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Iterated loop spaces

Let S” C R™*! be the unit n-sphere based at (1,0, ...,0).
Let (X, *) be a based topological space.

The n-th loop space of X is Q"X = map,(S", X).

The n-th homotopy group of X is m,(X) = mo(2"X).

Let S"~! C S” be the “equator’ S"~! = S" N {x,;1 = 0}.

The quotient map p : S” — S"/S"1 =2 S v/ S” defines
Q"X x Q"X = map,(S" V8", X) 25 map,(S", X) = Q"X

inducing a group structure on 7,(X) for n > 1.

Proposition (Eckmann-Hilton)

mn(X) is abelian for n > 2.
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Stable homotopy

For (based) spaces X, Y, Z one has a trinatural bijection

Top(X x Y, Z) = Top(X,map(Y, Z)
resp. Top, (X AY,Z) = Top, (X, map,(Y, Z2))

where X A Y = (X x Y)/(X x {xy})U ({*x} x Y).

The n-th suspension of X is "X = X A S".

Top,(X"X, Z) = Top,(X,Q2"Z) whence a map X — Q"¥L"X

Theorem (Freudenthal)
k(X)) = 7 (QXX) isomorphism if k < 2 - connectivity(X).
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Stable homotopy

Definition (stable homotopy groups)

o Q®T®X — colim(X — QEX — Q252X — -..)
o m(X) = me(Q°X>X)

The stable homotopy groups share some of the good properties of
the homology groups (abelianess, exact cofibration sequences).

T (X) = m(Q"E"X) for n > k + 2.

Stable homotopy groups remain difficult to compute; calculating
75£(SP) is one of the major problems in algebraic topology.
The groups are known only for k < 64:

kK 0] 1 2 3 [4[5] 6 7
mE(SOY | Z | ZJ2Z | ZJ2Z | ZJ24Z | 0 | O | Z/240Z | ZJAZ
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n

—_——f—
Since S" = S* A--- A'SY, any n-fold loop space Q"X carries n
different, yet compatible multiplications induced by

S'A- ASTA-ASt ST A A (ST S AL ASL

The two pinch maps S? — S? \V S? are given by:

A space of pinch maps C»(2) C map,(S?,S2 v S?) is given by:
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A space of pinch maps C»(3) C map,(S?,52 v S? v S?):

Definition
A topological operad O is a family of &y-spaces O(k), k > 0,
equipped with a unit 1 € O(1) and with substitution maps

O(k) X O(nl) X oo X (D(nk) —>(’)(n1+---+nk)

satisfying associativity, unit and equivariance constraints.
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Example (Boardman-Vogt '68)

The family Ca(k), k > 0, defines an operad, the little squares
operad Cy. Similarly, one defines the little n-cubes operad C,,.

62(2) X 62(2) X Cg(l) — 62(2 + 1)

1 2 1

The little n-cubes operad C,, is a suboperad of
k

——
Coend(S")(k) = map,(S",S" v ---VvS"), k > 0.
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Definition

An O-action on a space X consists of maps
O(k) x Xk = X, k>0,

satisfying natural equivariance, associativity and unit constraints.

Any n-fold loop space Q"X carries a canonical C,-action.

Cal(k) X (Q"X)* — map,(S", (S")"¥) x map,((S")"*, X)

| |

Q"X — map, (5", X)
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A space X is an E,-space if X comes equipped with an action by
an E,-operad (i.e. a G-cofibrant operad weakly equivalent to Cp,).

Theorem (Boardman-Vogt '73, May '72, Segal '74)

Any connected E,-space is weakly homotopy equivalent to an
n-fold loop space.
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Definition

A space X is an E,-space if X comes equipped with an action by
an E,-operad (i.e. a G-cofibrant operad weakly equivalent to Cp,).

|
1

Theorem (Boardman-Vogt '73, May '72, Segal '74)

Any connected E,-space is weakly homotopy equivalent to an
n-fold loop space.

—
~—

Theorem (May '72

For any connected space (X, *), the free C,-space generated by X

Co(X) = | [ Cnlk) x X* | / ~

k>0

is weakly homotopy equivalent to Q7Y "X.
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Lemma (Kiinneth)

For a field K, the functor H.(—; K) : (spaces) — (K-vector spaces)
is strong monoidal, i.e. H.(X x Y; K) = H.(X; K) @k H:(Y; K).

The functor H,(—; K) takes (co)algebraic structures in spaces to
corresponding (co)algebraic structures in K-vector spaces.

If X is a topological group then H,(X; K) is a Hopf algebra over K.

Theorem (F. Cohen '76)
If X is an Ex-space then H,.(X; K) is a Gerstenhaber K-algebra.
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Definition

A Gerstenhaber K-algebra (H,U, {—, —}) is a graded-commutative
K-algebra with Lie bracket of degree —1 such that

{f,gUh} ={f, gt Uh+ (—1)fllel=Dgy{f hl.

RENEILS

Cup product resp. Lie bracket are induced by the generators of
Ho(C2(2); K) resp. H1(C2(2); K) using that Co(2) ~ S*.

A

Proposition (Gerstenhaber '63)

For any associative K-algebra A, the Hochschild cohomology
HH*(A; A) is a Gerstenhaber K-algebra.
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Definition

For an associative K-algebra A and A-bimodule M, the Hochschild
cochain complex of A with coefficients in M is given by

C"(A; M) = Homg (A®", M), n>0,

where for f € C"(A; M),

alf 32,.. a,,+1) i =0;
(8;f)(31, 50 a,,+1 31, <., didit, .- .,an+1) I = ]., S |
31,.. ,dn a,,+1 i=n+1.

(S,'f)(a]_,.. , dn— 1 f a,,lA,a,+1,...,an_1).
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Definition

For an associative K-algebra A and A-bimodule M, the Hochschild
cochain complex of A with coefficients in M is given by

C"(A; M) = Homy (A®", M), n>0,

where for f € C"(A; M),

alf 32, 5o a,,+1) i =0;
(8,'f)(31,.. an—|—1 317.. aa,+1,...,3n+1) i:].,...,n
31,.. ,dn a,,+1 i=n-+1.
(S,'f)(a]_,.. , dn— 1 f a,,lA,a,+1,...,an_1).

The Hochschild cohomology HH*(A; M) is the cohomology of the
cochain complex of the cosimplicial K-module C*(A; M).
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There is a cup product
—U—: C™(A;A) @k C"(A; A) — C™T(A; A)

(FUug)(at,---yamen) =f(a1,...,3m)8(am+1s -5 3am+n)
and a brace operation
—{=}: C™(A; A) @k C"(A; A) — C™T7LH(A; A)

where f{g}(a1,...,am+n—1) is defined by

Z (—1)(i_1)(n_1)f(817 ooy ai—1,8(ai - 3ikn—1)s @itns - - -5 Amtn—1)-

1<i<m

The bracket {f,g} = f{g} — (—1)(fFI=D(el=Dg{f} induces a Lie
bracket of degree —1 on HH*(A; A).
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Problem

What is the origin of the Gerstenhaber structure on HH*(A; A) ?

Theorem (conjectured by Deligne '93)

The Gerstenhaber structure on HH*(A; A) derives from an
Ey-operad action on the Hochschild cochain complex C*(A; A).

Proofs have been given by Voronov '00, Kontsevich-Soibelman '00,
McClure-Smith '01, B-F '02, Kaufmann-Schwell '07, B-B '09.

HHO(A; A) = ZA = {a € A|ab = baVb € A} is the center of A.
The Hochschild cochain complex C*(A; A) is thus a kind of
homotopy center of A and the Deligne conjecture states:

The homotopy center of a monoid carries an Ey-operad action.
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@ “"Conceptual” proof of Deligne conjecture

@ “Universal” construction of E,-operads

For any object X, the endomorphism operad End(X) is defined by

End(X)(k) = Hom(X®k, X), k> 0.

A multiplicative operad is a non-symmetric operad O equipped
with a “multiplicative system” of elements m, € O(k), k > 0.

For each monoid A, End(A) is a multiplicative operad.
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CK(A; A) = Homk (A%, A) = End(A)(k) (k >0)

Any multiplicative operad O carries canonical cosimplicial operators
0i: O(k) = O(k+1) and s;: O(k+1) = O(k) (k>0).

Theorem (McClure-Smith '04, Kaufmann-Schwell '07, B-B '09)

The cosimplicial totalisation of a multiplicative operad O in spaces
or chain complexes carries a canonical action by an E>-operad.

For a K-algebra A and O = End(A) the cosimplicial totalisation
yields C*(A; A) so that the theorem implies the Deligne conjecture.
Our proof of the theorem is based on the lattice path operad.
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Definition

An N-coloured operad L is given by a family of objects
L(ny,...,ng n), where (nq,...,ng, n) € NFT1 together with
units, Gg-actions and substitution maps

Oj

L(n1,... 0k n) Q@ L(M,...,my;n) —

E(”la” -y Nj—1, My, . "7m/7nf+17"'7nk;n)7

which are unital, associative and equivariant.
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Definition

An N-coloured operad L is given by a family of objects
L(n1,...,nk; n), where (ny,. .., ng,n) € NKT1 together with
units, Gg-actions and substitution maps

Oj

L(n1,... 0k n) Q@ L(M,...,my;n) —

E(”la” -y Nj—1, My, . "7m/7nf+17"'7nk;n)7

which are unital, associative and equivariant.

The underlying category L, has as objects the natural numbers
and as morphisms the “unary” operations: L,(n,n") = L(n; n’).
An L-algebra X consists of a graded object X(n), n > 0, together
with (equivariant, unital, associative) action maps
L(n1,...,nn) @ X(m)®---® X(nk) — X(n).
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Definition

An N-coloured operad L is given by a family of objects
L(ny,...,ng n), where (nq,...,ng, n) € NFT1 together with
units, Gg-actions and substitution maps

Oj

L(n1,... 0k n) Q@ L(M,...,my;n) —

E(”la” -y Nj—1, My, . "7m/7nf+17"'7nk;n)7

which are unital, associative and equivariant.

The underlying category L, has as objects the natural numbers
and as morphisms the “unary” operations: L,(n,n") = L(n; n’).
An L-algebra X consists of a graded object X(n), n > 0, together
with (equivariant, unital, associative) action maps
L(n1,...,nn) @ X(m)®---® X(nk) — X(n).

In particular, each L-algebra X has an underlying L ,-diagram.
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The N-coloured operad £ induces a multitensor on L,-diagrams:
(X1 @z - @ Xi)(n) =
ny,...,ng
[ e mim e oo ()

Each L,-diagram § defines a symmetric (uncoloured) operad

k
——
Coend,(0)(k) = Homg, (0,0 ®f --- ®,0) (k >0).



Combinatorial models for E,-operads and iterated loop spaces
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The N-coloured operad £ induces a multitensor on L,-diagrams:
(X1 @z - @ Xi)(n) =
ny,...,ng
[ e mim e oo ()

Each £,-diagram § defines a symmetric (uncoloured) operad

k
——
Coend,(0)(k) = Homg, (0,0 ®f --- ®,0) (k >0).

Proposition (d-condensation)

Let X be an L-algebra and § be a £,-diagram.
Then the “d-totalisation” Hom,, (0, X) is equipped with a
canonical action by the “0-condensed” operad Coend, ().
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Definition

The lattice path operad L is the N-coloured operad defined by

L(n,..,ne;n)=Caty([n+1],[m + 1] ® - - - @ [nx + 1]).

Example. Let x € £(2,1;3) be the following lattice path:

(0,2) — (1,2) — (2,2) —— x(4)
| 1 I

(0,1) - =——= x(2) == x(3)
N "R |

x(0) == x(1) — (2,0) — (3,0)

The path is determined by the sequence of “directions” and
“stops”: x = 1]21|1|2.
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Lattice path operad

Ly(m, n) = Cat, ([n+ 1], [m + 1]) = A([m], [n]).

@ The lattice path operad L is filtered by complexity, i.e. by the
number of angles of the lattice paths;

o £(9-algebras are cosimplicial objects;
o £(M-algebras are (-monoids in cosimplicial objects;

o L£(?)-algebras are multiplicative operads. (Tamarkin)

Theorem

For the standard cosimplicial object ¢ in spaces or in chain
complexes, d-condensation of £(") yields an E,-operad.

For n = 2 we get the previous theorem.
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