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Abstract

We consider a Ginzburg-Landau energy for two dimensional divergence free fields ap-
pearing in the gradient theory of phase transition for instance. We prove that, as the
relaxation parameter vanishes, families of such fields with finite energy are compact
in LP(2). Our proof is based on a kinetic interpretation of the entropies which were
introduced by Desimone, Kohn, Miiller and Otto. The so-called kinetic averaging lem-
mas allow to generalize their compactness results. Also the method yields a kinetic
equation for the limit where the right handside is an unknown kinetic defect bounded
measure from which we deduce some Sobolev regularity. This measure also satisfies
some cancellation properties depending on its local regularity, which seem to indicate
several level of singularities in the limit.

1 Introduction

This paper is concerned with the compactness, as the parameter € van-
ishes, for divergence free functions in IR? with a finite Ginzburg-Landau
energy. Namely, we consider functions u. : Q C IR?* — IR* (Q a smooth
bounded domain of IR?) such that

(1.11) { div u. =0 (i.e. uc is a curl),

e Ja | Duc|?dx + %fQ ]1 — |u€|2°‘]p dz < Ej.

This problem, and variants, arises in many physical applications such
as thin films or in the gradient theory of phase transition (see A. Desimone
et al [6] and the references therein).

Throughout this paper, we use the notation

(1.12) X (& v) = Lieusoy

We prove the
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THEOREM 1.1 Assume that 2ap > 1 and 0 < p < 2. Then the sequence

ue 1s relatively compact in L9(Q) for 1 < q < 2ap. After extraction of a

subsequence, the limit u is a divergence free field and it satisfies |u| = 1

and

1 3+0

506 (€70, (mi;€0)) — =506, (m ] 6)
where the sum is taken for i, j, k equal to 1,2 and (B is any real number

with 0 < <1, 8 <2ap—1, 8 < ap, and the miﬁjk(ﬁ,x) are measures

such that

(1.14)

/ sup |mgk(f,m)| dx < Ey/2, Zmﬁ-j =0, kaV§mgk =0,
Q¢eR? i k

(1.13) € Vax(&u) = (

(1.15) / Vem, (€, 2)| do d¢ < C(R) Ey, forall R > 0.
QxB(R)

Some regularity for the limiting function u as well as cancellation prop-

erties of the kinetic defect measures mlﬁ] ;. are also available, especially the
strange phenomenon of the parametrisation by § can be relaxed in some
cases.

PROPOSITION 1.2 Additionally, we have for any open subset O of Q and
anyr>1

J)UGWS’qforallO§3<%,q<%

2) If Vu. is uniformly bounded in L"(O), then mfjk =0 on O.

3) If Vz|ue| is uniformly bounded in L"(O), then >, mgj =0.

4) If |luc] — 1 in L*®(O), then %mgk = my;i does not depend on 3,
> mfjj =0 and

(1.16) £ Vax (&, u) = Y €[k, 0, man; on O.
1,5,k

This theorem is motivated by the compactness result proved in [5]
by A. Desimone, R.W. Kohn, S. Miiller and F. Otto for a similar func-
tional. Our method of proof is also motivated by that of [5], and by
the remarkable analogy between the Ginzburg-Landau model (1.11) and
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scalar conservation laws through a family of entropies as noted in that
paper. Here, we introduce the additional idea of using the kinetic formu-
lation which allows simpler and stronger compactness arguments through
kinetic averaging lemmas just as it does it for nonlinear hyperbolic sys-
tems.

This method allows improvements in two directions; the exponents «
and p are broader than those in [5] although the cases p > 2 are still
open, and also we give a piece of information on the limiting problem
e — 0. From the equation satisfied by x(&, u(x)) we deduce some Sobolev
regularity (first point of the proposition) by a direct application of kinetic
averaging lemmas to the transport equation derived in the theorem 1.1.
Notice that our proof gives regularity for the limit w but not uniform
bounds on wu. itself. Also as in the case of scalar conservation laws or
isentropic gas dynamics with v = 3, (see P.L. Lions, B. Perthame and E.
Tadmor [9], [10]) we do not expect that the exponents obtained are sharp.
This regularity question, especially BV regularity, appears fundamental
in the example of L. Ambrosio, C. De Lellis and C. Mantegazza [1]. Notice
however that in 2d, by Sobolev injections, BV functions also belong to the
Sobolev space W*P for the limiting values of s and p. Another information
appears in the proposition on the limit u; it satisfies the condition divu =
0, and |u| = 1. In two space dimensions this also writes

u=Vipe), |Vy|=1.

But, except maybe for convex domains, the singularities of this Eikonal
equation are not described by the socalled viscosity solutions as the coun-
terexample by W. Jin and R. V. Kohn [8] proves it. The singularities
might better be described by a defect energy studied in P. Aviles and
Y. Giga [2]. On the other hand, from the results of the above proposi-
tion, it seems that the singularities could be due either to singularities of
the gradient, either to the fact that |u| might vanish at some points as
in the more classical theory in F. Béthuel, H. Brézis and F. Hélein [3].
In particular the dependency upon 3 only comes from this points where
ue does vanish in the limit. However, pushing forward the comparison
with scalar conservation laws, more information, e.g. a sign condition on
the measures appearing in the right hand side of (1.13), might rise the
uniqueness of the limiting function u, as in B. Perthame [11] ; of course
boudary conditions should also be specified, which is not necessary here.

Notice that a variant of the above results also holds true for variants of
the energy in (1.11) such as the case when the divergence free constraint is
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relaxed but it is imposed that |u.| = 1 which is studied in T. Riviére and
S. Serfaty [13]. Especially some of the assumptions for compactness can
be removed. From their study it seems that this case yields the viscosity
solution in the limit. We also would like to point out another method
for compactness for the minimizers of (1.11), based on SBV spaces and
which can be found in [1].

The energy (1.11) is a simplified form of energies involved in phase
transitions of ferromagnetic materials as is detailed in [6].

The outline of this paper is as follows. In the second section, we give a
general representation formula, then we consider (section 3) a particular
setting adapted to the present situation. In the section 4, we prove the
compactness result and the formula for the limit. The statements of the
Proposition are proved in the last section.

2 A general representation formula

LEMMA 2.1  For any smooth function u defined on ), we have, in the
sense of distribution in &,

u :
(2.21) Julé - Vax (&, u) + €* Valul - Vex = |5|2’17| - Vex div u.

PROOF OF LEMMA 2.1: We first approximate x/(&, u) by regular func-
tions x, (¢ - u) such that x/,(r) — &(r) in w — M*(IR) (weak topology of
Radon measures). As a consequence

Vexn (€ - u) — Vex(§,u) = 6(§ - u)u,

We compute, with the notation ¢ - Vu - ¢ = 3, ; GOiu;¢;
(2.23)
ul - Vaxu(§ - u) = lulx;,(§-u) & Vau-§

= —I€PValul Vex (€ - )

e lulx, (€ - u)(é Vu. ’Z N ‘%' Ty %

Now, we fix a point x and argue on this expression as a measure in &.
Either u(z) = 0 and all the terms in (2.23) vanish in the limit n — oco. Or

).
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u(z) # 0 and we choose a basis for Rg such that v = (Jul,0). We have,
inw— M,

(2.24)

s [ 4

Therefore, taking the limit n — oo in (2.23), we obtain in D’(IR?) for
all

(2.25) [l - Vax = —I€[2Valul - Vex + €uld (€ - w)divas,

which is precisely the lemma. |

3 Kinetic equation for the Ginzburg-Landau functional

A variant of the lemma 2.1 is, under the same assumptions and with a
divergence free condition

LEMMA 3.1  For any 8 > 0, u € HY(Q) with div u = 0, we have a.e. in
x and in D/(IRE) (recalling that xu/|u| =0 when u =0)
(3.31)

& Vallul'"x) = Adive{=Ve[l¢Plulx(lul’ - 1)]
+(3+ ) [xfulé(jul” - 1)) }

1
+BV£ ® Ve : [1€Px(|ul” ~ 1)m ® Va(u-£)]
u

2 B dive e (ul? - Vg Vg

Jul
)Va(u-&)]

Remark. This lemma is a generalized kinetic version of the analogous
identities proved in [5] for non-linear functionals of u. The left hand side

of the formula is just the term representing the stationary, free transport
of |u|'Px.
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PrROOF OF LEMMA 3.1: We first prove the result for u smooth. Then,
a density argument in H' concludes because, on the set where u vanishes,
all the quantities in this expression vanish almost everywhere. So once
the lemma is proved for any regularization wu,, of u, we let u, converge
to w in H'. Then, both the left hand and right hand sides converge in
D'(IR?) toward the above expressions in the lemma, since u, converges
toward u in every LP, wu,/|uy| toward u/|u| where u does not vanish, in
every LP, and Vu, toward Vu in L?.

We want to obtain a stationary kinetic equation with source terms of
the form

(3.32) € - Vo(|ul*Px) = divy A(u) + B(u),

with A and B such that A(u.) is compact and B(u.) is uniformly bounded
in Li(HS_m) for some integer m, if u. is a sequence satisfying (1.11).
Of course, thanks to the lemma 2.1

(3.33)
£Vl = 1+ Ax|ul’E- il + - V.x
- ;5 fulxé - V(jul?) — €21l Valul - Vex
1+ 0

1
=5 Julxé - V(Jul”~1) — 5!€\ZIU\V£X~V(WB—1)-

We then factorize all derivatives

£V (ju] ) = —;divx%Hé!Qwa(!uIB —1)]

(3.31) 5 P, [l (al? = 1) + eive [€Plul(ul” - DV.x
T vl — ) Vlul] + v Dl - 1)
2P hul(ul? = )Vax- € = S5 Xl - 1€ Tl

Now, we transform the z derivatives of x into £ derivatives with the
formula

u
3.35 =
(3.35) VaXx e
Notice that the formula (3.35) is proved by regularizing x like in the
lemma 2.1 and by noticing that formally
(3.36)

u u

e VexVe(u-§) = D ~ud(§ - u)Ve(u- &) =0(§ - u)Ve(u-§)

= V:X.

V&va(u : é‘)
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Next, the combination of formulas (3.34) and (3.35) gives
(3.37)

£ Vo (ju] i) = —;divxvguaﬂuuruw 1))

+2 v, [xlulé(ful” — 1)

+59e® Ve [€Px(lul’ = 1) © Valu- )

= aive (€ (OXul? = D €)) — divel€PeClul’ — 1)Vl

+iveJex(ul” = ) [af) = 2 dive e (ul” = 1 - V-

2 (ol = 1 - €+ L x(ul” = 1) - Tl

-2 Exul? - g Vil

After simplification, we obtain the equation (3.31) as stated in the
Lemma 3.1. .

4 Compactness and proof of Theorem 1.1

We are now ready to prove the Theorem 1.1. It uses several steps. First,
we prove a weaker statement (compactness for quantities vanishing with
|ue|). Then, we prove the compactness of the sequence |u.| itself. Finally
we derive the cancellation properties in (1.14).

Following [5], the basic estimate we use is the following straightforward
consequence of (1.11)

(4.41) Vel 2 I1(1 = [ue )P/ 20y < Eo/2,
’ luc| — 1 in L1(Q), 1 < ¢ < 2ap.

4.1 A first compactness result

We begin with a simple direct application of averaging lemmas which
yields a partial compactness result.

LEMMA 4.1  With the bounds (4.41) and for o, p and 3 as in the Theo-
rem 1.1, a family of solutions |u.|"*Px (us, &) to (3.31) has compact mo-
ments < |u| " Px. >= [(&)|ue|"Fx(ue, £)dE in L7 (IR?) for all1 < r <
2ap/(1 + ), for any smooth and compactly supported function 1.
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PrOOF OF LEMMA 4.1: Our aim is to apply kinetic averaging lem-
mas to the equation (3.31). Since the transport equation contains a full
space derivative in the right hand side, the only version we can apply is
the one of B. Perthame and P.E. Souganidis [12] (see also F. Bouchut [4],
and the references therein for further references on this theory).

After choosing a value for 3, we first prove that for some r > 1

(4.42) ue|(Jue|® — 1) — 0 in L,
8 1

As for the condition (4.42), it is an obvious consequence of the second
assumption in (4.41) and of the relation 1+ § < 2ap.
Next, we prove that for 8¢ < 2ap, 0 < 8 < 2a and ¢ > p,

(4.44) /|1— e ||z g/yl— e |22 [P dz.
Q Q

Indeed, with these conditions on 8 and ¢, we know that for any nonneg-
ative real x

(4.45) [1—2f) < |1 -2

Then, the inequality (4.44) with ¢ = 2 implies that

(4.46) 11— fuel Pl 2y < 1L = P2 20y

Combining this inequality with the first condition of (4.41), we obtain

1
(4.47) Ve (Juel® = 1) 1oy < 5 Eo.

The bounds (4.42), (4.43) are thus proved.

The first estimate (4.44) has for consequence that for any bounded
domain O in &, the terms x|uc|€(Jue|® —1) and x|€|?|ue|(Jue|® — 1) vanish
in L"(Q2 x O) with 1 < r < co. We also deduce from the estimate (4.43)
that any term of the form x(|u|® — 1)%"'8]-% multiplied by a polynomial
function in ¢ is bounded uniformly in ¢ in L'(Q2 x O).

Now considering the equation (3.31), we notice that the terms with the
full derivative in x are compact and that all the other terms are bounded.
Applying averaging lemmas of [12], we conclude the compactness stated
in the lemma 4.1. |
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4.2 The full compactness proof

The compactness of the moments of |u.|"tPx (€&, u.) implies the relative
compactness of the sequence u, as it is proved in the next lemma.

LEMMA 4.2 With the bound (4.41) and for 2ap > 1, p < 2, the sequence
ue s relatively compact. Moreover after extracting a subsequence which
converges to u, then x(&,u:) converges toward x(§,u) in L4(Q x B(0, R))
forany 1 < g < oo and any R.

PRrROOF: We apply the lemma 4.1. For any ¢(§) compactly supported,
the moments [ |uc|Px (&, us)p(€)d¢ are relatively compact in some L%,
Choosing ¢ = £1(€) with ¢ compactly supported in an annulus, we find
that the sequence u.|uc|? is relatively compact in L% ().

We denote u the weak limit of u. in L?*? after extraction. According
to the estimate (4.44) in the lemma 4.1, |u.|® converges to 1 in LP/5,
Since Q is bounded, and since 3 < 2ap — 1, the product u.|u.|® converges
weakly toward u. From the strong convergence of u.|u.|?, we deduce that
lu| = 1 = lim |uc||uc|?. The space L?*? being uniformly convex because
of the condition 2ap > 1, the extracted sequence of u. converges strongly
toward u. The original sequence u. is thus relatively compact.

We now prove that x (&, u:) — x(& u) strongly. The difficulty comes
from the lack of continuity of x for u. ~ 0. For any extracted sequence
ue converging toward some u, the same kind of argument shows that the
sequence ug/|us| also converges strongly toward w in any L¢ with ¢ < oo.
For any n > 0 and any £ < R, if £- %= > nand £-u < —n or the contrary,

Jue|

since |u| = 1 we have

Ue Ui
— > —.
u’ 2

We can then estimate the measure p¢ of the set of points x such that
the condition & - >n and £ - u < —n or the contrary is fulfilled since

(4.48)

|ue |

Ue
el

lu

(4.49) / 1

If we denote p the measure of all couples (£, z) such that the previous
condition is fulfilled, we have the following bound

Ug

—Uu

||

dz.

(4.410) p< Ui /

|| N
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We also denote v the mesure of the set of all couples (£, z) such that
either ‘5- “5|

[ue
satisfy this condition measures at most 4Rn, so

<mnor [¢-u] <n. Forany given z, the set of all £& which

(4.411) v < 4|Q|Rn.
For any 1 < ¢ < oo, since x(&,u) is equal to 1 for £ - u > 0 and zero

otherwise, we know that

(4.412) / X(&, 1) — X(& w)Pdwdg < p+v.
QxB(0,R)
Using the estimates (4.410) and (4.411), we thus obtain

(4.413)
R3
/QXB((LR) Ix(&,ue) —x(§,u)|ldrdE < 77/

Ug

dx + 4|Q|Rn.

—Uu

e |

Since u. /|u.| converges toward u in L', we deduce that x(&,u.) con-
verges toward x(&,u) in LI(Q2 x B(0,R)) for any 1 < g < oo and any
R. |

4.3 Bounds and cancellation properties

We are now able to end the proof of the theorem 1.1. Since the term

x (& us () (Juel® —1) ‘%’“‘ diuej is bounded in L', we introduce the mea-

sures defined by the weak limit in M (IR?)

. u
(4.414) mpye = w—lim x(&ue(z)) (Juel® — 1) 7|uk| Ditie;.
&€

The inequality

Ue
| x (& ue(z)) (Juel® - 1) ﬁ Ouej | < |(Juel® — 1) dyue; |

together with (4.43) gives the first bound (1.14) on the measure mgk
As for the second bound (1.15), it follows from the fact that the £
derivative of x is a one directional Dirac mass (see (2.22)).
We take the limit in all the terms of the equation (3.31) satisfied by
the u. and we obtain
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E-x(u)= Xijk (é%asj(IHQW?kﬁk) — 220, (mi6i6k)
(4.415)
_%8& (miﬁjkgjgk)> + 225 %mfjigjv

which is, after straightforward simplifications, the equation written
in the theorem 1.1. From the divergence free condition on u. and the

definition of mg » we deduce
(4.416) ngj _o
Since
(4.417)
26 Ve (x(\ug\ﬁ—l)aiusj%) — ub(ue g)(yu€|ﬁ—1>aiu€f@f o,

we also find at the limit

(4.418) > & Vemy, = 0.
k
The proof of the theorem 1.1 is thus completed.

5 Proof of proposition 1.2

This section is devoted to the proof of the results stated in the Proposition
1.2. It is divided in three subsections where we first prove the regular-
izing effect, second the statements regarding the set where m vanishes
(regularity) and finally the weaker cancellation due to the points where
|ue| may vanish.

5.1 Proof of point 1

The first point of the Proposition 1.2 is obtained noticing that x (&, u(x))
also satisfies the kinetic equation

§- VQJX(§7 ’U,) - legG(f, JJ),
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with G a locally bounded measure. This is a consequence of the equa-
tion (1.13) and of the regularity for mgk in (1.15) once [ is a fixed ad-
missible positive value. Then, the regularity statement is an immediate
consequence of the Besov regularity for kinetic averaging proved in R.J.
DiPerna, P.L. Lions and Y. Meyer [7]. We use the Theorem 3, p283,
with p = 2, m = 1, 7 > 0 and close to 0, and ¢ = (%)’ (close to 1).
And, by the strict inequalities on the parameters, we allowed a little loss
on the parameters to work in the classical Sobolev spaces rather than in
the Lorentz based Besov spaces. Notice that this parameters are better
than those of the regularizing effects for isentropic gas dynamics which
shares the same kinetic structure (but with a double ¢ derivative in the
right hand side) in an evolution version (see [10]). For scalar conservation
laws, better regularity is still possible combining the kinetic averaging
lemmas with the contraction property in L! (see [9]), an argument which
is not available here.

5.2 Proof of points 2 and 3

We choose § small enough such that Gr* < ap with r* being the conjugate
exponent to 7. The estimate (4.44) then implies that |u.|® — 1 converges
to zero in L" (0).

Consequently, if Vu, is uniformly bounded in L"

(5.51) (Jue|® = 1)Vue — 0 in LY(0).

And since x is bounded in L*

(5.52) my, = 0in LY(O).

Notice also that

1 .
(5.53) S miy = gw—Timx(€ ue)(fuel” = 1difuel.
J

So by the mean of the same argument, if V|u.| is uniformly bounded
in L"(O) then

(5.54) S mf; =0.
i



COMPACTNESS IN GINZBURG-L. ENERGY 13

5.3 Proof of point 4

We are going to show that on O, %mgk does not depend on 3. More
precisely, we are going to prove that

1 .
(5.55) e mijr = w—lim x(|ue| — 1)0;ue jucy.

ﬂ ijk

First of all, of course u. — u./|uc| converges to zero in L*>(O) so that
on O
(5.56) mgk = w—lim x(Jue|? — 1);ue jucy.

Now, notice that for some constant C

(5.57) el =1 = B(Jue| = D] < Clue)? (fue| = 1)
Using the uniform convergence of |u.|, we then find

(5.58)

1 . .
’ﬂmfjk — w— lm(x(|ue| — 1)Osucjucy)| < Cw—lim(juc| — 1)%|Vaue|.

To prove (5.55), it remains only to use the lemma
LEMMA 5.1 If |ue| converges uniformly to 1 on O,
(5.59) (Jue] — 1)?|Vue| — 0 in LY(O).

Proor OF LEMMA 5.1: We have

(5.510)  [[(Jue| = 1)*Vue|l g1 < Vel g2l (Jue] = )ll 2| (Jue| = 1)l| 2o,

and
(5.511)
-1 1
1) < F_ ) =1 < Lyt = 1)),
[(Jue| = D22 < [|(Juel )2 w1, S 6\\(\%\ )2
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We then obtain thanks to the estimate (4.41) and the bound (4.44)

(5.512) I(fute] = 1)* Vel 2 < ||(|us| = Dllze=,

g

which proves the lemma. |

We now turn to the property 3 mm = 0. Using the formula (5.55),
we find

S my = B mig; = yw—lim x(|Ju| — 1) uc|?
(5.513) = w—lim x(|ue| — 1)[ue|O;(ue| — 1)
= w—lim x(|ue| — 1)0i(Jue| — 1),

thanks to the uniform convergence of |u.|. But of course

X(Jue| = 1)04(lue| = 1) = 3x0i(Jue| = 1)* = 50 (x(lue| — 1)*)
(5.514) 2 %(|u€| —1)20x

Applying again the formula (3.35), we end up with

(5.515)
(] = D)0 ue] — 1) = 30, (o] = D) + Sxtlue] = 12255 - O,
_%diVS(X(|Us| - 1)2|7Z.|261(U€ -€))-

The lemma 5.1 and the uniform convergence of |u.| prove that all the
terms in the right hand side converge to zero in the distributional sense.
Therefore, we have shown that

(5.516) S mi;=00n 0.
j=1,2

It remains to use (5.55) and (5.516) to simplify the kinetic equation
obtained in the theorem 1.1. Since %mijk is independent of 3, we know
that on O

(5.517) Z @fkaglmjm + Z m]zzﬁ]

1,5,k
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which, together with (5.516), implies that

(5.518) > &0 miji = 0.

.5,k

As a consequence, we have on O

€ Vax(&u) = 0, (S |€16k0e mins + X €25 )

(5.519) = ik €761 0g O min +2 34 5 i ming

2]

3]
[4]
[5]
[6]
[7]
8]

[9]

(10]

(11]

+2i \§|28£jmn‘j
=3k |€12Ek0e, O mig ;.

This is the equation stated in proposition 1.2.
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