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Abstract. We prove the convergence in any time interval of a point-particle
approximation of the Vlasov equation by particles initially equally separated
for a force in 1/|z|%, with a < 1. We introduce discrete versions of the
L norm and time averages of the force field. The core of the proof is to
show that these quantities are bounded and that consequently the minimal
distance between particles in the phase space is bounded from below.
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1. Introduction

We are interested here by the validity of the modeling of a continuous media
by a kinetic equation, with a density of presence in space and velocity. In
other words, do the trajectories of many interacting particles follow the

evolution given by the continuous media if their number is sufficiently large?



2 M. HAURAY AND P.-E. JABIN

This is a very general question and this paper claims to give a (partial)
answer only for the mean field approach.

Let us be more precise. We study the evolution of IV particles, centered
at (X1,...,Xy) in R? with velocities (Vi,...,Vy) and interacting with a
central force F'(z). The positions and velocities satisfy the following system

of ODEs

Xi = V;a
. Q; Q; (1.1)
Vi=FE(X;) = J Y.
;= B(X;) Z o PG = X)),
J#i
where the initial conditions (X?,V?,..., X% V) are given. The prime ex-

ample for (1.1) consists in charged particles with charges a;; and masses m;,
in which case F(z) = —z/|x|? in dimension d = 3.

To easily derive from (1.1) a kinetic equation (at least formally), it is very
convenient to assume that the particles are identical, which means a; =
a;. Moreover we will rescale system (1.1) in time and space to work with

quantities of order one, which means that we may assume that

o 1 .
=—, Vij. 1.2
m; N ) (1.2)

We now write the Vlasov equation modelling the evolution of a density f of
particles interacting with a radial force in F'(x). This is a kinetic equation
in the sense that the density depends on the position and on the velocity

(and of course on the time)
Of+v-Vof +E(z)-Vof =0, teRy, zeR? veR?,
E(:v)=/ p(t,y) Fz —y)dy, (1.3)

Rd
p(t,ac):/f(twm) dv.

Here p is the spatial density and the initial density f° is given.
When the number N of particles is large, it is obviously easier to study
(or solve numerically) (1.3) than (1.1). Therefore it is a crucial point to

determine whether (1.3) can be seen as a limit of (1.1).
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Remark that if (X1,...,Xn,V1,...,Vn) is a solution of (1.1), then the

measure
v (0) = 5 D20 = X,(0)) @ 5(0 — V(1)

is a solution of the Vlasov equation in the sense of distributions. And the
question is whether a weak limit f of uy solves (1.3) or not. If F'is C* with
compact support, then it is indeed the case (it is proved in the book by
Spohn [23] for example). The purpose of this paper is to justify this limit if

C C
—_— F <
- IVP@) <

Vo £0, (1.4)

for a < 1, which is the first rigorous proof of the limit in a case where F' is
not necessarily bounded.

Before being more precise concerning our result, let us explain what is the
meaning of (1.1) in view of the singularity in F. Here we assume either
that we restrict ourselves to the initial configurations for which there are
no collisions between particles over a time interval [0, 7] with a fixed T,
independent of N, or we assume that F' is regular or regularized but that
the norm || F|y1. may depend on N. This procedure is well presented in
[1] and it is the usual one in numerical simulations (see [24] and [25]). In
both cases, we have classical solutions to (1.1) but the only bound we may
use is (1.4).

Other possible approaches would consist in justifying that the set of initial
configurations X1 (0), ..., Xn(0),V1(0),..., Vn(0) for which there is at least
one collision, is negligible or that it is possible to define a solution (unique
or not) to the dynamics even with collisions.

Finally notice that the condition @ < 1 is not unphysical. Indeed if F
derives from a potential, « = 1 is the critical exponent for which repulsive
and attractive forces seem very different. In other words, this is the point
where the behavior of the force when two particles are very close takes all

its importance.
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1.1. Important quantities

The derivation of the limit requires a control on several quantities. Although
some of them are important only at the discrete level, many were already
used to get the existence of strong solutions to the Vlasov-Poisson equation
(we refer to [10], [11] and [18], [20] as being the closest from our method).
The first two quantities are quite natural and are bounds on the size of the
support of the initial data in space and velocity,

R(T) = sup |Xi(t)], K(T)= sup Vi)l (1.5)
te[0,7],i=1,...N te[0,T],i=1,...N

Of course R is trivially controlled by K since
R(T) < R(0) +T K(T). (1.6)

Now a very important and new parameter is the discrete scale of the prob-
lem denoted by e. This quantity roughly represents the minimal distance
between two particles or the minimal time interval which the discrete dy-
namics can see. We fix this parameter from the beginning and somehow the
main part of our work is to show that it is indeed correct, so take

R(0)

At the initial time, we will choose our approximation so that the minimal
distance between two particles will be of order €.

The force term cannot be bounded at every time for the discrete dynamics
(a quantity like F'xpp is not bounded even in the case of free transport), but
we can expect that its average on a short interval of time will be bounded.
So we denote

ET)= s {1 / " B ds}, (1.8)

te[o, T—el,i=1,....N L€

if T'> ¢ and

i=1,.,N | €

T
E(T) = sup {1 / |E(X¢<s>>|ds}, (1.9)
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if T' < €, thus obtaining a unique and consistent definition for all 7" > 0.
Moreover we denote by EY the supremum over all i of |E(X;(0))].

This definition comes from the following intuition. The force is big when two
particles are close. But if their speeds are different, they will not stay close
for a long time. So we can expect the interaction force between these two
particles to be integrable in time even if they ”collide”. There just remains
the case of two close particles with almost the same speed. To estimate the
force created by them, we need an estimate on their number. One way of

obtaining it is to have a bound on

m(T) = sup c (1.10)

tefo,1)iz7 1 Xi(t) = X; ()| + [Vi(t) = V()|
The control on m requires the use of a discretized derivative of E, more
precisely, we define for any exponent 5 € |1, d — a[, which also satisfies
8 < 2d —3a (6 =1 would be enough for short time estimates)

t+e (5)) — (s
B = s s {1 IEIE - PCU

te0, T—e] ij=1,...N, | € B +1Xi(s) — X;(s)

(1.11)

with as for E, when T' < ¢

= 1 [T |E(Xi(s)) — E(X;(s))|
AE(T)_i,j—SP,I.:.).,N{g/o 3 [Xi(5) = X5 (5) ds}. (1.12)

Now, we introduce what we called the discrete L°°-norm of the distribution
of the particles uy. This quantity is the supremum over all the boxes of size
¢ of the total mass they contain divided by the size of the box. That is, for

a measure /4 we denote

1
[l14lloo,e = @ 5, {1(Boo((2,v),€))} - (1.13)

where By ((x,v), €) is the ball of radius € centered at (z, v) for the L>°-norm.

Note that we may bound ||pun (T, )||cc,e by

(T, ) ooe < (Am(T))*". (1.14)
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We may also introduce discrete L norm at other scales by defining in

general

1
[l 14llo.n = D {1(Boo ((x,0),m))} - (1.15)

The quantities R, K, m will always be assumed to be bounded at the initial

time 7" = 0 uniformly in N.

1.2. Main results

The main point in the derivation of the Vlasov equation is to obtain a
control on the previous quantities. We first do it for a short time as given

by

Theorem 1. If a < 1, there exists a time T and a constant ¢ depending

only on R(0), K(0), m(0) but not on N such that for some o’ € («,3)

R(T) <2 (1+R(0), K(T)<2(1+K(0), m(T)<2m(0),

(R(0))*, fggl\m(t Moo, < (8m(0))*.

’

E(T) < ¢ (m(0))* (K(0))*

Remark

The constant 2, which appears in the bounds, is of course only a matter
of convenience. This means that another theorem could be written with
3 instead of 2 for instance; The time T would then be larger. However
increasing this value is not really helpful because the kind of estimates
which we use for this theorem blow up in finite time, no matter how large

the constant in the bounds is.
This theorem can, in fact, be extended on any time interval

Theorem 2. For any time T > 0, there exists a function N of R(0), K(0),
m(0) and T and a constant C(R(0), K (0),m(0),T) such that if N > N then

R(T), K(T), m(T), E(T) < C(R(0), K(0),m(0),T).
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From this last theorem, it is easy to deduce the main result of this paper,

which reads

Theorem 3. Consider a time T and sequence un(t) corresponding to so-
lutions to (1.1) such that R(0), K(0) and m(0) are bounded uniformly in
N. Then any weak limit f of un(t) in L>=([0, T], M'(R??)) belongs to
L>=([0, T), L*NL%°(R?%)), has compact support and is a solution to (1.3).

Of course the main limitation of our results is the condition @ < 1 and
the main open question is to know what happens when o« > 1. However
this condition is not only technical and new ideas will be needed to prove
something for a > 1. It would also be interesting to extend our result to

more complicated forces like the ones found in the formal derivation of [14].

The second important limitation is that m(0) be uniformly bounded. The
two applications of Theorem 3 concern the numerical simulation of kinetic
equations and a justification of the model through the derivation of the
equation in statistical mechanics. Concerning numerical simulation, the ap-
proximations of the initial data which are usually chosen imply a bound on
m(0). For statistical mechanics, determining the initial data is more of a
problem. A natural way would be to take randomly identically distributed
particles; In that case, the average distance in the phase space between one
particle and the closest one, is of the order of ¢ ~ N~/2¢ However the
probability that the minimal distance between any particles be always at
least ¢ decreases exponentially fast with N, making the assumption on m(0)

much more restrictive.

Finally the two conditions of compact support in space and velocity are
very usual, for instance to prove the existence of “strong solutions” to Vlasov
equations. In the case o < 1 which we consider here, getting strong solutions
is rather easy which explains why passing from Theorem 1 to Theorem 2

“only” requires the proof of the almost preservation of discrete L> bounds.
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For the sake of completeness, we recall the proof of existence of strong
solutions in an appendix at the end of the paper.

The derivation of kinetic equations is an important question both for nu-
merical and theoretical aspects. The first results for Vlasov equations are
due to Neunzert and Wick [16], Dobrushin [6] and Braun and Hepp [4].
We also refer to works of Batt [1], Spohn [23], Victory and Allen [24] and
Wollmann [25]. Another interesting case concerns Boltzmann equation, for
which we refer to the book by Cercignani, Illner and Pulvirenti [5] and the
paper by Illner and Pulvirenti [12].

On the other hand, the derivation of hydrodynamic equations is somewhat
different and some results are already known (although not since a very
long time) even in cases with singularity. In particular and that is more
or less the hydrodynamic equivalent of our result, the convergence of the
point vortex method for 2 — D Euler equations was obtained by Goodman,
Hou and Lowengrub [9] (see also the works by Schochet [21] and [22]). The
main part of the proof for hydrodynamic systems consists in controlling
the minimal distance between two particles in the physical space (as it
is also clear in [13]). The situation for kinetic equations is different: First
of all, a not too small uniform control on the distance between particles
seems impossible to obtain. And then, having it is not necessary as the two
particles could still be far away in the phase space. On the other hand, for a
hydrodynamic system, the velocity of a particle only depends on its position
in the physical space and therefore two particles with the same position, at a
given time, still have the same position at any latter time. As a consequence
preventing collisions is really a necessity for a hydrodynamic system; This
more or less implies that the proofs are simpler but more demanding for
hydrodynamic systems and that a more complex approach is required for
kinetic equations.

Our method of proof makes full use of the method of characteristics de-
veloped for the Vlasov-Poisson equation in dimension two and three. This

method was introduced by Horst in [10] and [11] with the aim of obtaining
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strong solutions in large time and was, eventually and successfully, used to
do that in [18] and [20]. See also the well written article of S. Wollman
[26] which presents the previous result in a clear way.These results were
extended to the periodic case by Batt and Rein in [3]. At about the same
time strong solutions were obtained by Lions and Perthame in [15] with a
different method (see also [7] for a slightly simpler proof and [17] for an
application to the asymptotic behavior of the equation). Their method con-
trols the moments, i.e. quantities of the kind [ |v|* f dv with f the solution,
and is therefore closer to the notion of weak solutions. It was then applied
to the Vlasov-Poisson-Fokker-Planck equation by Bouchut in [2]. Still for
the Vlasov-Poisson-Fokker-Planck equation, L°° bounds were obtained by
Pulvirenti and Simeoni in [19], this time with the method of characteris-
tics. The proof is interesting because it also shows the need to integrate in
time to control the oscillations of the force. For a given problem, choosing
between the method of characteristics and the control of the moments is
obviously not easy and could simply be a matter of “taste”. The reason
why we opted for the characteristics is that it seems more appropriate for
a discrete setting. Finally we refer to the book by Glassey [8] for a general
discussion of the existence theory for kinetic equations.

In the rest of the paper, C will denote a generic constant, depending maybe
on R(0), K(0), or m(0) but not on N or any other quantity. We first prove
Theorem 1, then we show a preservation of discrete L°° norms which proves
Theorem 2. In the last section we explain how to deduce Theorem 3, the

appendix being devoted to the proof of existence of strong solutions to (1.3).

2. Proof of Theorem 1

The first steps are to estimate all quantities in terms of themselves. Then
if this is done correctly it is possible to deduce bounds for them on a short

interval of time.



10 M. HAURAY AND P.-E. JABIN
2.1. Estimate on E

In this section we will prove a useful estimate on E. As explained above,
we will decompose the force that a particle sees in the force created by the
distant particles, at an order larger than ¢, the close particles but with a
different speed, again at order €, and the particles with almost the same
position and speed at order . So we have three terms to estimate. As we
will often have to estimate terms of the same type in the rest of the article,
we will, in a first lemma, prove estimates for all this terms, and give a first

bound on F in a second lemma.

Lemma 1. We choose ¢ in (0,d) an index i, a time t and assume that

1
12 K(t) AE(t)
We define three subsets of {1,..., N}\{i}, G;, B; and U; by

Gi = {jl|Xi(t) — X;(t)] = 3K(t)e}
B; = {jl|Xi(t) = X;()] < 3K(t)e and |Vi(t) = V;(1)| > 3E(t)e}
Ui = {jlIXi(t) = X;(t)] <3K(t)e and |Vi(t) - V;(1)] < 3E(t)e}

Then, for any &' satisfying 6’ € (&' < d), we have the following estimates
1 /t 1 57 oS 5
i~ s < KR
¥ 2 ) OG0T s
If we assume moreover that 6 and §' satisfy 6 < §' < 1, we have the following

estimates

1 t 1
i o — __ds<e?? K240
' Nj; /H PAOED (O AR S

o1 /t 1 2d—38 d—s7=d
1. — — —ds<¢ lenlooe K4°F
¥ 2 ) RO -XeT :

Proof. The first estimate. For, the sake of simplicity, we will write K
instead of K (t) and so for all the other constants F ... For the first point,

we denote

1 ¢ 1
I =— / — = s
Njezei t—e | Xi(s) = X;(s)|°
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and divide again G; into
Gi,k:{1‘381(2’“—1<|Xi(t)—X1(t)|<3sK2’“}. (2.1)

Remark that for k > ko = (In(R(t)/4e K))/1In2, the set G, i, is empty.

Approzimate stability of the G; . Given their definition, the G j enjoy the

following property: For any i € G; ;, with k& > 1, we have for any s € [t—e, to]
1X(s) — Xi(s)] > e K ()25

Indeed, we of course know that

and then
1X(s) = Xi(s)| = [X;(t) = Xa(t)] = 2(t — s) K(t)
>3eK(t)2F 1 -2 K(1),

with the corresponding result since k& > 1. Of course the same argument

also shows that if ¢ € B; then for any s € [t — ¢, {],

|X;(s) — Xi(s)| < be K(t).
This also shows that B; is approximately stable in time.

Summation over the G; j, Using the result from the previous step, we deduce

that for any j € G, with & > 1,

1 - C 2%
| X5(s) = Xi(s)]° = 2 K°~

On the other hand, we have |G;,| < N. Moreover the set of points (z,v)
in the phase space with 3¢ K 2¥~! < |z — X (s)| < 3eK 2%, can be covered
by K9 x 724 x (3K £2F)? balls of radius ¢ in the phase space. According
to the definition of the discrete L™ norm (1.13), this implies that |G; x| <

Ce 1 K229k x || un | co.e-
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Consequently for any &’ < d, since £2¢ = C'/N, interpolating between these

two values, we get
|Gik] < CN K> & 2% 5 || un(t, )12,

We can use this two bounds to compute I;.

1
539> e N () - K

k=1j€G;
ko

< Z |Gi7k| x N7L K 0g70970k
k=1

ko
< Clun Hzi /d 20'—0 8- 622(6/76)&
Eventually we deduce that for any § < ¢’ < d,
L < Ol |38 K200 2070k < Oluy | S4BT KT, (22)

all the values being taken at ¢. This gives the point 7. in Lemma 1.

The second estimate. We denote
1 K 1
) e m—
¥ 2 ), R x0T
and decompose again the set B; in
Biy={jeB;|3eE2" < |Vi(t) - V;(t)| <3 E2'}, (2.3)

for [ > 1. Remark that the set B;; is empty if [ is strictly larger than
lo =In(K/(¢ E))/In2. As before we decompose I> in

o 1/t dt
IQ:ZZ —e N|X;(t) = X ()] (24)

=1 jeQ,

The idea behind this new decomposition is that although the particles in
B;; with [ > 1 are close to X, their speed is different from V;. So even if
they come very close to X; they will stay close only for a very short time.
Since the singularity of the potential is not too high, we will be able to

bound the force.
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Approzimate stability of the B; ;. Just as for the G;j, we may prove that

for any time ¢ in [t —e,t] and any j € B;; with [ > 1
Vi(s) — Vils)| > e B2,
This is again due to the fact that
t —
Vits) = V3(o)l < [ 1EC(s)ds < o),

so that in fact the result is even more precise in the sense that the relative
velocity V;(s) — V;(s) remains close to V;(t) — V;(t) up to exactly 2¢ E. We
also recall that B; was approximately stable and so that VI, Vj € B;; and
Viet—e, 1]

|X;(s) — Xi(s)| < be K.

Therefore all the particles which now concern us are in a spatial box of size

CeK.

Control of Is. This step uses the condition § < 1. Given the previous point,
for any j € B;; with [ > 0 and any s € [t, ¢ — €], we have, denoting by s,,

the time in the interval [t — ¢, ¢] where | X;(s) — X;(s)| is minimal

|&@—anﬂmmm—&@m—gwﬂmmwm—W@m.

Then,
1 /t 1 C —5.1-6
- ds < — |Vi(sm) — Vi(sm)| " %¢
€ Jie 1Xa(s) = X;(s)[° € ’
< 06_25 (E)—é 2—6l.
Summing up on [, we obtain
lo 1
—25 (F\—6 9l
I < CZIBNINE (E)~0 27

=1

We bound |B; | by |Bii| < O ||it]lco.c (K €)4(2! E )¢ using again the defini-

tion of the discrete L> norm and recalling that B;; C B;. It gives us the
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inequality

lo
I < CKd (E)dfé 620%26 HMNHOO@ > 22(d76)l
=2

. K d—9
< CRUE il ()
Ee

< CK* |y looc e,

which is the point ii. of the Lemma 1.

The third estimate. We denote

1 /t 1
L =— e —,
’ NZU: e 1Xi(s) = X;(s)]°

We will also uses the condition § < 1 for this step and it is the only one
where m is needed. The first point to note is that for any j € U; and any

t €[t —e, t], as U; C B; we have that
|X,;(s) — Xi(s)]| <be K.
Consequently, by the definition (1.11) of AE
[Vy(s) = Vils) = Vy(t) — Vi{#)| < 52 K AF.

It is thus logical to decompose (again) U; in U] U U/ and I3 in the corre-

sponding I5 + I§ with
0= {i | W0 - w012 657K 4T},

U/ the remaining part of U; and Ij, Ij the sums on the corresponding
indices.

Then for any j € U/, the same computation as in the fifth step, shows that

1 /[t dt _
- < C€2d736 K76 AE 76.
: ) NIX ) - X )P (4E)

The cardinal of U/ is bounded by the one of U; and using as always the
discrete L*° bound

U] < C K (E)? | unlloc.e-
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Eventually that gives

1/t ds
I < |U]| x sup -
’ jev! € Ji—e N|X;(s) — X1(s)|°

< CeP K (E) pn(to, oo x (AE)™°
< Cet% K0 (E)d HMN(th ')||OO7€7
as AE > AE(0) and this last quantity is bounded easily in terms of m(0),
K (0) and R(0).
Let us conclude the proof with the bound on Ij. Of course if j € U/’ then
for any t € [t — ¢, {],
[Vi(s) = Vils)l < [V5(t) = Vi() + [Vi(s) = Vi(s) = V;(8) + Va(t))
<(6+5)e? K AE.

Now we use the definition (1.10) of m and the assumption in the lemma to

deduce that
€ _
1 (5) = Xils)| = — = |V(s) = Vils)] = &* K AF.

We bound |U/’| by |U;| which is the best we can do since the discrete L

norm cannot see the scales smaller than £ and we obtain
I < C2 K70 (B) | un (to, )looses
which is dominated by the bound which we have just obtained on I. This
give the point iii.
We will now just state a corollary that will be useful in the last section.

Corollary 1. We choose ¢ in (0,d) and a particle i and a real r > 0 and

assume that
1

m< ———,
T 12e K AE
We defined the subset G of {1,..., N}\{i},

G = (j|2Ke < |Xi(s) — X;(s)] <}
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Then, for any §' € (6’,d), we have the following estimate

1 /t 1 8 /d 18,8 =8
L s o AL [T LEY SRai
¥ 2 ) RO -XeT ‘

Proof. We only have to replace R(t) by r in the proof of the point i. of the

previous lemma 1.
Now we can use the lemma to get an estimate on E.

Lemma 2. For any o/ with a < o’ <1, and any t > 0, if

m(ty) < ! -,
12¢ K(to) AE(to)

then there exist a constant C(a/) so that

E(t) < C(lun &/ K R 4+ e ||pylloo,e K2

4 62(1—3@ ||,U’N||OO,€ Kd—ode)’
where we use the values of ||in||co.c, R, K, m and E at the time t.

This lemma could appear stupid since we control E(tg) by itself (and with
a power larger than 1 in addition). But the point is that, except for the first
term, the other two are very small because of the € in front of them so that

they almost do not count.

Proof. We choose a particles ¢ and apply the previous lemma 1. We sepa-
rate the remaining particles in the three sets G;,B;, and U;. Combining the

three estimates in which we use 6 = a and ¢’ = o/, we obtain
t ! ’ !
/ |B(Xi(5))|ds < O (lunl|5/ K& R* =% 4+ e [lun oo, K>~
t—e
—d
4 62(1—304 ||,UN||oo,s Kd—ch )

since this is independent of the particle we choose, we get the estimate on

E(t).
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2.2. Estimate on AE

We may show the following with the same remarks as for Lemma 2,

Lemma 3. For any o € (o, 1), and for any t, if

m(to) < L
12¢ K(to) AE(tQ)

then there exist a constant C(a)
AE(tg) < C (|un ||t/ 1o Re'=a g gd=0=b || || oo o K240
—d
P o KOEY),
where we use the values of ||pin|lco.c, R, K, m and E at the time t,.

Proof. We choose a time ¢, two particles ¢ and j and introduce the sets G,

G, B;, Bj, U; and U;. We decomposed the term in sums on these sets:

1% BX() - BOG)
A= / X - X0

1

1 Y IF(Xi(t) = Xu(t) — FX(0) = F(X(0)
A<y 2. / X0 — X,(0)] o

1

1

+ D IR~ Xk(0))

keB;UU;
+€lﬁ SR - X))

keB;uU;
+8iﬂ SR — Xi(1)]

keB;UU;

+6iﬂ ST IF(X(t) - X)) (2.5)
ke B, UU;

We denote the terms of the right hand side, keeping the order
Al < Al + Al + Al + Al + Al

Both the terms Al and Al3 can be bounded by Ce?= 2= ||y |oo.e K27+

Ce2d=32=B || x| so.e Kd—og* using point ii. and iii. of the lemma (1).
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The term AI4 and Al are of the same form (just swap the indices i and
7). So we will give a bound for A4 which will be valid for Al5. For this, we
decompose again Al in the sum on the index in ¢’ = (B, UU;) N (B; UU;)
denoted AIj and the sum on the rest C” = (B; UU;)\(B; U Uj) denoted
AIJ. The first one is bounded by the sum on B; U U; which is bounded
by Ced=F || un]loo.e K27 + Ce?738 || un ] oo.e K4E" according to
points ii. and iii. of the lemma (1). For the second term AIj, if k € C”,
then | Xy (t) — X;(t)] > 2K (t)e. Since, B; UU; and C” can be covered by
e-balls of total volume 4(K (t)e)?, we can bound AI} by CK (t)4~%gd=a=5,
This last term will be bounded by the one bounding A5 if K is larger than
one, an assumption that we are free to do.

Now for Aly, we observe that for i ¢ B and for any ¢

[F(Xi(t) = X (1) = F(X; (1) = Xi ()] < OXG(t) = X;(1))

1 1
: (N X0 — X0+ NIXa(0) - Xj<t>|a+1) |
since it is always possible to find a regular path z;(s) of length less than
2|X,(t)—X;(t)] such that z:(0) = X;(¢), z¢(1) = X,;(¢) and |z+(s) — Xr(t)] is
always larger than the minimum between | X (t)—X;(t)| and | X5 (¢) —X; (¢)].
The only problem if we always choose the direct line between X; and X;

arises when X}, is almost on this line, because F'(z — X}) has a singularity

at Xg. So,

1 1
AIl S C Z ( = + - )
kEGiNG, N[ Xp(t) = Xi(t)]tt N[ Xp(t) — X;()[oF

This two sums can be bounded thanks to the point i. of the lemma (1) with
d=a+1by
AIl < C”MNH(()é?rEa/)/d KlJro/ Ro/fa.

Putting all the bounds together we get the result of the lemma.

2.3. Control on m and K

We prove the
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Lemma 4. Assume that for a given t >0

m(t) <

gh-1’
then we also have that

m(t) < m(0) x eCtCe AB(t)+C [} AE(s) ds

and we may eliminate the e AE(t) term if t > ¢.

Note that we still need an assumption on m but it is a bit different (and
somewhat “harder” to satisfy) than the corresponding one for Lemmas 2
and 3. And note also that by definition m(t) is a non decreasing quantity

therefore if m(t) < e'=P then it is true for all s < ¢.

Proof. We consider any two indices i # j. Then we write

i 8 )- 5

ds \IXi(5) X, () + Vi(s) Vi)l )~ (Xils) X5 ()] + Vi)~ Vi (s)])2
X — X Vi—=V;
(E:7a<v Vi) (B B(X;)))

< e(Vils) — ()|+|E( i(s)) = BE(X;(s)))
T (X=X + Vi) =Vi(s)D)?

Since m(t) < e!7A, the same is true of m(s) and at least one of the quantities

|X;(s) — X;(s)| and |V;(s) — V;(s)] is larger than €7 /2, therefore

i< < )< Ce
15 \ K050l T Vo) Vo)1) = X)X, @)+ [Vis) V(3]
E(Xi(s)) — EX(5))]
O*aﬂH&u @n)

But by the definition of AE, see (1.11), we know that for t > ¢

CIB(X(s)) — B (s))]
i w+m<> s‘l</AE

and of course for t < ¢

"E(Xi(s) — E<X ()l
|

L P IXi(s) = X,(5) ds < eAE(t).
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Hence, integrating in time, we find
€ < €
| Xi(s) = X;(s)[ + [Vi(s)=Vi(s)| = [Xi(0)=X;(0)] 4 [Vi(0) = V;(0)]|

« Ct+Ce AB()+C [ AB(s) ds

which, after taking the supremum in ¢ and j, is precisely the lemma.

As for K, using the equation that V;(t) = E;(X;(t)), we may prove by the

same method which we do not repeat, the result

Lemma 5. We have that for any t

K(t) < K(0)+ Ct+CeE(t) + C/t E(s)ds.
0

2.4. Conclusion on the proof of Theorem 1

Here (but only in this subsection) for a question of clarity, we keep the
notation C' for the constants appearing in Lemmas 2, 3, 4 and 5 and we
denote by C' any other constant depending only on R(0), K (0) and m(0).

We assume that on a time interval [0, T'], we have (for a given ') for a

constant k

’

m(t) < km(0), BE(t) < kCE* = (m(0))*" (K(0))* (R(0))*

K(t)<Ek(1+K(0)), R(0O)<E(+R(0), VYte]o, T, 2
which we may always do since all these quantities are continuous in time
(although they may a priori increase very fast). The constant k is chosen
to be equal to 2, however we keep the notation k in order to let the reader
keep more easily track of this constant.

Then we show that if T is too small we have in fact the same inequalities
but with a 3%k/4 constant instead of k. By contradiction this of course shows
that we can bound 7" from below in terms of only R(0), K(0) and m(0) and

it proves Theorem 1 with ¢ = C' x k8¢ —a+1,

First of all, we note that since m(t) < km(0), we may apply Lemmas 2, 3,

and 4. Furthermore we immediately know from (1.14) that

[an (s )lloc,e < (k2 m(0)).
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Let us start with Lemma 2, using the assumption (2.6) we deduce that for
any ¢ € [0, T7,

’

E(t) < CK' = (m(0))% (K(0))* (R(0))™ ~* 4 Ced=a 4 O 23,

For ¢ small enough this proves that

B(1) < 228 ke (o) (i (0))°

’

(R(0))™ 7,
which is the first point.

Next applying Lemma 3, we deduce that for any ¢ € [0, T
AE(t) < C.
From Lemma 4, we obtain that

m(t) < m(0) x T,

so if T is such that C'T < In(3k/4) then we get
k
m(t) < % m(0).

Lemma 5 implies that for t € [0, T

K(t)<K()+CT,
so that again for 7' small enough

mﬂ§¥O+K@)

Eventually thanks to relation (1.6), we know that for ¢t € [0, T
R(t) < R(0)+ T K(t) < R(0)+ CT,

hence the corresponding estimate for R provided CT <3k /4.

In conclusion we have shown that if (2.6) holds and if T is smaller than a
given time depending only on R(0), K(0) and m(0) then the same inequal-
ities are true with 3/2 instead of k = 2. By the continuity of R, K, m and
E this has for consequence that (2.6) is indeed valid at least on this time

interval thus proving Theorem 1.
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3. Preservation of ||pn|co,n

From the form of the estimate on m in Lemma 4, it is clear that with this
estimate we will never get a result for a long time. Indeed, even assuming
that we have bounded before K and R, we would have the equivalent of
m<mx AE < Cm x m2t2o,

On the other hand this suggests the possibility that we did not use enough
the structure of the equation since, in the limit, the L°° norm is preserved.
And this preservation is very useful in the proof of the existence and unique-
ness of the solution of the Vlasov equation, see for instance [15] or the ap-
pendix. But, how to obtain the analog of this in the discrete case? At this
time, we just have a bound on ||un]|cc,c On a small time, and the bound is
too huge to enable us to prove convergence results for long times. Of course,
this norm is not preserved at all because we are looking at the scheme at the
scale of the discretization. And in our calculation we do not use the fact that
the flow is divergence free, a property that is the key for the preservation
of the L> norm.

So what else can we do? One of the solutions is to look at a scale n > ¢,
with €/ going to zero as € goes to zero. At this scale, we have many more
particles in a cell and we will be able to obtain the asymptotical preservation
of this norm. This will be very useful because it will allow us to sharpen our
estimate on F and AFE. And with this we will obtain long time convergence

results.

8.1. Sketch of the proof

Now, we will try to give roughly the idea of the proof in dimension 1 before
beginning the genuine calculations. We choose a time ¢ and a box S; in the
phase space of size € centered at (X, V). The field (v, E(t, z)) is divergence
free, so it preserves the volume; Heuristically speaking because this field
is not regular. This will be the first problem we will have to solve. If it is

solved, we can deform the set S; backwards in time according to the flow.
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We obtain at time 0 the set Sy, which is of the same volume than S;. Our
question is: “How many particles contains Sy?”. Remember that we only
control the norm Lo . of u?v. So we need to recover the set Sy by balls of
size €. In order to obtain a not too huge number of balls, we need a control on
the shape of Sp. For instance, if Sp is the set {(x,v)||z] < &2, |v| < (n/e)?},
then we need (n/¢)?? x (1/¢)? balls to recover it. It will give us

1 1
8 () lso, = @M%(So) > E—dllu?vaa

which is a very bad estimate.

For the control of the shape, we will move backwards with steps of size ¢
in time. So first, we look at S;_.. Assume that a particle is in S; at time ¢.
Since

Xi(t)=Xi(t—e)+eV(t—e),
Vi) = Vit —e) + eE(t — e, X;(t — se)),
if we assume that the field E is Lipschitz, we obtain approximatively that
Xilt — &) = Xu - eVilt — o) <,

Vit — ) = (Vi — eE(t — &, X, — £VA))
—VE({t—¢e, X —cW)) - (Xi(t—¢e) — Xy —eVp)| <.
We denote Xy = Xy — eV and Vi, = V; — eE(t — ¢, Xy — €V}), the
approximate positions of the center of the balls at time ¢t — e. This two

equations may be rewritten
|Xi(t —e) = Xp—e —e(Vilt — &) = Vi) <,
Vit —e) = Vi_e —eVE({t —e,X; —eVy)) - (Xi(t —e) — Xi—o)| < .
So the particles are at time ¢ — ¢ in the set

|Xi(t—e) = Xpc —e(Vit —e) = V)| <
St—e = (33,11) |‘/;(t—€)—‘/;575
—eVE(t—e, Xy —eWy)) - (Xi(t—e) — Xi—o)| <1
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Xo

Fig. 1. Evolution of S;.

If d = 1, this set is a parallelogram (see the Figure 1), and for commodity
we will still call it parallelogram in higher dimension.

If we define the matrix M;_. of dimension 2d x 2d by

I el
Mtfe’-: = )
VE({t—e,Xi—eVy)) I
r—Xp_e
then, St—e = < (z,0) ||| My—¢ - <p
v—Vi_¢

This definition involving the matrix M will considerably simplify our work.

Definition 1. We call parallelogram a subset S of R2¢ defined as above:

x—X
S =1 (x,v) ||| M - <p¢s
v—=V

where (X, V) in R? is the center of the parallelogram, p in R is the size, M

is a matrix in M (R??). The norm used is defined by ||(z,v)|| = max(|z|, [v]).
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We will always decompose the matrix M in four blocks

AB
CD

M =
Because we need to control the deformation of a parallelogram, we introduce
the following definition

Definition 2. A parallelogram S will be called not too stretched if the
corresponding matrix M satisfies |det(M) — 1| < 1/2 and

A = Ld[|, | BIl, [CI, 1P — Id]| <

Wl

3.2. The notion of e-volume

Now, we need to control the number of e-balls needed to cover a parallelo-

gram S. For this, we introduce the following definition:

Definition 3. The e-volume, denoted Vol.(S), of a subset S of R?? is the
minimal volume of all coverings of S by balls of size € (it is the infimum of

|U,; B(zi,¢)| for which S C | B(x;,¢)).

Notice that the e-volume can be very different from the volume. For instance
the set
T ={(z,v)| |z| <€ v <1}

has volume of order ¢, but e-volume €?. We can also see that, up to a
constant, the e-volume is the volume of the set S, . /o = {(z,v)|d((x,v), ) <
e} =S5+ B(0,g/2).

This notion is useful to compute the number of particles in a set at time
0. At this time, we only control the number of particles by balls of size €.
Then, the best estimate we can obtain on the total mass pun(S) of particles
in a set S is

pun () < Vole(S) X [|un|loo.e-

We need this estimation of the e-volume of the set Sy. Roughly speaking, we

know its volume and want to show that its e-volume is closed to its volume.
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Thanks to the following lemma, we will be able to prove this if Sy is a not

too stretched parallelogram.

Lemma 6. Let S be a not too stretched parallelogram, then we have the

following inequality:
2e 94
Vol (S) < Vol(S) x (1+ ?) .
Proof (Proof of the lemma). We define, for all positive integer k

r—X
Sie = § (@ 0)| || M - <p+key,
v—V
and P = eZ% N Sj.. Here, p, M, (X,V) stand for the size, the matrix
and the center of the parallelogram as in the definition. We look at the
set P consisting of the union of all the balls of size € centered at points
of P, that is P. = P + B(0,e). We will show that this set is included in

Si.. For this, we choose (z,v) € P. and a couple (m,n) in Z?? such that

[[(x — em,v —en)|| <e/2. Then,

x x —em em
M - < ||M - + || M -
v v—en en
€
< |IMll5 +p+e
< p+2e.

In the last line, we use || M| < 2. This inequalitiy is implied by the condition
in the definition of a not too streched parallelogram. Therefore we have the
inclusion P. C Si.

Moreover, if we choose a point (z,v) € S, we can find a point (em,en) of

€724 such that ||(x — em,v —en)|| < /2. As above, we have

em
M - <p+2.
en

Thus, e(m,n) € P. That proves that S C P;.. So, we have the inclusions

SCP+5CSQ+E.
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The first inclusion tells us that
Vol.(S) < &*|P|.

The second gives us an estimate on the cardinal of P denoted |P| above.

Comparing the volume of P. and S;. we obtain
()% P| < Vol(S5) = det(M) ™! (p + 2¢)*.

Since Vol(S) = det(M)~!p** we obtain
2
Vol.(S) < Vol(S) x (1 + f)?d.

3.8. Asymptotic preservation of ||il|co,n for small times

Now, given a box S, our goal is to find a not too stretched parallelogram
So which contains at time 0 all the particles that are in S; at time ¢. For

this, we will go from t to ¢t — € using the following lemma:
Lemma 7. Assume as before that

mit) < ——
12: K() AE(D)

Then, for any 1 < B < d—1, there exists a constant Ky depending on t, R,
K, E, ||it]|co.c such that for all not too stretched parallelogram Sy, of center
(Xt, Vi), matric M; (decomposed in Ay,Bi,Cy,Dy) and size py, there
exists a parallelogram Si—. of center (Xi—c,Vi—e) and so on, satisfying the
following conditions

i |Ar—e = Adll, [|Bt—c — Be|, |Ct—e — Cil|, | De—e — D] < Ki

ii. |det(My—.) — det(M)| < K2
iii. pr—e < pe+ Kie(pf +€)
and that contains at time t — € all the particles that are in Sy at time t.

¢

Remarks We always use the heavy expression “ contains at time ¢’ all the
particles that are in S at time ¢” because here we cannot speak of the reverse
image by the flow. There is not a flow that all particles follow because a
particle does not see the force-field it creates.

What is important here is that pun(¢,S:) < un(t — e, Si—e).
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Proof. We want to rewrite our inequalities involving X;(¢), V;(t), X; and
Vi in inequalities involving X,;(t —¢), V;(t —¢), Xy—. and Vi_. (and we
have to choose the last position and speed). Of course, the center of the
parallelogram will approximately move according to the flow created by all
the particles. We write approximately because particles close from the center
will induce pertubation in its trajectory (these perturbations are however
negligible). The best way to do this is to regularize the flow at order . So,

we introduce

Es(tvx) = ZF * XB(0,e) (33 - Xl(t))a
=1

where x¢ is the characteristic function of the set C.
Remark that the kernel F. = F x xp(o,) satisfies the same assumptions as

the kernel VF', which we write below:
F., |z||VF.|, |z]?|V?F.| < Clz|~°. (3.1)

At this point, we define the center (X;_., V;_) of the parallelogram S;_.. It
will be the center (X¢, V;) moved backward to the time ¢ —¢e according to E..
Moreover, all the estimates on E, AE can be applied to this virtual particle.
More precisely, the first two points of the lemma (1) are true even for a
virtual particle because for these two estimates we do not use the minimal
distance between particles m. The last one is easier to obtain because the
approximate kernel F. is bounded by e ~1. We wanted an estimate of | X 5(t—
e)—Xi—c| and |V;(t—e) —Vi—.|. We will begin with the second and integrate
it.

Step 1: Estimation of |V;(t —e) — Vi—c|.

For the particle j, we have
Vilt =€) = Vie = V;(t) = Vi — 5/1(E(Xj(t —s¢)) = Ee(Xi—sc)) ds
0
Vi) = Vime [ (B = 5) ~ B(X (0= 52) ds

1
te /0 (E.(X;(t— 52)) — Bo(X1_0)) ds

= E(Jl + JQ)
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We need to bound the first term J;. The approximation error is
1
i = / E(X,(t — s2)) — Bo(X, (t — s¢)) ds
0
1 1
_ NZ/ (F(X(t—s¢) — Xp(t — s6)) — 2 (X, (t—s¢) — X (t — 5¢)) ds.
ket 70

We can bound this term using the two bounds |F(z) — F.(z)| < Ce/|z|*t!

and |F(z) — F.(z)| < C/|z|*. We write, recalling the notation for the de-
composition G; = {k||Xx(t) — X;(t)| > 2K (t)e} of Lemma 1

Ji1 <

t 1
- N Z /H | Xk(s) — X;(s)[H e

keGj
C /t 1
+ = ds. (3.2
YA A e

ds

We choose an o' so that o < @’ < 1. Using the point i. of Lemma 1 with
0 =14aand § =1+4a’, we can bound the first term of the right hand side
by 052||MN|\gj;al)/d K" Re'~a Using the point ii. and iii., we can bound
the second term by €4~ || x| oo.e K247 462473 || iy || 0o Ki—F" K. So,

without forgetting dependence, we may write
J1 < Ki(e 4479,

with a constant K7 depending on ||jn|ec.e, K, E.
The term J5 contains only terms using the approximate field. In that case
the estimates are simpler because we do not need to integrate over a small

interval of time. We state them in the following lemma

Lemma 8. We assume that the force K. satifyies

C

We choose a particle i and define two sets
Gei = {ilIX;(t) = Xi(t)] = €},

Be i = {jl|1X;(t) — Xa(¥)| < e},
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then for any &' satisfying & < &' < d, there exist a numerical constant C

such that the two following inequalities are true.

‘ 1 /aRY

i) | DD Ke(Xa®) = X(0)] < Cllan IR,
jeG;

) 1 -

i) | D0 Ke(Xa) = X(0)| = llnlloe K0,
JjEB;

Proof. The point i. This is exactly the estimate i. of Lemma 1 with K =1,
so we do not write it again.

The point i. The e-volume of the set B, ; is (K¢)?. So the mass in it is less
than || x| o, (K€)9. Moreover, K. is bounded by C/e%. So we get

3 E(X0) — (0] < o K
JEB;

Now, we want to approximate Jo by j;t_s VE (Xs)ds - (X;(t —e) — X¢—c).
First, we can replace X;(s) — X, by X;(t —¢) — Xy_. in the expression of

Jo, because for all s € (t —¢,1),
[(X;(t—e) — Xi—e) — (X;(s) — Xs)| < 2Ke.

And then,

/ VE.(X.)ds - (X,(t—¢) — Xi-2) / VE.(X.)- (X;(s) — X.)ds
< 2K AE:2.

We use the bound AE even for the approximate field because it satisfies
the same bounds (3.1). Therefore, the bounds of Lemma 3 can be proved
for it.

Now, the main term is

I = t E.(X;(s)) — B-(X.) — VE-(X,)ds - (X;(s) — X,) ds.

t—e

This is a sum of terms of the form
t
| (FX506) = Xi(o) ~ Pu(X. = Xis)
t—e

— VE(Xs — Xi(5)) - (X;(5) — X4)) ds.
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So, for each 4, j and s, we choose a path I(s,-) between X;(s) and X
so that its length is less than 4|X,(s) — X| and so that |I(s,u) — X;(s)]
always stays in the interval between |X;(s) — X;(s)| and | X, — X;(s)|. We

can rewrite the previous term as

t 1
/ti /0 VE(I(s,1) — Xi(s)) — VEL(Xs — Xo(s)) - (X, (s) — X,) duds.

The integrand may be bounded in two ways. First by

ClX;(s) = X,
(e + min(|I(s,u) = X(t)], | Xs = Xi(t)])+

if we bound it by the sum of the two terms and also by

o |I(s,u) — X4|?
(e +min(|1(s,u) — Xi(s)], | Xs — Xi(s)[))2+e’

if we use the derivative. We need a bound by a term with a small power
of |I(s,u) — Xs| on the top, and an exponent sufficiently small below. For
this, we pick a «y in (0,1) and bound the integrand by the first bound at the
power 1 — v and the second at the power . So, we bound the term by

|X5(s) = X"
J <Z/ 5/ (e + min(]X;(s) — X;(s)], | Xs — Xi(s)])) Tety ds.

i#]
First, as | X;(s) — Xs| < |X;(t —¢) — Xy—| + Ke for all s € [t — €], we can

write

%<C_Z#/‘/)8+MHW() ST X

|X;(t—e) — Xy
Z/ta/ (e + min(|X;(s) — Xi(s)], [Xs — Xi(s)])) Tt

(3.3)

Now we can use the estimates of Lemma 8 with § = 1+ a + v to bound JJ.

‘We obtain

Ty < C(Ke + | X;(t — &) = Xo—e| ") i | S0/ AR

+OIX(t =€) = Xime P oo K80, (3.4)
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This gives us a nice bound if 7 < d — 1 — . In this case, defining A = 1+,

we may rewrite it as
Ty < Koe(1X;(t) — X +2),

without forgetting the dependence of Ko. Now, putting everything together
and denoting VE. = (1/e) fia VE.(Xs)ds, we have:

[(Vi(t — ) = Viee)) — (Vi(t) — Vi) — eVE: - (X;(t — ) — Xy—.)]

< K15K2|Xj(t) - Xt|>‘ + Ki(e + 5‘171*0‘).

This is the estimate we will use.
Step 2: Estimation of | X;(t —¢e) — X¢—.|

The bound on the position is easier to obtain. We have
(X5t —2) — Xie) = (X;() — X0) — e(Vy(t — &) — Vi) — 2R,
with
1/t
R. = g/ (s —t +2)(B(X;(s) — E(X.))ds.
t—e
Here, a bound on R, will be sufficient. And we have R. < 2F which gives

(X (8 =€) = Xe—e) = (X5(t) = Xo) +e(V(t =€) = Vie)| < Kse®.

Step 3: The new parallelogram
Consequently if we apply Ax (3.3) —Bx (3.3), and use the fact that |A, -
(X,(8) = Xe) = By - (Vy(£) = )| < p, we obtain

|(Ae + B VE:) - (X(te) = Xo—2) — (BieAr) - (Vi(t —€) = Vi)

< pe+ (|4l + [IB]) & (K207 + Kae).

So, if we denote A;_. = A; + thﬁE, B; . = By +¢cA; and py_. =
pi + C(| Al + | BIDe(ps T + & 4 €% 1), we obtain that

|[At—e - (X;(t =€) = Xic) = Bie - (Vj(t —€) = Vie)| < pr—e.
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We can do the same for the second line of the matrix. If we denote C;_. =

Ot + EDtﬁs and Dt—s = DtaCt, and

At—s Bt—s
Ct—s Dt—s

M . =

we obtain that (X;(t —e,Vj(t —¢€)) € Si_., the parallelogram of center
(Xt—c, Viee), matrix M;_. and size p;_c.
It remains to prove the estimates on M;_.. For this, remark that, M;_. =
M, J; with

I el

Jy = N =1+eN;.
eVE. I

Then, det M;_. = det(M;) det(I +eNy). And |det(I +eNy) — 1 —etr(NVy)]| <
C/||N¢||?€2. Moreover, tr(N;) = 0. Remark that this is here that we use the

fact that our field in the phase space is divergence free. We also obtain
| det(M;_.) — det(M;)| < Ky det(M;)e?,

where Ky is of the form K(E + AE). And of course, ||A;_. — A;|| < 2AFk,

|Bi—e — Bt|| < 2¢ and so on. This is all we needed to prove.

Now, we need to go from a time ¢ to time 0, by backward jumps in time
of size €. At each step we obtain a new parallelogram. We can go on till
this parallelogram is too stretched. This will happen in a time of order
1/AE, because of the inequality ||A;_. — As|| < AEe. We would be able to
conclude if we had a bound on pg, the size of the parallelogram obtain at
time 0. The following lemma provides it. For it, we just introduce the new

constant K5 = max(K1, K3).

Lemma 9. Assume that t' =t — Me, that S} is obtain from S; by iteration
of the lemma 7 and that 3\ K5 (t — t')(p} + ¢) < pi. Then, the following
inequality holds

pr < pr+ 3 Ks (t—t) () +2).



34 M. HAURAY AND P.-E. JABIN

Proof. We recall that p;_. = p; + Ks¢ (p} + ¢). From these formulas, we
expect that p;_ne ~ py + Ksne(p) + ¢).
To prove this rigourously, we define o, = (pt—_ne — pt —3* Ksne (p} +¢)) .

We have
Qnt1 — oy <Kse(p: + 3 nK5£ptA +3 nK5e? + an))‘
— 3 Ksep) — (3% —1) K52,
Provided 3* Ksen (pp ' +¢/p;) <1 and a,, < py, we have that

ni1 —an <3 Ksep) —3 K5 <0

Therefore «, remains equal to 0 which gives the corresponding result for

Pt

Now that we control the growth of p;, we are able to prove the following

theorem

Theorem 4. There exists a numerical constant Kg such that if

1

mit) € —————,
12¢ K (t) AB(t)

t <1/(2AFE) and ¢ is small enough, then the following inequality holds:

g
H/J’N(t)”oom < ”:u'”oo,e + Kgt (777 + 5) .

Proof. We start at time ¢ from a box S; = {(x,v) | ||z — Xt,v — Vi|| < n}.

It means that p; = n and
10

01
We define backward all the S;_,,. till Sp. If t is not a multiple of €, we use a
last step less than &, but all our estimates are still true for a step like this.
As || A= (nt1)e — Atenell < 2AFE and as Ay = I, we have ||A, — I| < 1/2.
And the same estimates hold for B, C, and D. That means that all our
parallelograms are always not too streched. Moreover, we may then apply

the previous lemma to get the corresponding estimate on pg. We get,

pn(t, S) < p— NO(SO) < ”U?VHOO,EVOZE(SO) < C||U9V||w,sp?)d-
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Since this estimate is true for every box S, we get that

2d
Po
1%l loon < 1%l co.e (_n )

With the estimate on pg, we get the bound we need.

3.4. New estimates on E and AE

The almost preservation of the ||pn||,, norms will enable us to prove a

new estimate on £, namely

Lemma 10. For any o with a < o' < d, assume that

m(ty) < = =,
12¢ K(to) AE(tQ)

then the following inequality holds
E(to) < C (llun |l K R~ + ||lun|| S/ K2 =0 n™ =0
—=d
+ e lpnlloo,e K27+ 27 |y [l KTOE),
where we use the values of |un|lso,e, |1t ]loom, B, K, m and E at time to.

The only non-negligable term in this estimate is sub-linear if o’ is chosen

sufficiently close to a.

Proof. The idea is very similar to Lemma 1. We do the same separation of

the position space in dyadic cells, but we begin with cells Gr satisfying
G = {z‘ 3nK(to) 2"t < |Xi(t) — Xa(t1)| < 30K (to) 2’“},

with k between 0 and ko = In(R/(3n K))/In2.
For G, we apply the corollary 1 with r = 3n K (to) which gives
Ig, <l K2 0™ = e [y oo,e K70

2275 e KO,

Next, notice that G can be covered by at most C' (K (to))% 25@xn~% (K (to))?

balls of radius 1 and therefore by the definition of ||t x| co,,, We have that

|G| < ON 28 (K (t0))* 1 [l o | o,
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On the other hand |ék| < N so for any o/ < d
~ o’ oka’ 20/ o' /d

Of course the Gy are also approximatly stable in the sense that if i € G,

then | X;(t) — X1 ()| > n K(to) 28! for any t € [t1, to]. Therefore

ko 1 to 1
I = - dt
=2 2 2 /t N1X1(t) = Xa(E)|*

k=1icCy,
ko
<C Z |ka| N71 ’r]ia K@ 27ka
k=1
ko
< Cno/—oz KQo/—oz Z2k(a’—a)
k=1

< Cno/—oz KQo/—oz 2k0(o/—o¢)
provided that o/ > a. Consequently
’_ ’ ’ d
L <CRY ™K |un|%/
Finally, summing /; with I proves the lemma.

Of course we can perform the same changes for the estimates on AFE to get

Lemma 11. For any o with a < o < 3, assume that

m(ty) < ! -,
12¢ K (to) AE(to)

then the following inequality holds

AE(to) < C ([|un ||l K RO 4 | |0/ KR e e

C— _ 2 _a5=d
—|—6d [eY )\”,UN”oo,sKQd a_|_82d 3a )\H,UN”oo,st o )’

where we use the values of ||in s, [N oo, By K, m and E at time ty.
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3.5. Proof of Theorem 2

Let us fix any time 7" > 0. The aim is to show that we have bounds for R,
K, E and m, uniform in N on [0, 7.

Next we choose 19 = /2 for instance and ' = /4.

Since for any N the quantities R, K, E and m are continuous in time, we
may define Ty < T as the first time ¢ (if it exists) such that one of the
following inequality at least is not true for some integer M to be chosen

later

E m(t) < o
M’ T 12e K(t) AE(t)’
A

E(t),sup [[pin|ooe) < e /5M,
s<t

S (1) (K ()2 < 2, 28 ()7 (B(0) (K (1) <
(3.5)

The quantity 7" and K¢ are the time and constant defined in Theorem 4.
Therefore on [0, Tn] all inequalities (3.5) are true and we may apply both
Theorem 4 and Lemma 10.

—1/AM 56 that nyr = 1'. We

We define t; = i7" and 1; = g X r with r = ¢
are going to apply M times Theorem 4, once on every interval [t;_1, t;] (of
size less than T") and with 7 = n; and ¢ replaced by 7;_1. That gives

[sup | v ()l oms < Nienlloomr + Ke(E(t:), AE(t;)) (] + e/*M),
telti—1,t;

and consequently thanks to (3.5)

ol 4 i (D lloor < linlloo e+ Ko(E(Tw), AE(Tn)) M e/*M < 2|1 [loo,e
>IN
(3.6)
independently of N (and T ). Now we apply Lemma 10 at time T and
because of (3.5), we obtain
B(Tn) < C[lpn (Tn) |15 (K (Tw)™ (R(Tw))™ —°

, / (3.7)
< C(K(Tn)* (R(Tn))>
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using (3.6). As Ty > ¢, Lemma 5 implies that

K(Tw) < KO +C [ B(t)dt < K(0) + CTw E(Tx).
0

From this inequality, we immediately deduce that
R(Tn) < R(0)+ Ty K(0) + CT% E(Ty) <CT + CT*E(Ty).
Inserting these last two inequalities in (3.7), we find
E(Ty) < CT + CT?(E(Ty))> .

Since 2o/ — a < 1, there exists a constant C(T") depending only on T' and
the initial distribution such that

E(Ty) < CO(T), K(Ty)<C(T), R(Tx)< C(T). (3.8)

We are almost ready to conclude, we only need to apply once Lemma 11

and by (3.5), (3.6) and (3.8)

AE(Tn) < C(T). (3.9)
Inserting (3.9) in Lemma 4, we eventually get
m(Tn) < C(T). (3.10)

Together (3.8), (3.9) and (3.10) imply that all the inequalities of (3.5) are
true with a factor 1/2 at time T, provided N and M are large enough.
Therefore (3.5) is still true on at least a short time interval after Ty and
that means that necessarily Ty = T'. The consequence is that (3.8), (3.9)
and (3.10) are true on any time interval [0, 7] which is exactly Theorem 2.
Finally note that we have implicitly used the short time result when we said

that Ty > e.
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4. Convergence of the density in the approximation

The existence of the bounds on R, K, E, AE and ||j1n ||, implies the weak
convergence of the distribution ux to a weak solution of the Vlasov equa-
tion and Theorem 3 is only a consequence of Theorem 2 and the following

proposition

Proposition 1. Let ux be the distributions associated with the solutions
to (1.1). We assume that the initial conditions u% converges weakly in
MY (R24) to some fo € L' N L>®(R%4). We choose a time T > 0. Assume
furthermore that there exists a constant C(T') independent of N such that
;u%(R(T), K(T), E(T), AE(T), m(T), [locnll) < +oo,
>
where n depends on € and N and goes to zero when € goes to zero. Then,
un (t) converges weakly to f(t), a solution to the Vlasov equation with initial

conditions f9.

Proof. We recall that the distribution of the particles pn satisfies the
Vlasov equation in the sense of distributions provided the force field is cor-
rectly written. Moreover, the sequence px is bounded in C([0, T, M (R3?)).
Up to an extraction, we may assume that py converges weakly to some
f € L>([0,T), M}(R??)). In addition, the fact that ||pn|eo,, is bounded
implies that f € L°. To see this, we choose a regular test function @ with

compact support. We have

(e, #) = 5 D0 PX(0), Vi(0)

Now, we define p,(x,v) = xc(z/n,v/n) where x¢ is the characteristic func-

tion of the set C = {(z,v)|||(z,v)|| < 1} and we write

N
(i, #) = 5 3@ % py (X0 V(1)
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The first term is [ ¢xpy(z,v) dun (z,v) = [ d(pun*py,) dzdv. So it is bounded

by 16111 % [l + pylloc: But i + pylloo is exactly [[axlloc.y. The second
term is easily bounded by 7||V®| . Putting all together, we obtain that

(v, @) < |[nlloonl| @l + 0| VP oo

At the limit,
(f, @) < Tim inf ||| oo.n[| @1,

which means that f € L and that || f|lcc < Uminfyx_oo ||n oo,y

The passage to the limit in the linear part of the equation does not raise
any difficulty. For the term in F' -V, f, we need a strong convergence in the

force. We denote by Fi, the force induced by f and by Fiy the force induced

by pin

z—y
Fo () Z/Wf(t,y,w)dydw,

Fn( NZ |z __ |1+a

We have

1 to+e
—/ Fr(Xi(t) = Fao(Xa(D) dt = I + I + Iy

€ Jto
X;
/ / _Xi()[>r |yy X, (s §|3¢+1 d(un — f)(y) ds
1 t+e y— X( )
/ / —X; (t)‘<'r‘ |y X( )|a+1 f( )

t+e X
o /X<t<r|yyx<§|3+ld“N(y)d8’

for all » > 0. The first term [; in the right hand side always goes to
zero because uy converges weakly to f. The second term is dominated
by [|.flloo S0y @4/ 1y|*, a quantity which is less than C|| fllsor®=. The last
one is the field created by the close particles in the discrete case. To estimate

it, we use corollary (1), which gives
Iy < C ([l |8 K r = 4 e [l oo, K340

—d ’
4 62d—3a ||,U/N||oo,a Kd—aE Kd) S CTa —a
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And these bounds are independent of N or 1.
Then, letting € going to 0 and then r, we find that
1 t+e
sgtlag/t Fn(Xi()) — Fao(Xs(s))|ds — 0 as e—0. (4.1
With this strong convergence, we are able to prove the convergence of the
term Fiy - V,un towards Fi - V,, f in the sense of distributions. We choose

a smooth test function ¢ with compact support and compute
T
J= / (/ Foo(t,x) - Voo (t, z,v) f(t, z,v) dedv
0 x,v
N
— ZFN(t,Xi(t), Vi(t)) - Vuo(t, X;(t), Vz(t))) dt. (4.2)

i=1

We separate J in J; + Jo, with

T
J1 = A /va Foo(t,m) 'vv¢(t7x7v)d(f_luN)(t’m’v) dt’

and

— Fx(t Xi(t), Vilt)) - Voolt, Xi(8), Vi(t)) ) dt.

Because of the continuity of F, J; vanishes as € goes to zero. To show
that Jo vanishes as well, we decompose it in M = [T'/e] + 1 integrals on M
intervals of time with length . The last interval is of length less than €, but
that does not create any difficulty and we do as if it were of length €. We

obtain,

(k+1)e , N
(Foo(t, Xi(1), Vi(t)) — Fu(t, Xi(t), Vi(2)))
1

ney [T

7=

Va(t Xi(0), V1)) dt

M
< OZ/
k=1 ke

k+1)e N
(Dl eelt. Xu(t). Vi(t) = Ew (1. X:(0).Vi(0)] ) di.

(4.3)
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This sum may be bounded by

t+e
CTsupl/t | (Xi(s)) — Foo(Xi(s))| ds,

it €

a quantity which goes to zero according to (4.1). Thus, J goes to zero when

€ goes to zero and the proof is done.

Appendix : Existence of strong solutions to Equation (1.3)

We mean by strong solution on a time interval [0, T], a function f €
L>(]0, T] x R??) with compact support in space and velocity and which
satisfies (1.3) in the sense of distributions.

Obtaining such solutions for any time was a major issue for the Vlasov-
Poisson system (finally solved in [15], [20] and [18]) because from strong
solutions it is easy to get uniqueness or classical solutions. However if the
potential is not as singular (and it is the case here), the issue of strong

solutions is relatively simple

Theorem 5. Assume that (1.4) with o < 1. Let f° € L°°(R??) with com-
pact support and T > 0. Then there exists a unique f € L>([0, T] x R??)

with compact support, satisfying (1.3) in the sense of distribution.
The core of the proof of the theorem is the following estimate

Lemma 12. Let f € L>([0, T], R??) with compact support be a solution
to (1.3) in the sense of distribution with (1.4) and o < d — 1. Then if we
denote by R(t) and K (t) the size of the supports of f in space and velocity,

they satisfy for a numerical constant C

R(t) < R(0) + /t K(s)ds,
0

K(t) < K(0)+C|f(t =0, )| | fE=0,., )] ></0 (K (s))" ds.
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Proof of the lemma. Given the estimate on f, p also belongs to L with

the bound
p(t, I poe ey < C (K@) f(Es - )| oo m2ay-

As we have (1.4) with & < d — 1, E = F %, p is lipschitz. Therefore the
solution to (1.3) is unique and is given by the characteristics. Namely, we

define X and V the unique solutions to

WX (t,s,x,0) =V(t,s,xz,v), OV(t s, z,v)=E{ X(,s,x,v)),
X(s,s,z,v) =2, V(s s,x,0)=n0.

The solution f is now given by
f(t7 m’ U) = f(o’ X(O7 t’ ':U’ U)’ V(O7 t? x? U))?
with the consequence that
t t
RO < RO+ [ Ko)ds, K0 <K+ [ B )~ ds
0 0

Then

1—a/d d
IE[lz~ < o2 1ol 32,

and it is enough to notice that the L' and L> norms of f are preserved in
this case. 7

From Lemma 12, one may obtain very easily Theorem 5 with a standard
approximation procedure. The only thing to check is that the estimates on
the support are independent of the parameter of the approximation and this
is ensured by Lemma 12 in the case a < 1 thanks to Gronwall Lemma. The

uniqueness of the solution follows classically from the bounds.
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