
SINGULARITIES AND THEIR DEF ORMA TIONS: HO W THEY
CHANGE THE SHAPE AND VIEW OF OBJECTS

ALEXANDR U DIMCA

Abstra ct. We show how the presenceof singularities a�ect the geometry of
complex projective hypersurfacesand of their complements. We illustrate the
general principles and the main results by a lot of explicit examples involving
curvesand surfaces.

1. The setting and the pr oblem

Let Pn+1 be the complexprojective (n+ 1)-dimensionalprojective space.It canbe
regardedas the set of complex lines passingthrough the origin of Cn+2 or, alterna-
tively, as the simplest compacti�cation of the a�ne spaceCn+1 . The homogeneous
coordinatesof a point x 2 Pn+1 are denotedby

x = (x0 : x1 : ::: : xn+1 ):

Let C[X 0; X 1; :::; X n+1 ] be the corresponding ring of polynomials in X 0; X 1; :::; X n+1

with complex coe�cien ts. For a homogeneouspolynomial f 2 C[X 0; X 1; :::; X n+1 ]
we de�ne the corresponding projective hypersurfaceby

V(f ) = f x 2 Pn+1 ; f (x) = 0g

i.e. V(f ) is the zero set of the polynomial f in the complex projective (n + 1)-
dimensionalprojective space. We considerPn+1 endowed with the strong complex
topology (coming from the metric topology on Cn+1 ) and all subsetsin Pn+1 are
topological spaceswith the induced topology. Note that this topology is quite
di�erent from the Zariski topology used in Algebraic Geometry over an arbitrary
algebraicallyclosed�eld.

A point x 2 V(f ) is a singular point if the tangent spaceof V(f ) at x is not
de�ned. Formally the set of such singular points of V(f ) is called the singular locus
of V(f ) and is given by

Sing(V(f )) = f x 2 Pn+1 ; f 0(x) = ::: = f n+1 (x) = 0g
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where f j denotesthe partial derivative of f with respect to X j . We assumein the
sequelthat the hypersurfaceV(f ) is reduced(i.e. we have chosena simpleequation
for V(f ), without multiple factors) and then dimSing(V(f )) < dimV (f ) = n.

In this survey we will investigate an algebraic view of the shape of the hyper-
surfaceV(f ), expressedby various invariants from Algebraic Topology such as the
homology groups, cohomologygroups, fundamental groups. For the de�nition of
these invariants we refer to [13], [28]. This will give a preciseidea about the in-
trinsic geometryof the hypersurfaceand helps a lot in understanding the possible
deformation of that object.

To understand the topology of a spaceA it is usual to give its homologygroup
with integer coe�cien ts H j (A; Z) or at least the corresponding Betti numbers

bj (A) = rankH j (A; Z)

de�ned when the rank of this Z-module is �nite. To give the Betti numbers of a
spaceA is the sameas giving its rational homologygroupsH j (A; Q). Indeed, one
has

bj (A) = dimQH j (A; Q):

A weaker invariant is the Euler characteristic of the spaceA given by

� (A) =
X

j

(� 1)j bj (A)

when theseBetti numbers exist and are all trivial except �nitely many. For alge-
braic varieties thesenumerical invariants are always de�ned sincea quasi-projective
n-dimensional complex algebraic variety has the homotopy type of a �nite CW-
complexof (real) dimension2n.

In order to understandthe position of V(f ) insidethe complex(n+ 1)-dimensional
projective space,in other words its view from outside, we have to study the topology
of the complement

M (f ) = Pn+1 n V(f ):

This will tell us how much freedomwe have to move around the hypersurfaceV(f ).
This idea wasvery fruitful in Knot Theory. Hereonestudiesvariousembeddingsof
the circle S1 into the sphereS3. The imageof such an embedding is a knot K and
the fundamental group of the complement � 1(S3 nK ) is called the group of the knot
K .

For any knot K onehas
H1(S3 n K ; Z) = Z

and S3 n K is a K (� ; 1)-space,i. e. all the topological information about it is
contained in its fundamental group. Refer to [28] for a formal de�nition.
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Note that the homologysays nothing about the view of our knot K . A key result
due to Papakyriakopoulossays that

� 1(S3 n K ; Z) = Z

if and only if the knot K is trivial, i.e. isotopic to a linear embedding of the circle.
For all theseresults concerningKnot Theory we refer to [25].

This trip into the realm of knot theory is related to the above discussionthrough
the following construction. Let n = 1 and O be any point on the curve V(f ) such
that V(f ) has just one branch at O. A small closedball B in P2 centered at O
has a boundary @B homeomorphicto the sphereS3. Moreover we have that the
intersection V(f ) \ @B is homeomorphicto the circle S1. The corresponding knot
is trivial if and only if O is not a singular point on the curve V(f ).

The main messageof our paper is that the larger the dimensionof the singular
locusof V(f ), the moredi�cult it is to give accurateanswersto the above problems
concerningthe shape and the view of the hypersurfaceV(f ).

We warn the reader that the setting discussedhere is the simplest possibleone.
We will show by examplesthat the answers to the above questionsbecomemuch
more complicatedin either of the following three apparently simpler settings.

(RS) The real setting consistsof replacing all the objects above by the corre-
sponding real objects. This study is clearly more interesting for applications than
the complexsetting (CS) consideredabove. However, usually, a real problem is �rst
solved in the complexsetting and then we try to get as much real information out
of the complexsolution. For more on this see[2], [4], [20] [24], [27].

(AS) The a�ne settingconsistsof working in an a�ne (or numerical) spaceCn+1 .
The objects are easierto de�ne but the behavior at in�nit y causesmany technical
problems. For more on this see[7], Chapter 6, section3, [12], [11], [8].

(RB) The real bounded settingconsistsof studying boundedpiecesof real algebraic
varieties, e.g. the intersectionsof real a�ne algebraicvarieties with balls or cubes.

2. The smooth case

In this section we consideronly smooth hypersurfacesV(f ), i.e. hypersurfaces
with an empty singular locus

Sing(V(f )) = ; :

The �rst result says that in this casethe coe�cien ts of the polynomial f play no
role in determining the shape and the view of the smooth hypersurfaceV(f ), see
[6], p.15. In terms of deformations,we cansay that a small deformationof a smooth
hypersurfaceis smooth and its shape and view are unchanged.
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Theorem 2.1. Let f and g be two homogeneouspolynomials in C[X 0; X 1; :::; X n+1 ]
of the samedegree d such that the corresponding hypersurfaces V(f ) and V(g) are
smooth. Then the following hold.
(i) The hypersurfaces V(f ) and V(g) are di�e omorphic. In particular they have
exactly the sameinvariants coming from Algebraic Topology.
(ii) The complementsM (f ) and M (g) are di�e omorphic.

Example 2.2. (i) Consider �rst the caseof complex projective plane curves, i.e.
n = 1. Such a curve C is the sameasan oriented Riemannsurface,so topologically
it is obtained from the 2-dimensionalsphereby adding a number of handles. This
number is called the genus g(C) of the curve C. In the caseof a plane curve
C = V(f ) onecaneasilyshow usingthe above theoremand taking g = X d

0 + X d
1 + X d

2
(a Fermat type equation) that there is the following celebratedgenus-degree formula

g(V(f )) =
(d � 1)(d � 2)

2
:

Hencefor d = 1 and d = 2 we get the sphereS2 = P1, for d = 3 we get an elliptic
curve which is di�eomorphic to a torus S1 � S1. One can alsoshow that

H0(V(f )) = H2(V (f )) = Z and H1(V (f )) = Z2g:

(ii) Consider now the caseof real projective plane curves. The example of f =
X 2

0 + X 2
1 + X 2

2 and g = X 2
0 � X 2

1 + X 2
2 shows that the above theorem is false in

the real setting. A smooth real curve V(f ) is a collection of circles,but their exact
number and relative position dependsheavily on the coe�cien ts of f and this is an
areaof active research, see[4].
(iii) Consider now the a�ne setting, i.e. complex curves in C2. The example of
f = X 3 + Y 3 � 1 and g = X + X 2Y � 1 shows that the above theorem is false in
this setting. Indeed, topologically V(f ) is a torus with 3 deletedpoints, while V(g)
is a punctured plane. Hence

b1(V (f )) = 4 6= 1 = b1(V (g)):

There is a similar description of the homologyof a smooth hypersurfaceV(f ) in
general,seefor instance[6], p.152.

Prop osition 2.3. Let V be an n-dimensionalsmooth hypersurface of degree n. Then
the integral homology of V is torsion free and the corresponding Betti numbers are
as follows.
(i) bj (V ) = 0 for j 6= n odd or j =2 [0; 2n];
(ii) bj (V ) = 1 for j 6= n evenand j 2 [0; 2n];
(ii) � (V ) = (1� d)n +2 � 1

d + n + 2:
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Example 2.4. Let S3 be a smooth cubic surfacein P3. Then the corresponding
sequenceof integral homology groups H j (S3; Z) for 0 � j � 4 is the following:
Z; 0; Z7; 0; Z.

Now we turn to the study of the complement M (f ) in this case. One way to
study it is to considerthe Milnor �b er F (f ) associated to the polynomial f . This
is the following a�ne hypersurface

F (f ) = f x 2 Cn+2 ; f (x) = 1g:

If d is the degreeof f as above, then there is a monodromy automorphism of F (f )
given by

h : F (f ) ! F (f ); x = (x0; :::; xn+1 ) 7! (�x 0; :::; �x n+1 )

with � = exp(2� i=d). Let G be the cyclic group of order d spannedby h. Then the
quotient F (f )=G can be identi�ed to the complement M (f ). This givesthe second
part of the following.

Theorem 2.5. Assumethat n > 0. Then the following hold.
(i) The Milnor �b er F (f ) is homotopyequivalentto a bouquetof (n+ 1)-dimensional
spheres. In particular, F (f ) is simply-connected and the reduced integral homology
groupsof F (f ) vanish in degreesup-to n.
(ii) The complementM (f ) has� 1(M (f )) = Z=dZ and the reduced rational homology
groupsof F (f ) vanish in degreesup-to n.

Using the homotopy exact sequenceof the �bration G ! F (f ) ! M (f ), refer to
[28] for a de�nition, one gets information on the higher homotopy groups, namely
� j (M (f )) = � j (F (f )) = 0 for 1 < j < n + 1 and � j (M (f )) = � j (F (f )) = Z � for
j = n + 1 where

� = (d � 1)n+2

is the Milnor number of f . In particular, even in the simplestcase,the complement
M (f ) is not a K (� ; 1)-space.

In conclusion,in the caseof smooth hypersurfaces,the spacesV(f ) and M (f ) are
not very complicated. They depend only on the dimensionn and the degreed, and
their topological invariants can be computed to a large extent.

3. The isola ted singularities case

In this sectionwe considerhypersurfacesV(f ) having at most isolated singulari-
ties, i.e. hypersurfaceswith a �nite singular locus

Sing(V(f )) = f a1; :::; am g:
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In order to study the topology of such an object we have to study �rst the local
situation, i.e. the topology of an isolated hypersurfacesingularity (V; 0) de�ned at
the origin of Cn+1 by a reducedanalytic function germ

g : (Cn+1 ; 0) ! (C; 0):

The topological study was essentially done by Milnor in [21] where the following
facts are obtained.

Theorem 3.1. Let B � be a closed ball of radius � > 0, centered at the origin of Cn+1

with boundary the sphere S� .
(i) For all � > 0 small enough, the intersection V \ B � is the cone over the link
K = V \ S� of the singularity (V; 0). This link is an (n � 2)-connected submanifold
of the sphere S� and dimK = 2n � 1.
(ii) For all � >> � > 0 small enough, the Milnor �b er of the singularity (V; 0),
de�ned as F = B � \ g� 1(� ) is a smooth manifold, homotopyequivalent to a bouquet
of n-spheres. The number of spheres in this bouquet is the Milnor number � (V; 0)
of the singularity (V; 0) and is given by

� (V; 0) = dimC
On+1

J (g)

where On+1 is the ring of germsof analytic function germsat the origin of Cn+1 and
J (g) is the Jacobian ideal of g, i.e. the ideal spanned by all the partial derivatives
of g. Alternatively, the Milnor number � (V; 0) is givenby the degree of the gradient
mappinggerm

grad(g) : (Cn+1 ; 0) ! (Cn+1 ; 0):

The Milnor �b er shouldbe regardedasa smooth deformationof the singular �b er
g� 1(0) of g over the origin.

By the above theorem, it follows that the only interesting homologygroup of the
Milnor �b er F is the group

L(V; 0) = Hn (F; Z) = Z � (V;0) :

This group is endowed with a (� 1)n -symmetric bilinear form <; > coming from the
intersectionof cycles.Regardedwith this additional structure, the freeabeliangroup
L(V; 0) is called the Milnor lattice of the singularity (V; 0). It is known that this
intersection form <; > is non-degenerateexactly when the link K is a Q-homology
sphere,i.e. H � (K ; Q) = H � (S2n� 1; Q), seefor details [6], p. 93.

Similarly, the Milnor lattice is unimodular (i.e. the corresponding bilinear form
hasasdeterminant +1 or � 1) if and only if the link hasthe sameintegral homology
as the sphereS2n� 1.
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The Milnor lattice tells a lot about the possibledeformationsof an isolated hy-
persurfacesingularity. Indeed, the singularity (V; 0) can be deformedinto the sin-
gularity (W; 0) only if there is an embedding of lattices

L(W; 0) ! L(V; 0):

The Milnor number � (V; 0) is also called the number of vanishing cyclesat the
singularity (V; 0). Ample justi�cation for this nameis given below.

One may ask which singularities among the isolated onesare the simplest. The
answer dependson our interests,but in a lot of questionsthe classof simple singu-
larities introducedby Arnold, seefor details [1], are very useful. Thesesingularities
areby de�nition the singularitieswhich canbe deformedonly into �nitely many iso-
morphism classesof singularities. Their classi�cation, up to isomorphism,is given
in dimensionn = 2 by the following list of local equationat the origin, see[5] where
the possibledeformationsare discussedin detail.

Ak : xk+1 + y2 + z2; f or k > 0;

Dk : x2y + yk� 1 + z2; f or k > 3;
E6 : x3 + y4 + z2; E7 : x3 + xy3 + z2 and E8 : x3 + y5 + z2:

To get the corresponding equation for the curve singularities, i.e. n = 1, we have
just to discard the last term z2 from the above equations. Note that for curvesA1

is just a node, while A2 is just a cusp. Thesenamesare usedfor higher dimensional
singularities Ak as well.

In the above list of simple surfacesingularities, all the associated Milnor lattices
are non-degenerateand only the lattice L(E8) is unimodular.

Remark 3.2. Using the real parts of someof the above expressionsde�ning the
simple singularities, one can obtain simple real equations for hypersurfaces in the
real projective space RP 3 which represent up to di�eomorphism all the surfaces,
i.e. all the compact, connected2-manifolds. For example,any compact, connected
2-manifold M which is orientable can be constructed up to di�eomorphism from
the sphereS2 by attaching g handles,whereg � 0 is the genus of M exactly as in
Example 2.2. This integer g is completely determinedby the equality

� (M ) = 2 � 2g:

Let X , Y, Z and W be the homogeneouscoordinates on the real projective space
RP3. Then the equation

Re(X + iY )2g + (X 2 + Y 2 + Z 2 + W 2)g� 1Re(Z + iW )2 = 0;

which is essentially the real part of the simple singularity A2g� 1, de�nes a compact,
connected2-manifold of genus g. For more details and a similar formula for non-
orientable surfacesbasedon the real part of the simple singularity D k , see[10].
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It is quite natural to look for equationsof the non-orientable surfacesin the real
projective spaceRP 3 since they are not embeddablein the usual a�ne spaceR3.
See[14],p. 181for a topologicalimmersionof the projective planeRP 2 in R3 having
as singularity a crosscap (also called a Whitney umbrella) described as the image
of the mapping

� : R2 ! R3; (x; y) 7! (x2; y; xy):

Figure 1. A crosscap

The next result comparesthe topology of the hypersurfaceV(f ) having at most
isolated singularities to the known topology of a smooth hypersurfaceV(f )smooth

having the samedimensionn and degreed as V(f ). For a proof we refer to [6], p.
162.

Theorem 3.3. (i) H j (V(f ); Z) = H j (V(f )smooth ; Z) for all j =2 f n; n + 1g. In
addition, Hn+1 (V(f ); Z) is torsion free.
(ii) � (V (f )) = � (V(f )smooth ) + (� 1)n� 1

P
k=1 ;m � (V; ak):

Example 3.4. For a plane curve C, the above result coupled with the following
easyfacts givesa completedescription of the integral homology.
(a) b2(C) is equal to the number of irreducible components of C;
(b) the �rst homologygroup is torsion free.

As an explicit example,considera 3 cuspidal quartic curve C4.
Any such curve is projectively equivalent to the curve de�ned by the equation

X 2Y 2 + Y 2Z 2 + Z 2X 2 � 2X YZ(X + Y + Z) = 0:
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The corresponding smooth curve has genus g = 3 and henceb1 = 6. The singular
curve C4 is irreducible (since the only singularities are cusps, hence locally irre-
ducible!) and has 3 cuspslocated at the points (1 : 0 : 0); (0 : 1 : 0); (0 : 0 : 1).
Hence one would expect a loss of 6 = 3 � � (A2) cycles due to the presenceof
singularities. Using Theorem 3.3 and the above remarks, it follows that indeed
b1(C4) = 0. This result is con�rmed by the known fact that the normalization of
C4 is the projective line P1 and the normalization morphism is a homeomorphism
in this situation.

For any curve C, its homologyis determinedby its degree,the list of singularities
on C and the number of irreducible components of C.

Beyond the curve case,new phenomamay occur. First of all torsion can appear
in the homology, seefor details [6], p. 161.

Theorem 3.5. (i) If all the Milnor latticesL(V; ak) for k = 1; :::; m are unimodular,
then H j (V (f ); Z) = H j (V (f )smooth ; Z) for all j 6= n and Hn(V (f ); Z) is torsion
free of rank bn (V(f )smooth ) �

P
k=1 ;m � (V; ak): In this situation, V(f ) is an integral

homology manifold and in particular the Poincar�e Duality holdsover Z.
(ii) If all the Milnor lattices L(V; ak) for k = 1; :::; m are nondegenerated, then
H j (V (f ); Z) = H j (V (f )smooth ; Z) for all j 6= n, bn (V (f )) = bn (V (f )smooth ) �P

k=1 ;m � (V; ak) and the torsion part of Hn (V (f ); Z) is determined by a lattice mor-
phism de�ned on the direct sum of the lattices L(V; ak).

0

0.2

0.4

0.6

0.8

1

y

0.2 0.4 0.6 0.8 1

x

Figure 2. A curve with 3 cuspsin a�ne coordinatesx = X
X + Y + Z ; y = Y

X + Y + Z
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In the secondcase,the hypersurfaceV(f ) is a rational homology manifold and
in particular the Poincar�e Dualit y holds over Q. For preciseinformation on the
determinant of the cup-product in this casesee[6], p. 171. For general facts on
Poincar Dualit y and cup-product, see[13].

Example 3.6. The list of cubic surfaceswith isolatedsingularities can be found in
[3]. We list someof the casesbelow.

(a) A cubic surfaceS can have s nodesA1, for s = 1; 2; 3; 4. The only casewhich
producestorsion is s = 4 and then the torsion part of the secondhomologygroup
of S is given by TorsH2(S) = Z=2Z.

(b) A cubic surfaceS can have s cuspsA2, for s = 1; 2; 3. The only casewhich
producestorsion is s = 3 and then TorsH2(S) = Z=3Z.

For a completediscussionand proofs we refer to [6], p. 165.
Note also that the determinant of the cup-product can be used to distinguish

hypersurfaceshaving the same integral homology. For instance, the three cubic
surfaceswith singularity type3A1, A1A2 and A3 haveall the sameintegral homology,
but they are not homotopy equivalent sincethe cup-products are di�erent, see[6],
p. 171.

A secondmajor phenomenonis the dependenceof the Betti numbers of the hy-
persurfaceV(f ) on the position of singularities.

Example 3.7. The classicalexamplehere,going back to Zariski in the early '30's,
is that of sextic surfaces

S6 : f (X ; Y; Z ) + T6 = 0

wheref (X ; Y; Z ) = 0 is a plane sextic curve C6 having 6 cusps.Two situations are
possiblehere.

(a) The six cuspsof the sextic curve C6 are all situated on a conic. This is the case
for instancefor

f (X ; Y; Z ) = (X 2 + Y 2)3 + (Y 3 + Z 3)2:

Then it can be shown that b2(S6) = 2, seefor instance[6], p.210.

(b) The six cuspsof the sextic curve C6 are not situated on a conic. Then it can be
shown that b2(S6) = 0, seeloc.cit.

The explanation of this di�erence is that the two typesof sextic curvescannot be
deformedone into the other even though they are homeomorphic.
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A good way to understand this strangebehaviour of the Betti numbers is to use
algebraic di�er ential forms de�ned on M (f ) and with polesalong V(f ) to describe
the topology of V(f ) and of the complement M (f ). See[6], Chapter 6, for details
on this approach and a lot more examples.

This remark has brought into discussionthe complement M (f ). For n = 1, the
main topological invariant is the fundamental group � 1(M (f )). Usually this group
is highly non-commutativ e.

Example 3.8. (a) For the 3 cuspidal quartic C4 consideredin Example 3.4, the
fundamental group � 1(M (f )) is the metacyclic group of order 12 which can be
described by generatorsand relations as the group

G = f u; v; u2 = v3 = (uv)2g:

(b) For the two typesof 6 cuspidal sextic curvesdiscussedin Example 3.7, onehas

� 1(M (f )) = Z=2Z � Z=3Z;

a free product, for C6 of the �rst type, and

� 1(M (f )) = Z=2Z � Z=3Z = Z=6Z;

a direct product, for C6 of the secondtype, see[6], p.134.
This exampleshows that the fundamental group � 1(M (f )) dependson the posi-

tion of singularities even for plane curves.

In higher dimension, i.e. for n > 1, the complement M (f ) has a commutativ e
fundamental group,which is cyclic of orderd, and the object of study is the homology
H � (M (f )c; Q) of the in�nite cyclic covering M (f )c of the spaceM (f ) n H , where
H is a generichyperplane. Then the groups H � (M (f )c; Q) can be regardedin a
natural way as�-mo dulesof �nite type, where� = Q[T; T � 1] and, assuch, they are
called the Alexander invariants of the hypersurfaceV(f ). See[12], [15], [16], [19]
for more on this beautiful subject.

In conclusion,when the number or the type of singularities on the hypersurface
V(f ) is small comparedto the degreed, then the list of singularities is enoughto
determine the topology of V(f ), even the embeddedtopology, see[6], pp.17-19. In
such a casethere is usually no torsion in homology.

On the other hand, when the number or the type of singularities on the hyper-
surfaceV(f ) is large comparedto the degreed, then torsion is likely to occur in
homologyand the position of singularities may in
uence the Betti numbers of the
hypersurfaceV(f ).

4. The general case

In this sectionwe considerhypersurfacesV(f ) having an s-dimensionalsingular
locus, for 0 � s � n � 1. Note that s < n � 1 implies that the hypersurfacesV(f ) is



12 ALEXANDR U DIMCA

irreducible. Little is known in generalabout the homologyof such a hypersurface;
for the following result see[6], p. 144.

Theorem 4.1. With the abovenotation, there are isomorphisms

H j (V (f )) = H j (Pn)

for all j < n and j > n + s + 1. The complementM (f ) has a commutative funda-
mental group, which is cyclic of order d, if s < n � 1.

Remark 4.2. For an arbitrary hypersurfaceV(f ), Parusi�nski has de�ned a global
Milor number � (V (f )) such that one has the following generalizationof Theorem
3.3, (ii).

� (V (f )) = � (V(f )smooth ) � � (V(f )) :

For more details and application see[23]. An alternative approach via vanishing
cyclesis described in [7], pp.179-183.

For special classesof hypersurfacesthe information we have is complete. This is
the casefor instancewhen V(f ) is a hyperplane arrangement, i.e. V(f ) is a �nite
union of hyperplanesin Pn+1 . Then not only the homology is known, but also the
cohomologyalgebra,see[22].

In general,onecan adopt various approacheswhich we brie
y describe below.

4.3. Using algebraic di�eren tial forms. There is a spectral sequencewhoseE2-
term consistsof various homogeneouscomponents of the homology of the Koszul
complexof the partial derivativesof f and converging to the cohomologyof M (f ),
see[9]. Recall that the Koszul complexdescribes the linear relations involving the
partial derivativesof f , then the relations amongthe relations, and soon. Henceit
can be successfullyhandledby the computer algebrapackages.

As an example,using this approach onecan determine the Betti numbers of the
cubic surface

S0
3 : X 2Z + Y 3 + X YT = 0:

The singular locushere is 1-dimensional(i.e. the line X = Y = 0) and it turns out
that the surfaceS0

3 has the samerational cohomologyas the projective plane P2,
see[9] for very explicit computations.

4.4. Building the hyp ersurface inductiv ely out of successive hyp erplane
sections. We have seenin Theorem 3.1 that a key role is played by the fact that
the Milnor �b er F in that casehas a very simple topology, i.e. it is homotopically
equivalent to a bouquet of spheres.In the caseof projective hypersurfaceswe have
a similar result, see[11].
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Theorem 4.5. For any hypersurface V(f ) and any transversalhyperplane H , the
complementVa(f ) = V(f ) n H , which can be regarded as the a�ne part of V(f )
with respect to the hyperplaneat in�nity H , is homotopically equivalentto a bouquet
of n-spheres. The number of spheres in this bouquet is given by the global Milnor
number of f , de�ned as the degree of the gradient mapping

grad(f ) : M (f ) ! Pn+1 :

The remaining di�cult problem is to glue the information we have on Va(f ) and
on the hyperplanesectionV(f ) \ H in order to get information on the hypersurface
V(f ).

Another possibility is to look for the Alexander invariants in this setting, and this
was recently doneby Maxim, see[19].

4.6. Cyclic coverings of a pro jectiv e space. Let p : X ! Pn+1 be a cyclic
covering rami�ed along the hypersurfaceV(f ).

For simplicity, we assumebelow that the degreeof p coincideswith the degreed
of the hypersurfaceV(f ). The generalcasecan be treated similarly, using weighted
projective spacesinstead of the usual projective spaces,see[6], Appendix B.

Under our assumption, it follows that X can be identi�ed to the hypersurface
V( ef ) given in the projective spacePn+2 by the equation

ef (X 0; :::; X n+1 ; T) = f (X 0; :::; X n+1 ) + Td = 0:

We have already seenthis construction in Example 3.7.
If M ( ef ) denotesthe corresponding complement, then we have the following iso-

morphism for the cohomologywith rational coe�cien ts comingfrom AlexanderDu-
ality

H n+1+ j
0 (V ( ef )) = H n+2 � j (M ( ef ))

where H �
0 denotesthe primitiv e cohomologyas de�ned in [6], p. 146. Let now F

(resp. eF ) be the Milnor �b ersassociated to the homogeneouspolynomials f (resp.
ef ) as in Theorem 2.5. It follows from the Thom-SebastianiTheorem, see[6], p.
196, that onehas the following isomorphisms.

H n+2 � j (M ( ef )) = H n+2 � j ( eF )1 = H n+1 � j (F )6=1 :

Here H n+2 � j ( eF )1 is the eigenspaceof the monodromy corresponding to the eigen-
value 1, and H n+1 � j (F )6=1 hasa similar meaning.

Now several results in [7], Section6.4 obtained via the theory of perversesheaves
give su�cien t conditions for the vanishingof the groupsH n+1 � j (F )6=1 for all j > 0,
seeExample 6.4.14,Corollary 6.4.15,Theorem 6.4.18. As a sampleresult, we give
the following.
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Prop osition 4.7. Assumethat the hypersurface V(f ) is a normal crossingdivisor
along one of its irr educible components. Then the associated cyclic covering X =
V( ef ) satis�es H n+1+ j

0 (V( ef )) = 0 for all j > 0. In other words, the Betti numbers
of the associated cyclic covering X = V( ef ) are known once the Euler characteristic
� (X ) is known.

In conclusion, in the general casewe encounter two di�cult problems, whose
solution is far from being completeeven from the theoretical view-point. The �rst
oneis to classifythe simplestnon-isolatedsingularitiesand to understandtheir local
topology. For recent progressin this areawe refer to [26]. The secondoneis to glue
the local information in order to obtain information on the global topology. Here
the most powerful approach is to usethe theory of constructible sheaves, [7].
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