%, and is even.

Here the function

Thus we have

Sinh §x\ & X3
2.1 Log( Fre ) = s; azs(—2—s—)_f
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(for |x| < 2r), where this expansion defines the coefficients a,,. We have
& —1 _ e&x_Sinh}x;
x 3x

therefore

22) Log £

Z t ’ ?
where we have defined «, for odd ¢ by setting

% =% U4y =0 for s>0.

It is very easy to compare (2.2) with the expansion of x/(e* — 1). Following Hardy and
Wright [12, p. 90] we set

b & x
(2.3) -y el Wy
LemMMA (2.4). For t > 1 we have
ol

@ x! ~-1 ) xl— 1
=gt L =L
Equating coefficients, we find
B, = ta, (t>1).
This completes the proof.
The relation between the coefficients 8, and the classical Bernoulli numbers B, is
Bas = (~1"'B, (s >0),

as on [12, p. 90].
The theorem of von Staudt [12, p. 91] determines the value of 8, mod 1. However, the
numbers which arise in algebraic topology are not the numbers 8, themselves, but the numbers

a25 — B_zj —_ s— 1
2 (-1
We need to know the value of «,/2 = §,/2¢ as an element of the group of rationals mod 1.
Since this group is a torsion group, it splits as the direct sum of its p-primary components.
It will thus be sufficient if for each prime p we give the value mod @}, where Q, is the
additive groups of rationals with denominators prime to p.

In the next theorem, we suppose that 7 is even.
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THEOREM (2.5). If p is odd we have
0 modQ, if t#£O0mod(p—1)
2t

Ep—u mOde if t=(p-u.

L

For p = 2 we have

$§ modQ; if t=2

@ % mod@; if t=4
§—=

Qi
"

1 1 L.
§+Z-tmon2 if t26

We defer the proof.
We now require some more notation. We write v,(n) for the exponent to which the
prime p occurs in the decomposition of n into prime powers, so that
n = 22M3va(mgvsm)
We define an explicit number-theoretic function m(¢) as follows.
For p odd,
if t#0mod(p~1)
vp(m(t)) = )
1+v,(t) if t=0mod(p~-1).
Forp =2,
if t#0mod2

va(m(t)) =
2lm( {2+v2(t) if t=0mod?2.
(Note that v (m(r)) = 0 except for a finite number of p.)

For example, we have m(2s + 1) = 2.

THEOREM (2.6). m(2s) is the denominator of

2 4s

when this fraction is expressed in its lowest terms.
This theorem is due to Milnor and Kervaire {15, Lemma (3)]. It is clear that it follows
immediately from Theorem (2.5).

The function m(z) also appears in a rather different situation, to which we turn next.
Roughly speaking, we want to say that m(?) ‘is the highest common factor of the expressions

k® (k' — 1)
as k runs over all integers’. We proceed to make this precise.

Let f be a function which assigns to each integer k (positive, negative or zero) a non-
negative integer f(k). Given such a function f and a non-negative integer ¢, we define

O3 s $— Bs
_i_ BZ =(_1) 12:9
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h(f, t) to be the highest common factor of the integers
K ®(k* — 1)
as k varies over all integers (positive, negative and zero).

THEOREM (2.7). h(f,t) divides m(t). For each t there is a function f(k) such that
h(f, 1) = m(®).

This result is involved in a proof by E. Dyer [11, pp. 365, 366] although it is not given
a separate statement there. I owe to Dyer a suggestion for expressing the proof more
elegantly.

We will now prove the results stated above. The proof of Theorem (2.5) follows the
pattern of von Staudt’s theorem, in that we compare a summation formula involving S,
with an independent estimate of the sum. The only difference is that the estimate holds
modulo a high power of p, instead of modulo p. We begin with two well-known lemmas.

LemMma (2.8). If t > 0 we have

t!
1<y<g-1 y= 1s.:§:+1 v!l(t — v+ 1)!
This follows from the identity

4

ﬂt-o-&- lq”'

x -1
e -1 x
by expanding in powers of x and equating coefficients; see [12, p. 90].

l+e+e®*+ ... et Vx=

We now introduce the ring J,, of residue classes mod m, and the multiplicative group
G,, of units in J, (that is, the group of residue classes of integers prime to m).

LEMMA (2.9). If m = p’ with p odd and f> 1 then G, is cyclic of order (p — 1)p’ 1,
Ifm=2' and f > 2 then G,, is the direct sum of the subgroup consisting of + 1 and the sub-
group of residue classes congruent to 1 mod 4; the latter subgroup is cyclic of order 2/ 2.

This lemma is well-known. See [17, pp. 145, 146].

We next observe that if x lies in a given residue class mod p®, where a > 1, then x?
lies in a well-determined residue class mod p®*!; this follows immediately from the binomial
theorem. By induction over 5 we see that if x lies in a given residue class mod p°, then
xP” lies in a well-determined residue class mod P

For the next two lemmas, we write ¢ in the form ¢ = fp® with f prime to p. We also
write G, for the subset of G,. consisting of the residue classes x for 0 < x < 2%,

LEMMA (2.10). If p is odd we have.
Y x= 0 mod p°*® if t#£0mod (p—1)
xeGpn (p—1p* ! mod p** if t=0mod(p—1).
Ifp=2,a>3,b>=1we have
T xt= 2072 4 pethoi mod 2°+b,

xeGja

a1
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Proof. We begin with the case p = 2. Consider the homomorphism
0: Gza+b -_— Gzau
defined by 0(x) = x* = x/2*. As remarked above, the map 8 factors through G,.. Since we
are assuming ¢ 2 2, b 2 1, Lemma (2.9) shows that each element in Im 8 is the image of
just two elements in G,., namely +x for some x. That is, the elements in Im 0 are the
residue classes x° for x € G;.. Thus we have

erG;. x =“§o y in Jaees.
By Lemma (2.9), Im 6 is precisely the kernel of the obvious projection

Gaasr — Gapsa.
That is, Im 6 consists of the elements 1 + j2°*2 (mod 2°*%) for 1 < j < 2°~2. Thus we find

= iab+2 atb
yeéﬂy —1 ‘ji;'—z(l +J27) mod 2

=272 4 429732972 4 1)2*2 mod 2¢*°
= 20—2 + 20+b—1 mod 2.+b
(since we have assumed g > 3). This completes ths proof for p = 2.
In the case p odd we consider the homomorphism
0: Gpass ~— Gpass
defined by 6(x) = x* = x/**. The map 8 factors through
0:Gpa— Gpans;
thus we have
Y X=n Y y in Juun,

xelLpe yelmé
where n is the number of elements in Ker §. The case 7= 0 mod (p — 1) is now similar to
the case p = 2.
Let us therefore suppose that 7 # 0 mod (p — 1). Consider the projection

G

pathd h— Gp ;

using Lemma (2.9), we see that there is an element z in Im 8 such that z 1 mod p. As y
runs over Im 6, so does zy; thus in Jy..» we have
z ) y= y;
yeim#é y&lmé

that is,
z~1) Y y=0 modp*t

yelmé
Since z # 1 mod p, we have
Y y=0  modp*s,

yelmé
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This completes the proof.
LeMMA (2.11). If p is odd we have
o= 0 mod p**? if t#O0Omod(p—1)
O<x<pe (p—Dp*™' mod p**® if t=0mod(p - 1)
Ifp=2,a23,b=21,t>6then

x ‘EZ a+2+ 2a+b—1m°d 2a+b .
O<x<2a-!

Proof. Consider the case p =2. We argue by induction over a; let us assume that
either (i) a = 3, or (ii) @ > 3 and the result is true for 2 — 1. Then we have

= Yy xX+20 Y x.

0<x<2a-1 xeGla 0<x<2a-2

Using Lemma (2.10)-and, if a > 3, the inductive hypothesis, we have
xt = 20—2 + 2a+b—1

O0<x<2a~1

modulo 2°*? and 2***~3. It follows from the assumption ¢ > 6 that ¢ > b + 3; thus the
congruence holds modulo 2°*®. This completes the induction.

The case in which p is odd is proved similarly, starting the induction from ¢ = 1.

Proof of Theorem (2.5). We consider the case p = 2. Since we can evidently compute
o, and a, from (2.1), we shall suppose that ¢ > 6. Writet = f 2° with fodd. By Lemma (2.8),
with g = 2°71, we have

t!

LI i - 2v(a—l)
0<y<2“"y 150€T+1 v!(t-—v+1)!ﬂ' vrl
In the terms
t! 2v(a—l)

u!(t—v+1)!ﬁ""“ ’

the part
t!
v'(t—v+1)'ﬁ' v+l

does not depend on a; by choosing a large enough, we can ensure that all the terms
t! B zv(a— 1)
ol(t — v+ D!

with v > 2 are divisible by 2°*®. Using Lemma (2.11), we have

Wﬁtza—l = 2%~ 2 + 2a+b 1 mod 2a+bQ

(Here 2°*?Q’, means the additive group of rationals 2°*r, where r € Q3). Dividing by
2% = f2°%%, we find
o By

E_E;——+2—fm0dQ2'
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Since f'is odd, we have

1 1
2f 2
This completes the proof for p = 2. The proof for p odd is similar, by substituting g = p°
in Lemma (2.8).

mod Q5.

We now turn to the proof of Theorem (2.7). We record the essential point of the proof
as a lemma, for use in Part III.

LEMMA (2.12). For each k prime to p we have
vk — 1) = v,(m(1)).
Moreover, we have
v(K' — 1) = v,(m(1))
in the following cases.

() p is odd and k is a generator of G .

(ii) p = 2, t is even and k is a generator of Gg/{ £+ 1}.

(iii) p = 2, t is odd and k is a generator of G,.

Proof. Consider the case p = 2. If ¢ odd then v,(m(r)) = 1 and the result is trivial; for
if k is odd, then k' — 1 is divisible by 2, i.e. vo,(k = 1) > 1; and if k= — 1 mod 4, then
k'—1=—2mod4,ie vk —1)=1.

We may therefore suppose that ¢ = ¢ 2"~ 2, where ¢ is odd and v =v,(m(f)) > 3. By
Lemma (2.9) we have

k'=1mod 2";
thus

v (k' = 1) = v
Now assume that k is a generator of Gg/{ & 1}. Then k is a generator of G,..:/{ 1}, and
by Lemma (2.9) we have

K'#1mod2"*!,

Thus

vk = D=

The proof for p odd is similar.

Proof of Theorem (2.7). Suppose given a function f(k). Let p* be the highest power of
p dividing the integers

K® (k= 1)
for all k prime to p. Thus we shall certainly have

vi(h(f, D) < v;
but by Lemma (2.12), we have

v = v,(m(®)).
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Since this true for each prime p, h(f, t) divides m(¢).

Given ¢, we may choose f so that
Sflk) 2 Max vy (m(1)).
14

Then the numbers p” considered above will also divide the integers
K® (K~ 1)
when k is divisible by p. In this case therefore we shall have

h(f, 0 =[] p* = m(D.
P
This completes the proof of Theorem (2.7).

§3. THE GROUP J*(X)

In this section we shall introduce the group J'(X), which will serve, in favourable
cases, as an upper bound for J(X). After giving the definition, elementary properties and
examples, we come to the result on the groups J(S*") which was announced in [2, Theorem
(3); 3, Theorem (3)]; see Theorem (3.7). Finally, we establish formal properties of the groups
J'(X); see especially Theorem (3.12).

In what follows, a W-group will mean an abelian group Y together with given
endomorphisms W*: Y — Y for each k € Z, that is, for each integer k (positive, negative
or zero). We impose no axioms on the endomorphisms ¥*. A ¥-map between ¥-groups
will mean a homomorphism which commutes with the operations ¥*. If we speak of a
Y.-subgroup (or ¥-quotient group) we shall mean that the injection (or projection) map is
a W-map.

The groups K,(X) are thus W-groups, and of course this is the example of most
interest to us. However, for technical reasons we sometimes have to consider other
Y.groups, for example, W-subgroups and W-quotient-groups of groups K,(X).

Let Y be a W-group, and let ¢ be a function which assigns to each pairkeZ, ye Y
a non-negative integer e(k, y). Then we define Y, to be the subgroup of ¥ generated by
the elements

ke® NPk — 1)y.
That is, Y, is the subgroup of linear combinations
Y. a(k, PkEIEE ~ 1)y ;

k.y

here the coefficients a(k, y) are integers, and are zero except for a finite number of pairs
(k,y). If e, > e,, then Y, = Y,,. We now define

J(M=Y/NY.,

where the intersection runs over all functions e.
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It is clear that a W-map f: Y, —» Y, induces a map from J"(Y}) to J°(Y,). In fact,
suppose given a function e,(k, y,) on Z x Y,; then one defines a corresponding function
e, by

el(k9 yl) = ez(k,f.h);
then we have
f(Yl)t’l < (YZ)ez s
hence

fo (Ye = ) (Y2)e, -

If X is a space, we define
JA(X) = J(K(X)).
The case of most interest to us is, of course, the case A = R; in this case we write
J(X) = Jx(X) = J"(Kg(X)).

This construction is suggested, of course, by the results of Part I [4]. Let us recall
conjecture 1.2 of Part L.

Conjecture (1.2) of Part I. If k is an integer, X is a finite CW-complex and y € Kp(X),
then there exists a non-negative integer e = e(k, ) such that k*(¥* — 1)y maps to zero
in J(X).

PROPOSITION (3.1). Suppose that for some X, Conjecture (1.2) of Part I holds for all k
and y. Then J°(X) is an upper bound for J(X), in the sense of Part L.

Proof. Take Y = Kp(X), and let T(X) be the kernel of the quotient map from Kx(X)
to J(X), as in Part I. Then Conjecture 1.2 of Part T states that there is a function e(k, y)
such that ¥, « T(X); a fortiori; (Y, « T(x). This completes the proof.

An alternative definition of J*(Y), in which the functions e(k, y) are replaced by func-
tions of one variable, can be given when the abelian group Y is finitely genercted (which is
of course the case in our applications). In fact, we let f'run over the functions e(k, y) which
are independent of y, so that f(k, y) = f(k).

ProrosiTION (3.2). If Y is finitely-generated then
I
so that we can write
J(Y)=Y/ O Y,.

Proof. 1t is clear that (Y, = () Y,; we wish to prove the converse. Let y;, y5, ..., Vs
e s

generate y; for any function e(k, y), define a corresponding function f(k) by
J(k) = Max e(k, y,).

1<r<n

It is easy to check that Y, < Y,; hence Y, = (1Y,. This completes the proof.
! €
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In what follows we will always assume that our W¥-groups are finitely-generated, so
that Proposition (3.2) applies. Several of the results which we prove with this assumption
can be proved without it, though the proofs become slightly more complicated.

PRroPOSITION (3.3)(a). Let Y,, Y, be finitely-generated Y-groups; then
J'(Y; @ Y,) = J'(Yy) @ J'(Ya).
(b) Let P be a point; then
J'(P)=Z.

(c) Let X be a finite connected CW-complex; then
J(X) = Z + J"(X),

where J(X) = J"(Rp(X)).
Proofs. (a). We have
(Yl 57] Yz)_f = (Yl)f ® (Yz)f,

SO
ﬂ (Y1 @ Yz)_r = ﬂ (Yx)f@ ﬂ (Yz)f'
I S s

(b). Kz (P) =2Z, and the operations are given by (¥* — 1) y = 0 for all k,y.
Part (c) follows by applying (a) and (b) to the decomposition
Kr(X) = Kp(P) + Rg(X).
This completes the proof.
We will now present some illustrative samples.
ExAMPLE (3.4). Take X to be real projective space RP"; then the quotient map
Kp(RP™) — J"(RP")
is an isomorphism.

Proof. By [1, Theorem (7.4)], K (RP") is cyclic of order 29, say. Let us choose f so
that f(k) > g for k even. Then k/® (¥* — 1) y will be zero for k even. But for k& odd
Yty = y in Kg (RP™) (1, Theorem (7.4)], so that kK/® (¥* — 1) y = 0. Thus we have Y, =0
for this function f, and hence (1Y, = 0. This completes the proof.

S

EXAMPLE (3.5). Take X to be the sphere S" with n =1 or 2 mod 8; then the quotient
map
Kg(S8") — J"(87)

is an isomorphism.

Proof. Let f:RP" — S" be a map of degree 1; then we have the following commutative
diagram.

f‘
KR(S") — Kg(RP")

J'(S") —— J'(RP")
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The map f* is monomorphic, by the proof of [1, Theorem (7.4)] The right-hand column is
monomorphic by Example (3.4). Therefore the left-hand column is monomorphic. This
completes the proof.

ExAMPLE (3.6). Take X to be the sphere $**; then the group J"(S*") is cyclic of order
m(2n), where the function m(2n) is in §2.

Proof. If y € Kx(S*"), we have
KO — 1)y = k’®(k* — 1)y  [1, Corollary (5.2)].

Thus the subgroup Y, of R(S*") = Z consists of the multiples of A(f, 2n), where k(f, 2n) is
the highest common factor of the integers

K™k — 1) (ke2).
The result now follows from Theorem (2.7).

THEOREM (3.7). The image J(n,,-1(SO)) of the stable J-homonomorphism—or equiva-
lently, the group J(S*"—is cyclic of order

(i) m(2n) if 4n =4 mod 8
(ii) either m(2n) or 2m(2n) if 4n = 0 mod 8.

This result was announced in [2, Theorem (3); 3, Theorem (3)].

Proof. The fact that the order of J(S*") is a multiple of m(2n) is the result of Milnor
and Kervaire [15] as improved by Atiyah and Hirzebruch [6]. We wish to argue in the
opposite direction.

Suppose that 4n = 4 mod 8. Then the map
r: R(S* — Rg(S*")
is epimorphic; Theorem (1.4) of Part I [4] shows that Conjecture (1.2) of Part I is true for

X = S*; the results (3.1) and (3.6) now show that the order of J(5*") divides m(2n). This
completes the proof in this case.

In case 4n = 0 mod 8 the proof is similar; we lose a factor of 2 because the image of
r: RA(S§*) —— RKR(S*"
consists of the elements divisible by 2.
We now seek to obtain formal properties of the group J”.
LemMma (3.8). Suppose that

i

A—s B C—s0

is an exact sequence of finitely-generated Y-groups such that J"(A) is finite. Then the sequence

i Jn
J"(A) — J"(B) — J'(C) — 0
is exact.

Proof. Since J'(B), J'(C) are quotients of B, C it is clear that j, is an epimorphism;
it is also clear that j, i, = 0. It remains to prove that Ker j, = Im i,. In what follows, then,
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we suppose given b € B such that
jbeNC,.
Q r

It is given that J” (A) is finite; choose a set of representatives «,, as, ..., o, in 4 for
the elements of J” (4). As a first step, we will show that for each f we can find «, such that

b - iot, €B 1.
In fact, suppose given a function f (k). Since jb € C,, we have
b =Y KO — 1)c,
k
for a suitable set of elements ¢; in C, of which all but a finite number are zero. Since j is

epimorphic, we can find b; in B (of which all but a finite number are zero) such that
¢x = jb;. Then we have

jb - ; kIO — 1)b) = 0,
so by exactness there is an a in 4 such that

b=ia+ ; K/ ®O0E* — )b,
If «, is the representative for the class of g in J"(4) we have

' a—a,ed;;

that is,

a=o,+ Zk: kS ®O(E* — 1)a,
for a suitable set of elements a, in 4. Hence

b=ia, + ; kSO0, — 1)(by + iay);

that is, b — io, € B,. This completes the first step.

We have shown that for each f there exists a, such that b — ia, € B,, We will now
show that there exists «, such that b — iz, € B, for all £. Suppose the contrary; then for
each o, there exists £, such that b — ia, ¢ B, . Define a function f by

f(k) = Max f,(k);

1€rsg

then for each r we have b — ia, ¢ B, contradicting the first step.
We have thus shown that for some «,, b — iz, € ()} B,. That is, in J*(B) we have
!
{b} = i,{a,}. This completes the proof.

Lemma (3.9). Suppose that a finitely-generated WY-group Y admits a filtration
Y=Y,2Y,2...0Y7,=0
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by Y-subgroups Y, such that J'(Y,/Y,.,) is finite for each q. Then J'(Y) is finite.

This is easily proved by induction over n, using Lemma (3.8) to make the inductive
step.

LEMMA (3.10). Let \/S? be a finite wedge-sum of g-spheres. Let Y be a Y-quotient of a
Y-subgroup of K,(VS%). Then J'(Y) is finite.

Proof. If K A (89 is finite, then R (V89 is finite, Y is finite and J'(Y) is finite. It is
therefore only necessary to consider the following cases:
A=R,g=0mod4;A=C,g=0mod 2.
Let us assume that g = 2n; then the operations ¥* in Y are given by
Yhy = k.
Arguing as in Example (3.6), we see that for each y € Y the multiple m(n)y maps to zero in
J'(Y) (where m(n) is as in §2). Since Y is finitely-generated, J*(Y) must be finite.
TueoreM (3.11). If X is a finite connected CW-complex, then J \(X) is finite.
Proof. Filter Y = K,(X) by taking Y, to be the image of the map
j* : KA(X, Xq-l) -_— KA(X)a
where X" is the n-skeleton of X. Then Y, /Y, is a ¥-quotient of a '¥-subgroup of R AVSY).
Thus J*(Y,/Y,,,) is finite by Lemma (3.10) and J'(Y) is finite by Lemma (3.9).
THEOREM (3.12). Let X = Y — Z be a cofibering of finite connected CW-complexes
such that the sequence
je i
R(Z2)— KA(Y) K,\(X) —_— 0
is exact. Then the sequence
Jj* i
J(Zy— I (V) — T (X)—0
is exact.
This follows immediately from Theorem (3.11) and Lemma (3.8).
THEOREM (3.13). Let X be a finite connected CW-complex, and let Y = K AX). Then
there exists a function F(k) such that
n Yf = YF .
!

This theorem shows that although the definition of J”(X) involves a limit over functions
f (or e), the limit is actually attained.

Proof. By Theorem (3.11), J ,'\'(X ) is finite. Let y,, ys, ..., ), be representatives in
Y=K A(X) for the non-zero elements of J A(X). Since y, is not in (Y, there is a function
S

7, such that y, is not in Y, . Define
F(k) = Max f(k).

1<gqsn
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We have
n Yf < YF’
I/

so that we have a quotient map
0:Y/NY,—Y/Y;.
I

By construction, y, is not in Yy, and this holds for each g; therefore 6 is monomorphic.
This proves the resuit.

§4. THE THOM ISOMORPHISM

In setting up the groups J'(X), one should begin with a treatment of the “Thom iso-
morphism” in extraordinary cohomology. It is generally known that such an isomorphism
can be set up. (As a matter of history, the relevant construction appears in the very sketchy
sketch proof at the end of [6].) However, we have been waiting for an account which sets
up this isomorphism in the best possible way, and proves that it enjoys the good properties
one requires. Such am account has now been provided by Atiyah, Bott and Shapiro
[18; see especially Theorem (12.3)].

In this section, I shall simply quote the result of Atiyah, Bott and Shapiro. In an
earlier draft I included (for completeness and for my own security) a treatment of the Thom
isomorphism, on which I based ad hoc proofs of certain results, especially Theorem (5.1)
and (5.9) of the present paper. This treatment and these proofs are now omitted, at the
referee’s suggestion.

Let £ be a vector bundle, with structural group SO(n), over the finite connected CW-
complex B. By the ‘Thom pair E, E of B’, we shall mean either one of the following con-
structs.

(a) E is the associated bundle whose fibres are unit n-cells; E is the boundary of E,
so that E is the associated bundle whose fibres are unit (n-1)-spheres.

(b) Eis the total space of the vector-bundle ¢; E is the complement of the zero cross-
section in E.

For cohomological purposes these two constructions are equivalent.
We recall that in ordinary cohomology we have a “Thom isomorphism’ [16]
¢ : H(B; G)—— H"*YE, E; G).

This is usually constructed as follows. We first construct a generator ue H"(E, E; Z). We
then define

®(h) = u.(p*h);
here p: E — B is the projection map, so that p*h lies in H%E; G) and the cup-product
u.(p*h) lies in H"*Y(E, E; G).

In thinking about the Thom isomorphism in extraordinary cohomology, one follows
the obvious analogy, replacing H* by Kx.
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The group KX(X) is conveniently defined for a finite-dimensional CW-complex X by
using vector-bundles over X, It will be useful to generalise the definition to more general
spaces X, in order to avoid having to discuss whether our Thom pairs E.E can be given
the structure of CW-pairs.

We may replace X by a CW-complex Y which is weakly equivalent to X (for example,
the total singular complex of X). We may now define

"(X) = Inv Lim K}(Y9),

g
where Y7 is the g-skeleton of Y. We make the obvious definitions for pairs, maps etc.

The operations W} of [1] are defined in K}(Y9); they pass to the inverse limit, and
define operations ¥} in K7(X).

This use of the inverse limit is of course due to Atiyah and Hirzebruch [7] (except
that they often restrict themselves to finite complexes when they could equally well allow
finite-dimensional ones.)

The use of inverse limits has the disadvantage that it sacrifices exactness. However, if
H,(X) is finitely-generated (which is of course the case for our Thom pairs) then the inverse
limit is more apparent than real. In fact, in this case the double suspension S?Y is simply-
connected and has H,(S?Y) finitely-generated; thus S?Y is equivalent to a finite CW-
complex Z; and we have

Inv Lim K%(Y9 = Inv Lim K%*3(S?Y9)

q— g—+oo
= K7*%(2).
For such spaces X, then, we do not lose exactness.

We can now describe the two cases which will concern us of the Thom isomorphism
in extraordinary cohomology. In the first case, we suppose given a real vector bundle &
over B with structural group Spin(8n), and we obtain an isomorphism

¢ : KR(B)— KA(E, E).

In the second case, we suppose given a complex vector bundle ¢ with structural group U(n),
and we obtain an isomorphism

¢ : K&(B) — K(E, E).
In each case, ¢ is an isomorphism of modules over K}(B) (where A = R or C, according

to the case.) Moreover, @ is natural for bundle maps. For the definition of ¢, we refer
the reader to [18].

§5. THE CLASSES p*.

In this section we shall study certain ‘cannibalistic characteristic classes’. Following
Atiyah (private communication dated 20 October 1961) we shall call them p*; an indepen-
dent account has been published by Bott, who calls them 6, [8, 9].
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We shall first define the class p*(&) for each bundle ¢ of a suitable class, and establish
certain formal properties. Then we shall give a result (Theorem (5.9)) which relates the
operations p* to representation-theory. After that we shall extend the definition of p*
from bundles ¢ to virtual bundles. Finally we shall compute the values of p* in RP" and
in S™ .

We begin by discussing the situation abstractly. Let K and H be extraordinary coho-
mology theories with products, and let T:X — H be a natural transformation (preserving
products). Suppose given also some class of bundles &, for example, unitary bundles or
Spin(8n)-bundles (n =1, 2, ... .) For this class of bundles, we assume, there is given a
Thom isomorphism

¢x : K*(B)— K*(E, E);
this is a map of modules over K*(B), and is natural for maps of bundles. Similarly for
¢g : H*(B)— H*(E, E).
Under these conditions the element
(T, &) = ¢g ' Tx(1) € H*(B)
may be considered as a ‘characteristic class of £’; in particular, it is natural for bundle maps.
We have in mind the following special cases.

(i) Letustake K =-H = H*( ;Z,), T=7Y Sq'. We obtain the (total) Stiefel-Whitney
[1]
class of & [16].
(ii) Let us take K= K,, H= H*( ; Q). Let us write ch¢ = ch, chg = ch.c, so that we
can take T = ch,: K, - H. We obtain characteristic classes
b chady(1).
These classes are both classical and useful in calculations, and will be discussed below.

(iii) Let us take K = H = K,,, and take T to be the operation ¥} [1]. Then we obtain
a chacteristic class which we call p}:

Pu(&) = dx ' Wk dx (1) € K((B).
Of course the characteristic class p¢ is defined for unitary bundles and the class pf is
defined for Spin(8n)-bundles =1, 2, ...).

The philosophy of characteristic classes ¢ T¢x(1) has been expounded in [19, especi-
ally §§ 2.2, 2.15, 3.3; 22].

We will now discuss example (i) above more fully. If we start from a Spin(8#)-bundle
&, then the classical expression for ¢5' ch cogl is (A(E))™ !, where A4 is as in [6; 21 § 23].
In fact, it is by now well known that this is the way A enters the theory of characteristic
classes.

I will now indicate my objection to the notation (4(£))~!. In the theory of character-
istic classes we should first do all we can for general bundles; only then should we apply
the theory to the tangent and normal bundles of differentiable manifolds. (In historical
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terms, we should follow Whitney rather than Stiefel). From this point of view the charac-
teristic class

nlchc gil
is clearly fundamental, and should have its own notation; in this paper 1 shall use the
notatjon

sh(§) = ¢ 'ch ¢ ¢l
(The choice of notation will be explained below). One now takes a differentiable manifold,

with tangent bundle  and normal bundie v (for some embedding in R"). One now encoun-
ers the class

A1) = sh(v).

That is to say, this class ‘really’ arises from the normal bundie; but one introduces A4 in
order to write it in terms of the tangent bundle.

Similar remarks apply to unitary bundles, with (4(&))~! replaced by
e O(TE) !

where T(£) is the Todd class [13, §§ 1.7, 10; 21 §22]. (This expression, like the previous
one, depends on the precise choice of the Thom isomorphism ¢y).

For later use, we require explicit formulae for the characteristic classes ¢! ch, ¢gl.

Following Borel and Hirzebruch, we consider in U(n) the maximal torus T which
consists of diagonal matrices. We have

BT = CP® x CP¥ x ... x CP*.

Let x € H*(CP™) be a generator; then the cohomology ring H*(BT; Q) is a polynomial
ring on generators Xx,, X,, ... , X, corresponding to the factors. The embedding i : T'— U(n)
induces a monomorphism

(Bi)* : H*(BU(n); Q) — H*(BT; Q)
whose image is the subring of symmetric polynomials.

We write bk or bh; for the characteristic class whose image under (Bi)* is
e —1

1€r<n X,
The notation bk is intended to suggest ‘Bernoulli’.

By means of the usual embedding U(n) = SO(2n) we obtain a maixmal torus T in
SO(2n). As before, the map

(B)* : H*(SO(2n); Q) — H*(BT; Q)

is a monomorphism. Its image is the subring of H*(BT ; Q) additively generated by sym-
metric polynomials in which the exponents of the variables x, are either all even, or all odd.
Using the projection Spin(2#) — SO(2n), we have

H*(B Spin(2n); Q) = H*(BSO(2n); Q).
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We write sh or bhy for the characteristic class which corresponds to
ei‘xr —_ e"'&'xr

1<r<n x,.

The notation sk is intended to suggest ‘sinh’.
THEOREM (5.1). We have
én'chdgl = bh L.
This theorem was certainly known to previous authors; compare [19, foot of p. 149}].
The proof which follows is due to Atiyah (private communication).

Proof. We shall proceed from the definition of ¢ given in [18], using the methods of
Borel and Hirzebruch [20, 21]; compare [23, §5].

We first recall that Atiyah, Bott and Shapiro introduce a group Spin€(n), defined as
a subset of a certain complex Clifford algebra [18]. We will begin by obtaining the result
which corresponds to Theorem (5.1) when we consider bundles with structural group
Spin€(2n) and take K = K. We have first to fix some notation.

Let S! be the subgroup of complex scalars of unit modulus in the complex Clifford
algebra. Let T’ be the maximal torus in Spin®(2n)= Spin©(2n). Then S' N T’ = Z,, con-
sisting of +1; and S! x 4,7 is a maximal torus T” in Spin°(2#). This torus is a double
cover of (S'/Z;) x T, where T is the maximal torus in SO(2n). We take the coordinate
in S1/Z, as x, mod 1; thus the coordinate in S* is $x, mod 1. Similarly, we write x,, ..., X,
for the coordinates in 7.

We begin by considering the case n = 1. Let E, E be the universal Thom pair with
structural group Spin©(2); and consider the induced homomorphisms

Ko(E, E)— KAE) «-f— KAB).

Because of the ‘difference bundle construction’ employed by Atiyah, Bott and Shapiro,
j*$x1 can actually be written in the form p*n — p*{, where n and { are bundles obtained
from the universal bundie by known complex representations. We have to calculate the
characters of these representations; it is sufficient to calculate their restrictions to S* and
Spin®(2). The representations are one-dimensional, and the complex scalars in the Clifford
algebra act as complex scalars; therefore the restriction of either character to S* is e**" 2"
We turn to Spin®(2), which is the subset of elements

Cos $x; + eqe; Sin 1x;
in the Clifford algebra. By definition, the ‘positive’ basic representation is the one which
represents e, e, as -+1i; the ‘negative’ basic representation is the one which represents e, e,
as —i. Therefore the restriction of the characters to Spin®(2) are et* 2™, ¢~#*2°2% Thuys
the characters are eX(*0**1)* 2% for the ‘positive’ representation, e¥(0~*1)" 2% for the ‘negative’
representation. This leads immediately to the formula
ch(p*) ™ j*¢xl = ch(n — )
= g¥¥o (e*"’ — e-i-xx)_
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Now by ‘a standard result, we have
- 1 —-1;
dr'y =— ("""
x4
This yields
Ix1 __ L= ix
bt b1 = e (2,
Xy
This completes the calculation for Spin©(2).

We now consider Spin©(2n). We observe that our characteristic classes ¢(7, &) are
exponential, in the sense that

(T, EDn) =T, &).«T, n).

In fact, this follows from the “product formulae” for ¢4 and ¢ in & @ %; that for ¢y is
classical, while that for ¢, is one of the main results of Atiyah, Bott and Shapiro [18,
Proposition (11.1)]. We also observe that the homomorphism

Spin€(2) x Spin®(2) x ... x Spin®(2) — Spin(2n)

induces a monomorphism in rational cohomology of the classifying spaces. Therefore the
result for Spin(2n) follows immediately from the result for Spin®(2); we obtain the formula

A%, - ¥xr
e — €
et>o —
1€r€n Xp

Finally, we deduce the two parts of Theorem (5.1) by naturality. For a bundle with
structural group Spin®(8n) the constructions of [18] lead to

chrl = ¢l

(with an obvious notation.) This yields the formula
e‘l'xr —_e L2

1<r&dn X,
in BSpin®R(8n). For a U(n)-bundle one has to employ the homomorphism

Un)— Spinc(2n)

given in [18, end of §3). This homomorphism sends x, into Y x,, and sends x, into x, for
1

r 2 1. This yields the formula

in BU(n).

Alternatively, this last formula can be deduced from the construction in terms of
exterior algebras, given in [18, Proposition (11.6)].

This completes the proof of Theorem (5.1).
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ProprosITION (5.2). We have
Log bh¢é = Y a,.ché
t=1

Log shy = ) 4as.chy,en.
s=1
In these formulae, we define Log (1 + x) for xe Y H*(X; Q) by means of the usual
t>0

power-series expansion. The coefficients «, are as in §2. We write ch, for the component
of ch in dimension 2¢.

This proposition follows from the definitions by standard methods and obvious
manipulations.

We now return to the assumptions made at the beginning of this section, so that
K, H are extraordinary cohomology theories and 7 : K — H is a natural transformation.
We take up the study of the characteristic classes ¢ Tdx(1).

LeMMA (5.3). Suppose given the following commutative diagrams.
K*Ey, Ey) —— H*Ey Ey)
L o=
K*(By) HY(By)
K*(Ey) ——— H*(E,)

* *

) 21 §2)

K*(B,) ———— H*(B))
Suppose that a(xy) = (ax)(fy) for x e K*E,, E,), y € K*(E,). Then we have
¢; lag,x = (¢ 'ap; 1)(Yx).
The proof is purely formal, and is obvious.
COROLLARY (5.4). Taking &, =&, =¢&, a ==y =T we have

bn ' Tox(x) = (T, &). T(x).
In particular, we have

b tchbr(x) = bhy(&). ch(x)

bx 'Widx(x) = pl(&). Pi(x).
PROPOSITION (5.5).

RINC A RIS

This result has also been found by Bott {8, 9).
Proof. In [1] it is shown that PX¥}, = ¥¥. Take the equation

(6" W ) (o' Wi )1 = (95 WY )1
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and evaluate each side. We find
(fx* W4 dx)p4 &) = PY &,
or using Corollary (5.4),
(P58 -(Fhrh O =r4 &
This completes the proof.
For our next proposition, we define
Yi: Y H¥X;Q)— ) H¥(X; Q)
5§20 20
by
Ph(x) = k'x if xeH*X;Q).
The point of this definition is that
ch, W% = W} chy;
see [1]. If £ is a vector bundle whose dimension over the reals is 2n, we have
7' Ph ¢a(x) = k" Wh(x).
PROPOSITION (5.6).
(bh, &).(chy pf &) = k™ (P bhy ).
Proof. Take the equation
(Pr' chy dx)(dx' Wi dp) = (5" P du)(r' chy o)1
and evaluate both sides. We find ’
(P chadp) (04 8) = (95" ¥h ) (BB, )
using Corollary (5.4) and the remark above, we have
(bhy &) . (ch 4 p4 &) = K" (¥h bh, &)
This completes the proof.

We will next carry out the analogue, for our context, of the proof that Stiefel-Whitney
classes are fibre-homotopy invariants. We suppose given a commutative diagram of the
following form; it is not assumed that it arises from a bundle map.

[4
El’ Ex ———p Ez, Ez

By —— B,
We define
k=¢g} g* dx2(1) € K*(B,)

h=6n)9" ¢un.(1) € HY(By).
PrOPOSITION (5.7). We have
h.f*«(T, &) = (T, &) .(Tk).
Proof. We have g*T = Tg*. Consider the equation
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G )
where 1 € K*(B;), and the suffix for each ¢ can be determined from the context.
The equation yields

(@~ 1g*D) (T, £,) = (0™ ' Tk,

or using Lemma (5.3),

This completes the proof.

COROLLARY (5.8). Let &,, &, be unitary bundles over B in case A = C, or Spin(8n)-
bundles (n=1, 2, ...) in case A =R. If the sphere-bundles associated with &,, &, are fibre-
homotopy equivalent, then there exists an element x , € K ,(B) such that

bhA 62 = bhA 51 . ChA(l + xA)

Wl +x,)

PfA. &2 =Pft. & .
1+x4

Note that in the second equation x, is independent of /.

Proof. If the sphere-bundles associated with &,, £, are fibre-homotopy equivalent,
then there is a diagram

Ex: El -_— Ez, E,

» /
B'(
in which g has degree +1 on each fibre. We may therefore apply Proposition (5.7) with

f=1. The result involves k = ¢ Lakh (1), We mav determine the virtual dimension of

LA fedreab 2AYAYRS S PK,1 T PR,z 2/ TV ans) SRl AN cal QARG Alall

k over each component of B by restricting on a single fibre; we find that this virtual dimen-
sion is +1 (according to the degree of g). Let ¢ be a trivial virtual bundle with the same
virtual dimension as k on each component of B; then we have ¢k = 1 + x, for some
x, €K (B).

Consider now the case of p,. Since & = k, the result of Proposition (5.7) is
k(P &) = (P £1) . (Pl ko).
Multiplying by the equation ¢ = ¥} or ¢, we find
(14 x4 . (p &) = (P &1) - Wiy (1 4 x).

Now, 1 + x, is invertible. (If B is finite this follows from the usual power-series for
(1 + x,)~'; but in any case, if we take an equivalence y inverse to g, we obtain an element
x5 7* Pk, (1) inverse to k.) We thus obtain
l{“,‘(1 + x,)

1+x,

\ﬂw

n‘ =0
34 r
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The case of bh, is closely similar. We have (ch,¢) h=1 in H%B). The result of
Proposition (5.7) is

h.bh,E, =bhsE .ch,k.
Multiplying by ch, ¢, we find
bhy&, =bh &y . chy(1 + x,).
This completes the proof.
We now turn to a result useful for calculating p%.

THEOREM (5.9). If ¢ is a U(n)-bundle then p§ & is induced from & by the virtual represen-
tation whose character is

zk—~1

=] @G '+zZ2+. .. +z +1.
157¢n 2, =1 1 &rsn
If & is a Spin(8n)-bundle then p% & is induced from & by the real virtual representation
whose character is
Bt 1 (%D 4 236D 4 4 z73G- 1,
1<rgan 2F =27t 1Gdan r r
This theorem was first published by Bott [8, 9]. It foliows fairly easily from the defini-
tion of the Thom isomorphism ¢ used in [8, 9]. However, it is shown in [18] that this
definition coincides with the definition given in [18].

In the above, we have defined p% (£) for suitable bundies { Next we shall seek to extend
the definition of p% from bundles to virtual bundles.

We shall see that on bundies, p* is ‘homomorphic from addition to multiplication’, or
more shortly, ‘exponential’. Also if 7 is the trivial bundle of dimension 2n over the reals,
we have p*(t) = k. Therefore we are forced to define p*( — 1) = k~". This indicates that
we can define p* on virtual bundles only at the price of introducing denominators. We
shall therefore define Q, to be the additive group of fractions of the form p/k% where p
and q are integers. If k is a virtual bundle over X, we shall seck to define p*(k) as an element
of K (X) ® Q,. More generally, we may be willing to consider K,(X) ® S, where S isa
suitable subring of C.

We face a similar situation if we try to define the composite p* 6, where 6 is a virtual
representation. (In Part JII we shall be forced to consider such composites.) In this case
we are forced, not only to introduce denominators, but also to introduce the completion
of the representation ring. Let G be a compact connected Lie group, let A = R or C, and
let S be a subring of C. Let K,(G) be the representation ring of G; then we can form
Ki(G® ®S. In K,(G) ® S we take the ideal I consisting of elements of virtual dimension
zero; these are the elements whose characters vanish at the identity of G. We can now
form

Comp(K4(G) ® S) = Inv Lim Ii“(—c;-)-?:g

m= o Im
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If @ is a virtual representation of G, we shall seek to define p*0 as an element of
Comp(K} (G) ® 0. |

If X is a finite CW-complex, one may complete K (X) ® S in a similar way. However,
Comp(K,(X) ® S) can be identified with K,(X) ® S. For let I be the ideal of elements of
virtual dimension zero in K,(X) ® S, and let g be the dimension of X; then, as in [7], we
have (R (X))**! = 0, so that I**! = 0, and

K.(X S
...A_(F)@; =K (X)®S

form=q+ 1.

We shall require the following lemma on completions. Here the letter X stands for
an augmented ring, which in the applications becomes K,(X) or K}(G).

LemMA (5.10)(a). An element of Comp(K @ S) whose virtual dimension is invertible in
S is invertible in Comp(K ® S).

(b) An element ¢ of Comp(K ® S) has in Comp(K ® S) a square root, unique up to
sign, provided that the virtual dimension of ¢ has a square root s in S and 2s is invertible in S.

Proof of (b). Suppose given s, as in the data. Let ¢, be the component of 2 in
(K® S)/r". In (K ® S)/I™ we seek an element of the form s + i,, where i,, € I/I™, such that

5+ im) = Cp-
For m = 1 such an element exists and is unique. Suppose, as an inductive hypothesis, that

such an element exists and is unique for some value of m. Choose in (K ® S)/™*! a trial
element s + j, mapping to s + i, in (K ® S)/I"™; then we have

(S +jm)2 = Oy = &y
where e, € ™/I™*!. If (K ® S)/I™*! contains a square root s + i,,,, for ¢,., at all, we can

write this square root in the form s + j,, + ,,; and since the square root s + i, in (K ® S)/I"™
is unique, we must have §,, € I"/I™*. If we assume that §,, € /™", the equation

(8 +Jm+ 0m)’ =Cpsy in (K SHI™!
is equivalent to
286, =¢, in I™I™*?,

By assumption, this equation has a unique solution for J,,. This completes the induction.
We have shown that for each m, ¢,, has a nnique square root of virtual dimension s in
(K ® S)/I™. This yields the result stated.

Part (a) may be proved similarly, or by using the power-series for (1 + x)~L.

The work to be done in defining p*(x) is very similar to that in {1, pp. 606-609].
We follow {1] and adopt a convention. The letters f, g will denote maps of complexes such
as X. The letters &, n will denote bundles; the letters x, 4 will denote elements of K,(X);
the letters u, y will denote elements of K,(X) ® S. The letters «, § will denote representa-
tions; the letters 0, ¢ will denote elements of XK, (G); the letters ¥, p will denote elements
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of K}(G) ® S; the letters §, p will denote elements of Comp(K,(G) ® S). Initially, as on
{1, p. 606], we have composites

B.«q, a. g, ¢.f, f.g.
By linearising over the first factor, as on [1, p. 607], we obtain composites
¢.a, 0.¢ k.f
By S-linearity over the first factor we obtain composites
p.o, V.5 u.f

lying in appropriate groups X ® S. Since composition with a factor on the right preserves
virtual dimensions ahd tensor-products, we obtain composites

p.oy Y.&
These lie in the appropriate groups
Comp(K,(G) ® S), Comp(KA(X) @ S) = Kx(X)® S.

We have remarked earlier that p* is ‘homomorphic from addition to multiplication’,
that is, ‘exponential’. We will now make this notion more precise. Let G(n) be one of
the series of groups U(dn), SO(dn) or Spin(dn) (for some integer d). Let

7 : G(n) x G(m) — G(n),
w : G(n) x G(m) —— G(m)
be the projections of G(n) x G(m) onto its two factors; thus
n® w: G(n) x G(m) — G(n + m)
is the ‘universal Whitney sum map’. Here the universal Whitney sum map
7 @ w : Spin(dn) x Spin(dm) —— Spin(d(n + m))
is constructed by lifting the map
1 @ w: SO(dn) x SO(dm) — SO(d(n + m)).
For each n, let p, be an element of K (G(n)) @ S. We will say that the sequence
p = (p,) is ‘exponential’ if we have
Prim- M@ O)=(p,. 1) ® (- @)
for all n,m. The sides of this equation lie in K;(G(n) x G(m)) ® S; cf [1, p. 607, 609].
Similarly for a sequence
Pn € Comp(KA(G(n)) ® S).
LemMMa (5.11). If the sequence p = (p,) is exponential, then for any two representations
o : H - G(n), B : H— G(m) we have
_ Prim- (@@ B) = (pp.0) ® (P . B).
Moreover, for any two bundles £, n with groups G(n), G(m) we have

Prtm- BN =(0,. ) Q(p,.7).
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Similariy for a sequence

p = (Dn):
This lemma is strictly analogous to those of [1, pp. 607-609], and so is its proof.

For the next lemma, we introduce the Grothendieck groups Kg(X), Ki(H). Here
Kg(X) is defined in the obvious fashion using bundles over X with group G(n) for n = 1,
2, ... ; similarly, K;(H) is defined using representations o : H —» G(n) of the group H.
If G(n) is the sequence of groups SO(dn) or Spin(dn), we write Kgoq) o Kspinca for the resul-
ting Grothendieck groups K. Thus (for example) Ks,;,(s) (X) is defined in terms of bundles
with structural group Spin(8n) for n=1,2, .... If d= 1, we write Kso(X) for Kso(1,(X).
The group Kso(X) is monomorphically embedded in Kp(X) as the subgroup of classes x
such that w;(x) = 0. Under the decomposition

Ke(X) = Z + Ra(X),
we have
Ksow(X) = dZ + Kso(X).
We suppose given an exponential sequence § = (4,), where §, € Comp(K(G(n)) ® S).
We assume that the virtual dimension of p, is invertible in S.
LEMMA (5.12). If 0 € K{(H), k € Kg(X) it is possible to form composites
p.0e Comp(K\(H)® S)
p.xe Comp(K\(X)® S) = K\(X)® S
50 that these have the following properties.
(i) p is exponential (in the obvious sense).

(ii) If we replace 0 by « or x by &, then these composites reduce to those considered
above.

Proof. If the virtual dimension of p, is s, then the virtual dimension of 3, is s” (since
p is exponential). If s is invertible in S, so is s*. Lemma (5.10)(a) now shows that every
element j,-a or p,-¢ is invertible. Therefore p can be defined, so as to be exponential, on the
free abelian group F generated by the isomorphism classes of such « or £. It remains to
show that p passes to the quotient, so that it is defined on K/(H) or Kz(X). This follows
from the fact that (J,) is exponential, using Lemma (5.11). This completes the proof.

Finally, we introduce one further generalised composite. Suppose that 8 = (6,) is an
additive sequence of virtual representations with 6, € K,(G(n)). Then by S-linearity over
the second factor we can define composites

0.u, 0.p
lying in the appropriate groups X ® S. If (moreover) 8 is multiplicative and maps elements
of virtual degree zero into elements of virtual degree zero, then we can define composites
0.5

lying in the appropriate group Comp(K ® S). In practice this situation arises when 0 is
the sequence ¥* [1, §4].
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As in [1, pp. 606-609], the appropriate associative laws continue to hold for all the
composites we have discussed.

We shall now give some examples of exponential sequences.

ExaMpLE (5.13). Let p% be the element in KX U(n)) with character
1 z-1
1<ren 2, — 1

The sequence (p¥) is exponential, as one verifies immediately by checking characters. The
virtual dimension of pf¥ is k (since (z;)* "' + ... +z; + | takes the value 1 at z; = 1), If
k =0, then pt=0; otherwise k is invertible in Q,. The foregoing theory applies; if
k € K(X), we can define p*.ic as an element of Ko(X) ® Q.. If « is represented by a U(n)-

bundle ¢, then p*.x = pX(&), according to Theorem (5.9).

We now turn to the “real” case. We have already defined px(¢) when £ is a Spin(8n)-
bundle over X. It would therefore be plausible to define p*(x) when K € Ky (8)(X). Actu-
ally we shall do more; we shall define p*(x) when x € Kso(2)(X). (That s, k may be a linear
combination of SO(2n)-bundles for n = 1, 2, ... ). For this purpose we need to distinguish

the cases ‘k odd’ and ‘k even’.

EXAMPLE (5.14). Assume that k is odd. Consider the formula
I zf"-—z,‘*k_ [T (2404 7,309 ~3k=1)
1<rs.._———z:}—-z:* —1$r$n z, + z, + ...+ 2z ).

It represents a polynomial in which the z, occur to integral powers. It is also invariant
under the Weyl group of SO(2n); therefore it is the character of some virtual representation
p* of SO(2n). We will show that this virtual representation is real. It must be real if » is
even, because every virtual representation of SO(4m) is real. It is also clear that the re-
striction of p%,, to SO(4m-2) is kp%,,_,. In order to prove that p%, _, is real, it is sufficient
to recall the general fact that if k0 is real and k is odd, then 8 is real. In fact, irreducible
representations can be divided into those which coincide with their complex conjugate
and those which do not; and the former can be divided into real and quaternionic repre-
sentations. In order that a representation be real it is necessary and sufficient that it contain
each quaternionic irreducible representation an even number of times, and each irreducible
representation the same number of times as its complex conjugate when that is a distinct
representation. If this condition holds for k8, it holds for 6.

Alternatively, assuming a little more representation-theory, we can argue that the
given formula is invariant under the Weyl group of O(2n); thus p¥ can be written as a poly-
nomial in the exterior powers, so it is real.

We have therefore established the existence of a sequence of virtual representations

pr € Kx(SO(2n))

with the characters given. This sequence is exponential, as one verifies immediately by
checking characters. The virtual dimension of pf is k. The foregoing theory applies; if
Kk € Ksg(2)(X), we can define p*x as an element of Kx(X)® Q,. If x is represented by a
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Spin(8n)-bundle £, then p*x = p(&), according to Theorem (5.9). This completes the
case ‘k odd’.
ExaMPLE (3.15). Assume that k is even. We will now construct a sequence of elements

pn € Comp(K(SO(2n)) ® Q).
First, let 6% be the virtual representation of Spin(2r) with character
Z3 g
1975 2P — 2zt

Since this character is real, it follows that 26% is a real virtual representation. Since k is
even, 4 € O, and we have

0% € Kx(Spin(2n)) @ Q.

We now remark that if S < C, the character of an element of K(G) ® S is defined,
and is a finite Laurent series in the z, with coefficients in S. The elements of KJ(G) ® S
are distinguished by their characters. Therefore we can prove that the sequence 6% is
exponential, by checking characters in the obvious way.

Next, consider the map

1®1:S02n) — SO(4n).
This sends a matrix M into
M O
oM
It can be lifted to a unique homomorphism
7 : SO(2n) —— Spin(4n).
We will now define
pr = (63, 7)* € Comp(K(50(2n)) ® Q).
Here the square root exists by Lemma (5.10)(b); we choose its sign so that the virtual
dimension of p is k"

It is now easy to check that the sequence p! is exponential, using the fact that 6% is
exponential and the fact that square roots are unique (Lemma (5.10)(b)).

The virtual dimension of pf is k. The foregoing theory applies; if xk & Kso(2y(X), we
can define p*x as an element of Kx(X) ® Q,.

Using Theorem (5.9), it is easy to check that if x is represented by a Spin(8x)-bundle
&, then p*x = pk(&). This completes the case ‘k even’.

We add one note. The character of an element
p € Comp(K4(G) ® S)

can be defined, and is a formal power-series in the variables {, = z, — 1 with coefficients in
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S. Cf [7]; we shall give further details in Part III. One can then check that the character
of pkis
z g ¥
1sren 2t — 2717
where this formula is interpreted using the expansion of (z,)” as a binomial series in {,.

We turn next to the calculation of the operations p; for the space X = RP". We recall
the structure of Kx(RP") from [1, Theorem (7.4)]. Let ¢ be the canonical line bundle over
RP™; then (2 =1, and A= ¢ — 1 is a generator in Kx(RP"), which is cyclic of order 2,
where f is the number of integers s such that 0<s<n and s=0,1,2 or 4mod 8. In
particular, Kx(RP")® Q, = 0 if k is even. The only case of interest is therefore that in
which k is odd. The operation p* is defined on Kso()(X), so that g* is defined on all
multiples of 24 in Kx(RP"). The value p*(2/1) will lie in the multiplicative group
1 + Rp(RP")® Q) = 1 + Kx(RP") of elements of virtual dimension 1. In order to make
the structure of this group more transparent, let J,,. be the ring of residue classes mod 2/ *1,
and let G,,+, be the multiplicative group of odd residue classes mod 2/*!. Then we have
J2rs1 ® Qp = Jys4, for k odd; and we can define a ring homomorphism

o: Kg(RPY® @, —— J27+1 ® Q)

by setting a(£) = — 1, or equivalently a(2) = — 2. The map « induces an isomorphism of
1 + Rx(RP") ® Q, onto Gy;.:. The subgroup 1 + Rso(RP™) ® Q, (defined in term of orient-
able bundles) maps by a onto the group of residue classes congruent to 1 mod 4.
THEOREM (5.16). The operations p* on Kso(RP™) are given by
. kl — 8’
pFRIA)=1+ T A
h £ = 1 if k=1mod4
where  £=1-1 if k=3 mod4.

Equivalently, they are given by
i
xain = (2
ap*(211) = ( k) .

Remark (a). For [ divisible by 4 this result has been found by Bott [8,9]. Similar
calculations have been made by Atiyah (private communication).

Remark (b). The values of p* lie in 1 + Kso(RP") ® Q,. This must necessarily happen,
since all the representations we have used map into SO(m).

Remark (c¢). One can choose an odd number k so that k (and hence &/k) has the maxi-
mum possible order in G,,..; then &/k will have no square root in G,,..; this proves that
it is impossible to define p* on A so as to preserve the exponential property.

Proof. We have 2l¢ = ié, where i : O(1) - SO(2l) maps +1into +1. We will compute
the representation p* i of O(1), where p* is as in (5.14). The value of the character of p} at
1is k'. If we substitute z, = — 1, the value of
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gD 4 3D gD

is ¢, where
{1 if k=1mod4
T |-1 if k=3mod4

Therefore the value of the character at —1 is ¢!. Let A' be the identity representation of
O(1); we conclude that

&

pri=a+ bA
where
a+b=k'
a—b==¢g.
Therefore

prQIE) = pfi&=a+ b¢,
wpfQiE)=a-b=4¢,

81
apr Q) = 7

The same method yields the first part of the theorem. This completes the proof.

We will now consider the case X = S", where n = 1 or 2 mod 8. In this case the group
R (8™ is Z,, and we have Kz(S™ ® Q, = 0 for k even. The only case of interest is therefore
again that in which k is odd. The operation p* is defined on Kx(S™) for n > 2.

THEOREM (5.17). If n=1 or 2 mod 8 and n > 2, then the operations p* on Kg(S") are
given by

"x—l if k=+1modS$§
PX=14+x if k= +3modS.

Proof. Consider a map g : RP" — S" of degree 1, as in 3.5. The map
g* : Ka(S") — Rg(RP")
is monomorphic, by the proof of {1, Theorem (7.4)). We can now compute p*x by natur-
ality. If x = O the result is trivial, so we may assume x # 0; then g*x = 2/ "1, where 2/ is
the order of . By Lemma (2.9), the group G,s+1 is Z, + Z,,-1. The element e/k (see
Theorem (5.16)) has multiplicative order dividing 2/ ~2ifk = + 1 mod 8, or 2/ ' ifk = + 3
mod 8. Thus
a p(2771) = (e/k)*

is equal to 1 if k = + 1 mod 8, and otherwise not equal to 1. Thus p*x is equal to 1 or
not according to the case; but if it is not 1, it can only be | + x. This completes the proof.

It remains to consider the case X = S*".
THEOREM (5.18). If x € Kp(S*") then

P =1+ KK ~ 1) 0, x,
where a,, is as in §2.
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Remark. The coefficient 3(k*" — 1)a,, lies in Q,, according to Theorem (2.7).

Proof. We may suppose that x is a linear combination of Spin(8m)-bundles for various
values of m. By applying Proposition (5.6) to each bundle, we find

(shx).(ch ¢ p* x) = V& sh x.
By Coroliary (5.2) we have

shx =1+ 30y, ch,, cx,

so that
Wi shx = | + 4k*" oy, chy, cx
and ‘
chep*x =1+ 3(k* — 1) a,, chy, cx.
Hence

Px =1+ 3k ~ oy, x.
This completes the proof.

§6. THE GROUP J°(X).

In this section we shall introduce the group J'(X). We shall prove (Theorem (6.1)) that
J'(X) is a lower bound for J(X). We also compute the groups J'(X) when X = RP" or S™.

We will now give the definition of J’. First recall that Kso(;)(X) is monomorphically
embedded in Kg(X) as the subgroup of elements x such that (i) the first Stiefel-Whitney
class w,(x) is zero, and (ii) the virtual dimension of x is even. We define V(X)) to be the
subgroup of elements x € Ksq(;)(X) which satisfy the following condition: there exists

y € Kg(X) such that
W1 + . i
kx = —ﬁ;&) m KR(A) ®

for all k # 0. We now define
J'(X) = Kg(X)/V(X).

It is necessary to check that V(X) is a subgroup. We first note that any x which
satisfies the condition given has virtual dimension zero. Let 1 + Kx(X)® Q, be the multi-
plicative group of elements of virtual dimension 1 in Kx(X)® @,. Let IT be the multiplica-
tive group

[ma+ K(X)® Q.

k*0

Let us define a function

511+ Re(X)— 1]
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by
W1 + y)}
a1 ={—"};
(1+y) { Tty
then & is a homomorphism, because W* is multiplicative for each k. Similarly, the function
p: Rso(X) —> I1
defined by

p(x) = {p"(x)}
is a homomorphism. Therefore the set
V(X) = p~13(1 + Ra(X))
is a subgroup.
THEOREM (6.1). J(X) is a lower bound for J(X), in the sense of Part I [4}.
We recall that in Part I we defined

J(X) = Kg/T(X) ;

here 7(X) is the subgroup of Ki(X) generated by elements of the form {¢} —{n}, where £
and n are orthogonal bundles whose associated sphere-bundles are fibre homotopy equiva-
lent. The theorem states that T(X) < V(X), so that the quotient map Ki(X) — J'(X)
factors through J(X).

Proof. Suppose given a finite connected CW-complex X. I claim that 7(X) is generated
by elements {¢'} — {n’}, where &’ and n’ are orthogonal bundles whose associated sphere
bundles are fibre homotopy equivalent, and #’' is trivial of dimension divisible by 8. In
fact, let &,n be orthogonal bundles over X whose associated sphere-bundles are fibre homo-
topy equivalent. Then the same is true for £ @ { and n & {, whatever the bundle {. We have

(oll-mal}={¢ -
We can choose { so that 7 @ { is a trivial bundle of dimension divisible by 8.

Let &, n’ be as above. Then the Stiefel-Whitney classes of £’ are zero, since the Stiefel-
Whitney classes are fibre homotopy invariants. Thus we can lift £ to a Spin(8x)-bundle.
Corollary (5.8) applies, and shows that there exists y € Kz(X) such that

Y1 + y)
ke 2N __ k{7
p(é)—p(rl)--——1+y
for all k. That is,
Y1 + y)
k ! 1 -
A =)= 5

in Kx(X)® Q.. This shows that {&'} — {#'} € V(X); thus T(X) < V(X). This completes
the proof.

By way of illustration, we will now calculate the groups J' for the examples considered
in §3.
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EXAMPLE (6.3). Take X = RP". Then the quotient map
Kp(RP") — J'(RP")
is an isomorphism, and consequently the quotient map
Kg(RP*) — J(RP"Y)
is an isomorphism.

The fact that the results of [1] can be rephrased in this way is an observation of ATIYAH
(private communication) and of BotT [8, 9].

Proof. As observed above, the group Kg(RP") is of order 2/, and therefore
Rr(RP™) ® Q, is zero for k even. It is therefore sufficient to consider odd values of k, for
which

Rr(RP") ® @, = Ri(RP").
According to [1, Theorem (7.4), p. 6251, for k odd and y € Rg(RP") we have

f“(1_+y_)___1
1+y )

The elements v € V(RP") have therefore to satisfy the conditions
® wi(®)=0
(i) =1 for k odd.

The first condition ensures that » = 2/, and disposes entirely of the low-dimensional case
n = 1. By Theorem (5.16), if k = + 3 mod 8 the element p*(21) has order 2/ ! in the multi-
plicative group 1+ Kz(RP"). (Here the integer f is as in §5. The same application of
Theorem (5.16) was made in the proof of Theorem (5.17).) Therefore the condition

Pl =1, all odd k

implies that / is divisible by 2/~!, i.e. that 2/4 = 0 in Kz(RP"). Thus Vx(RP") = 0. This
completes the proof.

ExAMPLE (6.4). Take X = §" with n =1 or 2 mod 8. Then the quotient map
Kg(8") —— J'(S")
is an isomorphism, and consequently the quotient map
KR(S") — J(5")

is an isomorphism. Equivalently, the image J(=,_(SO)) of the stable J-homomorphism is
Z, forn=1 or 2mod 8.

Proof. As in proving Theorem (5.17), we consider a map f : RP" — S" of degree 1,
so that the induced map

f*: Rp(S") — Rp(RP")
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is monomorphic. Consider the following commutative diagram.
k()

Kg(S") ——— Kx(RP")

qs qr
J'UN

J'(8") ———— J'(RP")
Since K(f) is monomorphic and g, is an isomorphism, g must be monomorphic. This
completes the proof.

EXAMPLE (6.5). Take X = S*. Then J'(§*") is cyclic of order m(2n).

This is essentially the theorem of MiLNOR and KERVAIRE [15], as improved by ATIYAH
and HIRZEBRUCH [6]; it states that the image J(n4,-,(SO)) of the stable J~homomorphism
has an order divisible by the denominator of B,/4n.

Proof. Suppose x € V(S*"); that is, suppose that
by o YY1 +y)
1+y
for all k. Using Theorem (5.18), this becomes
(6.6) 1+ 3(k® — Dagpx = 1 + (K*" = 1)y
where «,, is as in §2; by Theorem (2.6) we have
d(2n)
m(2n)’

where d(2n) and m(2n) are coprime. Equation (6.6) holds in 1 + Kx(S*) ® Q4; in Kx(S*")
we have

%aZu =

d(2n)

6.7) KO = 1) 25

x = k70K — 1)y,

for some exponent f(k). According to Theorem (2.7) the highest common factor of the
integers k'™ (k** — 1) divides m(2n). Therefore by taking a linear combination of the
equations (6.7), we can show

d(2n)x = m(2n)y.
That is, x is divisible by m(2n) in Kz(5*").

Conversely, if x is divisible by m(2n) in Kx(S*"), then we can solve the equation

d(2n)x = m(2n)y
for y, and we can calculate that
K Wil + y)
* I+y
for all k. Thus x e V(S*").

This determines the subgroup ¥(S*"), and proves the result stated.
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