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Exercises - Chapter 3 (Correction)

Exercise 1.
Let P, denote the set of all polynomials of degree less than or equal to k£ in one
variable.

Let K = [0,1], the following triplets (@,73,/\7) are they finite elements? In the
favorable case, give the nodal basis of P.

(a) P =Py, N = {N;, N2} where Ni(v) = v(0) and Ny(v) = v(1).

Ar/l\swer o R
e K C R is a bounded closed set, K # @, K is smooth.
e dim P = 2.

o dim N = 2 = dim P’ the dual of P;.

Let ay, ag be reals such that a;Ni(v) + aeNa(v) = 0 Vv € P. Then, for v € P such that
v(0) # 0 and v(1) = 0, one gets a; = 0. By choosing v € P such that v(0) = 0 and v(1) 0,
one gets ap = 0. Then N is a basis of 7.

Therefore (K ,P,N) is a finite clement.

e The nodal basis (qgl ,ggg) can be calculated by using the barycentric coordinates Xl, Xg
associated to the nodes a; = 0, as = 1, that is

ME) + @) = 1,
M(Z)Oay + X(Z)Oas = OM ==,

where O is the origine, Oa; the vector whose ends are O and a;, OM the vector whose ends
are O and M, M being the current point.

Since Oa; = 0 and Ody = 1, on gets A2 () =7 and 1 () =1 — 2. Therefore the nodal basis
(¢1,P2) is given by

6@ = Ml
P2(Z) =

) 8)

) = 1-2 — <E1 = 51,
= P2 = M.

>
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(b) P =Py, N = {N1, Ny, N3} where Ny (v) = v(0), Na(v) = v(1) and N3(v) = v(1/2).

Al:l\SWE!I‘ R R
e K C R is a bounded closed set, K # @, K is smooth.
e dim Py = 3.

e dim NV = 3 = dim P’ the dual of Ps.
Let a1, ag, az be reals, v € Pa, v(T) = a3T? + a2 T + a1 such that Ni(v) = 0, Na(v) = 0,
N3(v) = 0. Then

a1:O

a1:0
O‘3+01‘2:0 — ar=0 = v=
Za3+§a2:0 ag =0



Then the mapping P — R v — (Ny(v), Na(v), N3(v)) is one-by-one, in turn N is a basis
of P'. R
Therefore (K ,P,N) is a finite element.

e The nodal basis (qAﬁl o ,(1/53) can be computed by using the characterization Nz(qg]) = 0j;
the Kronecker symbole. This is equivalent to

s1(0) = 1 $2(0) = 0 $3(0) 0
a1 =0 Ha(l) =1 and { 3(1) = 0
¢1(1/2) = 0 $2(1/2) = 0 ¢3(1/2) = 1
Then ) .
@1(3?):2(3?—1)(3?—5) $1=2X1(X1—§),
BE=28G-5) T Yh=hla-y).
$3(7) = —47 (T - 1) b3 =4 Aa,

where Xl, /):2 are the barycentric coordinates associated to the nodes a1 = 0, as = 1.

(c) P =Py, N = {N1,N3,N3,N4s} where Ni(v) =v(0), Na(v) =v(1), N3(v) =v(1/3)
and Ny(v) = v(2/3).

Al:l\SWEI‘ R R
e K C R is a bounded closed set, K # @, K is smooth.
e dim P3 = 4.

e dim NV = 4 = dim P’ the dual of Ps.

Let a1, ag, az and a4 be reals, v € P3, v(T) = ay T° + a3 T2 + a T + o such that Ni(v) = 0,
Ny(v) = 0, N3(v) = 0 and Ny(v) = 0. Then v = 0 since v € P3 owns 4 distinct zeros
0,1/3,1/2,1. Then N is a basis of 7.

Therefore (K ,P,N) is a finite element.

e The nodal basis ((;Aﬁl ,q% ,&53 ,¢A54) is given by

&@)—%(f—%)l(a?—%);a?—n '@é%@—%)@l—%),
52(3)253(3—5)(3—5) ¢A52=§X2(X2—§)(X2—§)
2T 2 =\~ < 2.9
¢3(1‘)—§$($——)($—1) <153=)\1)\2(7)\1—§),
NN S ~ e~ 2T~ 9
k€b4(f5‘):EJ«“(J«“—g)(J«“—l) ¢ =AM e (A= 5),

where Xl, /):2 are the barycentric coordinates associated to the nodes a1 = 0, as = 1.

(d) P =Py, N = {N1} where N;(v) = [} v(z) da.

Ar/l\swer o R
e K C R is a bounded closed set, K # @, 0K is smooth.
e dim Py = 1.

e dim NV =1 = dim P’ the dual of P,.
Let ay be a real, v € Py, v(Z) = ay such that Nj(v) = 0. Then v = 0 since 0 = fol o dr = og.
Then A is a basis of 7.



Therefore (K ,P,N) is a finite clement.

e The nodal basis {¢;} where

~

¢1(z) = 1.

(e) P =P3, N ={Ny,Ny,Ns, Ny} where Ni(v) = v(0), Na(v) = v(1), N3(v) = v/(0)
and Ny(v) =v'(1).

Ar/l\swer o R
e K C R is a bounded closed set, K # @, 0K is smooth.
e dim Py = 4.

e dim NV = 4 = dim P’ the dual of Ps.

Let a1, as, az and ay be reals, v € P3, v(T) = oy 22 + a3 72 + ap T + ay such that Ny(v) = 0,
Ny(v) = 0, N3(v) = 0. Then v = 0 since v € P3 owns zeros 0,1, the multiplicity order of
each zero is 2. Then N is a basis of 7.

Therefore (K ,P,N) is a finite clement.

e The nodal basis (¢1, 02, ¢3,¢4) is given by
51(3?):(23?—1-1)(3?—1)2 ¢A51=X%(3—2X1)7
$2(Z) = (27 + 3) 72 — B2 = A3 (3—2)\y)
$3(%) =7 (T —1)? b3 = A2y
p4(T) =22 (T - 1) by = M A3

where Xl, /):2 are the barycentric coordinates associated to the nodes a1 = 0, as = 1.

~ o~

Let a, b be reals and K = [a,b]. In each above example where LIA( , P, N) is a finite
element, give a finite element (K ,P ,N) affine equivalent to (K ,P ,N).

Answer

Let Fi be the following mapping K — K,  +— 2 = Fi(Z) = (b—a) T + a.

The mapping F is affine.

One has F(0) = a, Fx(1) =0.

Fr(K) = K: K and K are affine equivalent.

Regarding the evaluation of a function v on K, one can use the following scheme

KIS g YR,
so that
0(Z) = (vo Fg)(Z) = v(Fk(Z)) = v(x).
Then v(a;) = v(a;) where Fi(a;) = a;.
From v(Z) = (v o Fk)(Z) the derivatives can be computed as follows

v'(2) = (Fk (7)) - Fg () = ' (Fk (2)) - (b—a).

Then v'(a;) = v'(a;) - (b — a) where Fg(a;) = a;
The barycentric coordinates associated to the edges a and b of K are defined by

Aw) = (o Fi o) = A7 @) = 312 ).

3



-1 < >
The above formula uses the scheme K FK—> K LN R.

Then v a
)\1(1}):1— b_a7
T —a
Ao(@) = b—a’
Therefore

(a) (K,P,N) is affine equivalent to (K ,P,N') where
e P = Py, and the nodal basis (¢, ¢2 ) is given by,

o1(x) = M (),
p2(x) = A2 (),

where A1, Ao are the barycentric coordinates associated to the nodes a, b.
o N ={N;, N2} with Ny(v) =wv(a) and N2(v) = v(b).

(b) (K ,P,N) is affine equivalent to (K ,P,N) where
e P = P,, and the nodal basis (¢1 , ¢2, ¢3) is given by,

¢1=2)\2()\1—1)>

2

1
¢2=2)\2()\2—§)>
P33 =4 Ao,

where A1, Ao are the barycentric coordinates associated to the nodes a, b.

e N ={N;, Ny, N3} with Ni(v) = v(a), No(v) = v(b) and N3(v) = v(a + b)

2
(c) (K ,P,N) is affine equivalent to (K ,P , N') where
e P = Ps, and the nodal basis (¢1 , p2, @3, ¢4) is given by,

(¢1=g)\1()\1—%)()\1—§),
¢2—g)\2()\2—%)()\2—§)
¢3—)\1)\2(2—27)\1—g)7
¢4—)\1)\2(2—27)\2—§),

where A1, Ao are the barycentric coordinates associated to the nodes a, b.
ON: {N17N27N37N4} with

Ny(v) = v(a), Na(v) = v(b), Na(v) = v(a + %(b _ a)> and N, (v) = v(a + %(b - a)).

(d) (K ,P,N) is affine equivalent to (K ,P,N) where
e P =Py, and the nodal basis ¢; is given by,

¢1=1.

b
e N ={N;} where Ny(v) = W.



(e) (K ,P,N) is affine equivalent to (K, P, N') where
e P = Ps, and the nodal basis (¢1 , P2, @3, ¢4) is given by,
¢1 =M (3—2\1),
¢2 = )\g (3 - 2)\2)7
¢3 = AT Aa,
$1 =M1 A3,
where A1, Ao are the barycentric coordinates associated to the nodes a, b.
e N = {Ny,Ny,N3,Nys} with Ni(v) = v(a), Na(v) = v(b), N3(v) = v'(a) - (b — a) and
Ny(v) =2'(b) - (b—a).

Exercise 2.

Let K be the triangle whose vertices are the points a; = (0,0), a; = (1,0) and
az = (0,1) t.e. K = {(0,0),(1,0),(0,1)}, m; denote the midpoints of his edges,
according to m; is the midpoint of the edge (a5, as), ms is the midpoint of (as,a;),
m3 is the midpoint of (a; ,as2).

The following triplets ({?,73,]{\/‘) are they finite elements? In the favorable case,
give the nodal basis of P.

(a) P =P1, N ={Ny,N,,N3} where N;(v) =v(@),i=1,2,3.

Answer
e K C R? is a bounded closed set, K # O, OK is smooth.
e dim P; = 3.

e dim N = 3 = dim P’ the dual of P;.

Let oy, g, ag be reals, v € P1, v(Z,y) = ag® + @2y + a1 such that Ni(v) =0, Ny(v) =0,
N3(v) = 0. Then a; =0, az =0 and a3 = 0. Then A is a basis of P'.

Therefore (K ,P,N) is a finite clement.

e The nodal basis (qgl ,g/f)\g ,53) is given by
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where Xl, /):2 and Xg are the barycentric coordinates associated to the nodes a3 = (0,0),
/a\g = (1,0) and 63 = (0,1).

(b) P =Pi, N = {Ni, Ny, N3} where N;(v) = v(im;),i =1,2,3.

Answer .

e K C R? is a bounded closed set, K # O, OK is smooth.

e dim Py = 3.

e dim A = 3 = dim P’ the dual of P;.

Let aq, g, ag be reals, v € P1, v(Z,y) = ag® + @2y + a1 such that Ni(v) =0, Na(v) =0,
N3(v) = 0. Then a; =0, ap =0 and a3 = 0. Then A is a basis of P'.

Therefore (K ,P,N) is a finite clement.



e The nodal basis (51 ,Q/Z;Q ,53) is given by

&51(%7@\):25?—’_2@\_1 $1:1_2X17
$2(Z,7) = -2+ 1 = {dp=1-2,
$3(Z,9) = —27 + 1 b3 =1—2X3,

where Xl, /):2 and Xg are the barycentric coordinates associated to the nodes a3 = (0,0),
ag = (1,0) and 63 = (0,1).

(c) P =Py N = { 1,NQ,N?, Ny, N5 ,Ng} where Nj(v) = v(@;),i = 1,2,3 and
N;(v) =v(m;—3),i =4,5,
Answer
e K C R? is a bounded closed set, K # O, OK is smooth.
e dim Py = 6.
e dim A = 6 = dim P’ the dual of P,.
Let Ly, Lo, Ls, L4, L5, Lg be linear functions which define the edges (a1 ,a2), (as,as),
(my,ma), (M2, ms), (Mmg,m), respectively, that is L;(Z,y) = 0 for i = 1,...,6 on the
corresponding edge. The functions L; are

L@ 5) =5, La(@ ) = 1~ 3, Ls(3.5) =7, La(@,§) = 5 5 Ls(@.5) = 5 ~ 57

~

Le(T,y) = 5 — 2.

Let v € Py such that Ny(v) = 0, Na(v) =0, N3(v) =0, Ng(v) =0, N5(v) =0, Ng(v) =0 i.e.
v(a;)) =0,i=1,2,3 and v(m;) =0, ¢ = 1,2,3. The polynomial v vanishes at two points
of edges (ag,as), (Mo ,ms). Then there exists a constant ¢ such that v = ¢Lo L. But v
vanishes at a;:

N —

0 =0(0,0) = c¢Ly(0,0) L5(0,0) => ¢ = 0,

since L2(0,0) # 0 and L;5(0,0) # 0.
Then v = 0 and N is a basis of P’.

~

a
Therefore (K ,P,N) is a finite clement.

e The nodal basis ((;Aﬁl ,q§2 ,&53 ,¢A54 , g/b\5 7;!5\6) is given by

( 1

F ) =2(=—7 1-%—73 SO
¢1($,y) (21 z y)( x y) (¢1 :)\1 (2)\1_1)’
2(T,y) = -2(5—2)7 P2 = A2 (2X2 — 1),
~ 1 b5 = N3 (2h3 — 1),
5(@.7) = —25(; - 0) e o=l
u(E.5) = 457 g =42 A3,

z,7) =472 ~ P
5@% ré"ﬂ oo = A

_{L" = —x— ~ o~ o~
ASAZi ?i R Zi L 96 =41 Az,
b6(7,y) =47 (1 -7 —7)

where Xl, X2 and X3 are the barycentric coordinates associated to the nodes a3 = (0,0),
az = (1,0) and a3 = (0,1).

Jzv(@,7)dz dy

(d) P =Py, N = {N,} where N;(v) = 7

Answer



e K C R is a bounded closed set, K # O, 0K is smooth.

e dim Py = 1.

e dim N = 1 = dim P’ the dual of P,.

Let a; be a real, v € Py, v(Z,y) = a1 such that Ni(v) = 0. Then v = 0 since 0 =
fo o dz dy = aj. Then A is a basis of P'.

Therefore (K ,P,N) is a finite clement.

e The nodal basis {¢;} where

~

¢1(§7g//\) =1.

(€) P =Py N = {Nl,NQ,Ng,N4,N5,N6} where N;(v) = v(a;),7 = 1,2,3 and
N;(v) = Vou(m;—3) - m;_sa;—3,i =4,5,6, with V the gradient operator, m;_3a;_3 the
vector whose ends are m,;_3,a;_3 for i =4,5,6.

Answer
e K C R? is a bounded closed set, K # O, dK is smooth.
e dim Py = 6.

e dim AV = 6 = dim 7’ the dual of P,.

Let a1, asg, as, ag, as, ag be reals, v € Pa, v(T,7) = aZ? + asy? + Ty + a3 T + as yj + oy
such that Ni(v) =0, Na(v) =0, N3(v) =0, Ny(v) =0, N5(v) =0, Ng(v) = 0. Then a3 = 0,
as=0,a3=0, s =0, a5 = 0 and ag = 0. Then A is a basis of P'.

Therefore (K ,P,N) is a finite clement.

e The nodal basis (qgl ,g/f)\g ,53 ,;;54 , ggg, ,;56) is given by

~ 1 . 1 . 3. 3. (~ 1 ~ ~ o~ —~
¢1(93,Z/)25332—1‘52/24‘2559—555‘—594‘1 ¢1:§()\%+2)\2>\3+)\1),
2(7,9) = 53— - TP+ 5T+ b2 = (8 +2Xah + o),
¢3($,y):—x2+§y2_ajy+$+§y — ¢3:§(A§+2)\1/\2+)\3),
04(,9) = -2 — P - 207 +T+7 Gs =M+,
¢5(.§3‘\,§/\):—$ +.1‘ ¢5:_)\%+)\27

b6(Z,9) = -9 +7 d6 = —A3 + A3,

where Xl, X2 and X3 are the barycentric coordinates associated to the nodes a3 = (0,0),
/a\g = (1,0) and 63 = (0,1).

Let ai, as, a3 be points in R? and K the triangle whose vertices are the points
whose vertices are a1, az, azg: K = {a1,a2,a3}. In each above example where
(K 77 N ) is a finite element, give a finite element (K ,P,N) affine equivalent to
(K. P,N).

Answer R
Let Fi be the following mapping K — K, (Z,y) — (z,y) = Fx(Z,7),

Fx(7.9) = Ak <E)+b:<x2_f‘” "””3‘”“"1> <E)+<“>
Yy Y2—Yy1 Ys— Y1 Yy n
(o )= ) = (50)
where a1 = , Qg = , a3 = .
Y1 Y2 Y3



If the triangle K = {aj,a2,a3} is non-degenerate the mapping Fj is invertible. One has
det(Ar) = 2 Area(K).
The barycentric coordinates A; : K — R associated to the edges a; of K can be computed by

—1 < N
using the scheme K P & 2, R. Then the barycentric coordinates are defined by

Ma,y) = Ao F)(z,y) = AFg'(z,y) = AT, 7).

NF
From<x>:AK<f>+<$l>onegets< > <a;—:1:1>.
Yy Yy n Yy—un
1 Ys—n —(x3 — 71)
Si Ay 1 — t
ince = Toidr ( Ca—v1)  w—m , one gets

dele ) = (@) =7 = o e =) = ) = (o o)y - ).
~ N~ 1
hala ) = 3a(@.7) =7 = g |~ =)o = 00) o2 =)y = )]
M) = 1= 7= G = 1t | = (o ) — (o2 = )y~ )|

Straightforward computations lead to the desired affine equivalents finite elements.

Exercise 3.
Let Q) = {Z ¢jpj(x)gj(y) such that p;,q; are polynomials of degrees < k}

Let K be the squarre whose vertices are the points a; = (0,0), a3 = (1,0), as = (1,1)
and @, = (0,1), i.e. K ={(0,0),(1,0),(1,1),(0,1)}. The midpoints of the edges of
this squarre are denoted by a;, i =5,6,7,8, according to a; is the midpoint of the
edge (a;,a2), ag is the midpoint of (ay,as), a7 is the midpoint of the edge (as,ay),
ag is the midpoint of (a4,a;). The center of the squarre is denoted by ag.

(a) Let P=0,N= = {N1,..., N4} where N;(v) = v(@;),i =1,2,3,4. Show that
(K,P,N) is a finite element.

Answer
Let us recall that the dimension of the space Qy is

dim Qy, = (dim P;)* = (k +1)%.

where P; denote the set of all polynomials of degree less than or equal to k in one variable.

e K C R? is a bounded closed set, K # O, OK is smooth.
edim Q= (1+1)*=4.
e dim A = 4 = dim P’ the dual of Q.
Let Ly, Lo, L3, Ly be linear functions in one variable which define edges of the squarre,
(61 ,/a\g), (/a\g ,63), (63 ,84), (54 ,81), respectively,

L1(7,5) =5, Io(@,5) = 1 - &, Ls(3,9) = 1 - 5, La(@,5) = &
Let v € Q; such that Ny(v) = 0, No(v) = 0, N3(v) = 0, Ny(v) = 0 i.e. v(a;) = 0,
i = 1,2,3,4. The polynomial v vanishes at two points a;,as of the edge (a;,az). The
polynomial v vanishes also at two points as,as of the edge (as,as). Then there exists a
constant ¢ such that v = ¢L; Ly. But v vanishes at a4:

0=v(0,1) = cL1(0,1)Ly(0,1) => ¢ =0,



since L1(0,1) # 0 and L2(0,1) # 0.
Then v = 0 an (ﬂ;\leabaSIS of P'.

~

Therefore (K ,P PN ) is a finite element.

e The nodal basis ((;Aﬁl ,ggg ,&53 ,¢A54) is given by

n@§) = 1-H1-9) = M@, 1=,
HED = F0-7) = RED )=k
¢3(z,y) = Ty = A3(Z,7) $3 = A3,
01(7.,9) 1-BF = %G9 G,
where Xl, ;\\2, /A\g and X4 are introduced for commodity.
(b) Let P=0Qy N = = {N1,...,Ng} where N;(v) = v(a;),i =1,....,9. Show that

(K,P,N) is a finite element.

e K C R?is a bounded closed set, K 0, 0K is smooth.
e dim Qy = (2+1)*=09.
e dim A/ = 4 = dim P the dual of Q.
Let Ly, Lo, L3, Ly, Ls, Lg be linear functions in one variable which define the edges, (a; ,a2),
(62 ,83), (&\3 ,64), (64 ,al), (65 ,87), (/a\g ,&6), respectively,

Li(z,y) =y, Lo(Z,y) = 1 -2, L3(Z,y) = 1 -y, La(Z,y) = 7, Ls(Z,7) =
Lo(.5) = 5 ~ 7
Let v € Qp such that Ny(v) = 0, Na(v) = 0, N3(v) = 0, Ng(v) = 0, N5(v) = 0, Ng(v) = 0,
N7(v) =0, Ng(v) =0, Ng(v) =0 d.e. v(a;) =0,i=1,...,9. The polynomial v vanishes at
two points of edges (a1 ,a2), (az,as3), (as,ar), (as,as). Then there exists a constant ¢ such
that v = ¢ Ly Ly Ls Lg. But v vanishes at a4:

N =

0=v(0,1) =cL1(0,1) Ly(0,1) L5(0,1) L(0,1) = ¢ =0,

since L1(0,1) # 0, L2(0,1) # 0, L5(0,1) # 0 and Lg(0, 1) # 0.
Then v = 0 and N is a basis of P
Therefore (K ,P,N) is a finite element.

e The nodal basis (C/b\l 7&)\2 7$3 7</b\4 ) &55 7$6 ) 57 ) 9/58 ) 59) is given by

$1(Z,7) = (1-3)(1-7) (1 —22) (1-2)) é1 =M (A — Az + A3 — M),
$2(2,9) = -7 (1—7) (1 —22) (1 - 27) $2 = —Ao (A — Ao+ Az — Ag),
¢3(2,9) =27 (1 —22) (1 — 27) ¢3 = A3 (A — A2+ A3 — M),
64(Z,9) = —(1—2)§(1—23) (1 - 27) b1 = A1 (A1 — Ao+ Az — Aa),
¢5(2,9) =42 (1—-2) (1 — §)(1 — 27) = s =4 (o — ),

96(T,7) = —427 (1 — 22)(1 - 7) </56—4/\2 s — ).,

6r1(2,9) = —42F (1 - 2)(1 - 27) b1 =43 (u =),

$s(,9) =49 (1 —7) (1 —22) (1 - 7) Ps =40 (A1 — A2),

$9(&,9) = 1627 (1 —2)(1 - 7) o =161 A3 = 16 o),

where Xl, Xg, /Xg and X4 are already introduced in (a).



Exercise 4.

(a) Given a finite element (K, P, N), let the set {¢; : 1 <i < k} NP be the basis
dual of N. If v is a function for which all N; € N/, i =1, ..., k, are defined, then we
defined the local interpolant by

k
Iv=>Y Ni(v);.
=1

Prove that the local interpolant is linear.

Answer
Let v be a function for which all N; € N, i =1, ..., k, are defined. Then, v — N;(v) is linear
for all N; € N, i =1, ..., k. Therefore the local interpolant Zx is linear for such function v.

(b) Let T3 be the triangle whose vertices are a; = (0,0), a2 = (1,0) and a3 = (0,1), T
be the triangle whose vertices are ay = (1,0), ag = (1,1) and a3 = (0,1). Following
finite elements are considered:

(Ty,Py,N1) with N7 = {Ny, Ny, N3} where N;(v) =v(a;),i=1,2,3;

(Ty ,P1,N2) with Ny = {N4, N5, Ng} where Ny(v) = v(ag), N5(v) = v(as), Ne(v) = v(as).
Finally let f and g be functions in R?: f(z,y) = e* and g(z,y) = sin (7(z +y)/2).
Compute the local interpolations Zx f and Zxg where K =T} ,T5.

Answer
The nodal basis of the finite element (77, Py ,N7) is {¢1, P2, 3} defined by
o1(x,y) =1—2—y,d2(2,y) = v, ¢3(z,9) = y.
Then
Ixf=N(f)1—z—y)+ No(f)z + N3(f)y
= £(0,0) x (1 —z —y)+ f(1,0) x x + f(0,1) x y
=lx(l—-z—y+1lxax+1lxy
= 17

Ikg = Ni(9)(1 — = —y) + N2(g9)z + N3(9)y
=¢(0,0) x (1 -z —y)+9g(1,0) xx+¢(0,1) x y
=0x(l—-z—y)+1lxz+1xy
=xr+y.
The nodal basis of the finite element (T2, Py ,N2) is {¢4, ¢s5, ¢} defined by
da(@,y) =1—y,d5(x,y) =z +y—1,0(z,y) =1-z.
Then
Ikf = Nu(f) 1 —y) + Ns(f)(z +y—1) + Ne(f)(L — )
=f(1,0)x (1 —y)+ f(1,1) x (x+y—1)+ £(0,1) x (1 —x)
=lx(1l-y+ex(z+y—1)+1x(1—-2x)
=e—-1)(z+y)+2—e,
Irg = Ni(9)(1 —y) + Ns(g)(z +y — 1) + Ne(g9)(1 — =)
=g(1,0) x (1 —y)+g(1,1) x (x+y—1)+9g(0,1) x (1 —x)
=Ix(1-y)+0x(z+y—1)+1x(1—=x)
=2—-—z—y.

10



Exercise 5.
Let P} denote the space of polynomials of degree < k in n variables.
n+k

Prove that dim (P}!) = ( I

), where the latter is the binomial coefficient.

Answer
The dimension of the space of polynomials in n variables being exactly of degree [ € N
is the number of combination with repetition of [ objets within a set of n objects, that is
n+l—1
l
Then the dimension of the space of polynomials of degree < k in n variables is

k
o n+l—1Y\ ([ n+k\ (n+k)! L
dim P} = ZEO < ; > = ( 1 > =l ,thanks to Pascal’s triangle.

When R™ denotes the physical space the above formula turns into

k+1 if n=1,
1
dmpp = "TF) =] S+ DE+2) if n=2,
k
1
S+ 1)k +2)(k+3) i n=3.
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