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Introduction

Kinetic equations are a particular case of transport equation in the phase
space, i.e. on functions f(z,v) of physical and velocity variables like

of+v-V.f =g, t>0, z,v € R

As a solution to a hyperbolic equation, the solution cannot be more regular
than the initial data or the right hand-side. However a specific feature of
kinetic equations is that the averages in velocity, like

p(t,[B) = f(tv l’,U) ¢(U) dva ¢ € Cso(Rd)a

Rd



are indeed more regular. This phenomenon is called velocity averaging.

It was first observed in [24] and then in [23] in a L? framework. The final
LP estimate was obtained in [17] (and slighty refined in [3] to get a Sobolev
space instead of Besov). The case of a full derivative g = V. - h was treated
in [45] and although it is in many ways a limit case, it is important for some
applications as it can replace compensated compactness arguments.

In addition to these works, this course presents and sometimes reformu-
lates some of the results of [6], [17], [22], [31], [32], [36], [37], [45].

There are of course many other interesting contributions investigating
averaging lemmas that are not quoted or only briefly mentioned through the
text.

1 Kinetic equations: Basic tools

1.1 A short introduction to kinetic equations

For a more complete introduction to kinetic equations and the basic theory,
we refer to [6] or [21]. Many proofs are omitted here but are generally well
known and not difficult.

1.1.1 The basic equations

During most of this course, we will deal with the simplest equations
of+a) Vuf =gt z,v), teR,, zeRY vew, (1.1)

where w is often R? (but might only be a subdomain); or with the stationary
version
a(v) - Vuf = g(z,v), teR, z€0, vew, (1.2)

where O is an open, regular subset of R? and w is usually rather the sphere
S9=1. The transport coefficient a will always be regular, typically Lipschitz
although here bounded would be enough.

Of course (1.1) is really a subcase of (1.2) in dimension d 4+ 1 and with
() =(1,a), O =R, xR w=w.

Neither (1.1) nor (1.2) have a unique solution as there are many solutions
to

Ohf+a(v)-Vaf =0,
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for instance. Indeed for (1.1) an initial data must be provided

flt=0,2,0) = f(z,v), (1.3)
and for (1.2) the incoming value of f on the boundary must be specified
f(z,v) = f™(x,v), x¢€d0,a)- v(r)<O0, (1.4)

where v(z) is the outward normal to O at x.
It is then possible to have existence and uniqueness in the space of dis-
tributions

Theorem 1.1 Let f° € D'(R? x w) and g € Li,.(R, D'(R? x w)). Then

loc

there is a unique solution in L} (R,, D'(R? x w)) to (1.1) with (1.3) in the

loc
sense of distribution given by

ft,x,v) = f(r — alv)t,v) + /0 g(t — s,z — a(v) s,v) ds. (1.5)

Note that if f solves (1.1) then for any ¢ € C®(R? x w)

d

E f(t,iE,U) ¢($,U) € Llloc(]RJF)’
Rexw

so f has a trace at ¢ = 0 in the weak sense and (1.3) perfectly makes sense.
Proof. It is easy to check that (1.5) indeed gives a solution. If f is another
solution then define

f:f—fo(a?—a(v)t,v)—/o g(t —s,7 — a(v) s,v)ds.

Remark that B B
atf + Oé(?]) : va:f = 07

and hence 0;(f(t,z + a(v)t,v) = 0 so that f =0. o
An equivalent result may be proved for (1.2) with the condition that the

support of the singular part (in ) of the distribution g does not extend to
the boundary 00.

On the other hand, the modified equation, which we will frequently use,
OC(U) : vmf + f =9, S Rdu v Ew, (16)

is well posed in the whole R? without the need for any boundary condition
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Theorem 1.2 Let g € S'(R? x w), there exists a unique f in S'(RY x w)
solution to (1.6). It is given by

flz,v) = /000 g(z — a(v)t,v)e " dt. (1.7)

1.1.2 Liouville equation

The equation reads
Of +a) -Vof + F(t,z,v)-V,f =0, t>0 zcRY vecR? (1.8)

where F'is a given force field. In many applications, like the Vlasov-Maxwell
system 1.2, F'is in fact computed from the solution f.

Eq. (1.8) describes the dynamics of particles submitted to the force F
and as such is connected to the solution of the ODE

dX(t,s,z,v) dV(t,s,z,v)

dt dt
X(s,s,x,v) =z, V(s s,z,v)=m0,

=a(V(t,s,x,v)), =F(t,X,V),

(1.9)

which represents the trajectory of a particle starting with position and ve-
locity (z,v) at time t = s.
The ODE (1.9) is well posed for instance if
a(v) € WE2(RY), F e Wh*(R, x R*),

loc loc

la| + |F| < C(t) (1 + |z] + |v]), (1.10)

thanks to Cauchy-Lipschitz Theorem. Weaker assumptions are however
enough, W' and bounded divergence in [16] or even BVj,. in [1], but will
not be required here.

Under (1.10), (1.8) is also well posed

Theorem 1.3 Assume (1.10) and V, - F € L*(R, x R?Y), for any mea-
sure valued initial data f° € MY(R??), there exists a unique f included in
L>=([0, T], M*(R?)) solution to (1.8) in the sense of distribution and satis-
fying (1.3). It is given by

f(t,z,v) = fA(X(0,t,2,v), V(0,t,2,0)).



If F and « are regular enough (C*), the same theorem holds if f° is only
a distribution.
This theorem implies many properties on f, for example

Proposition 1.1 (i) f > 0 if and only if f° > 0.
(i1) If fO € L®(R*) then f € L®(R, x R??) and
£t )l e reay < NP0 noo meay
227 € then | € , an
(i) If O € LP(R¥) then | € L(0, T], LP(R*) and
£t s e ezey < 1 oqoay !V F =/,

From the point of view of averaging lemma, Eq. (1.8) does not have a
particularly interesting structure. Indeed most of the time, the acceleration
term F'-V, f will be considered as a right hand side with no particular relation
to f. Surprisingly enough this is generally optimal.

1.1.3 A simple case: local equilibrium

Let us consider (1.2) in the special case where

Ja,v) = pla) M(v).

This might seem like an over simplification but it will nevertheless provide
many examples of optimality later on. For the moment we will be satisfied
with a few remarks.
We have
M(v) a(v) - Vep(z) = g.

Let us hence write g = M (v) h(z,v).

Assuming that h is a regular function (LN L for example), this provides
some regularity for p but not necessarily in term of Sobolev spaces.

Notice first that some assumption is needed on «. Indeed if there exists
a direction £ € S9! such that a(v) is colinear to € or « || £ for enough v

{v e R a(v) [| €} #0,

and if M is supported in this set (no matter how regular) then it is only
possible to deduce from (1.2) that

§-Vype L™,
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Nothing can be said a priori about the derivatives in the other directions.

Even if a(v) is not concentrated along some directions like a(v) = &, some
assumption is needed on M. If not, M itself may be concentrated along one
direction ¢ in which case the same phenomenon occurs.

This shows the two features of all the averaging results that will be proved:
Some assumption is needed on [{v € R?| a(v) || £}| and the more regular in
velocity f is, the more regular p is.

In fact the regularity provided by averaging lemmas (in terms of Sobolev
spaces) is in many situations not the optimal way of describing the regularity
of solutions to (1.2) (see [10], [12] and [52] for example in the case of scalar
conservation laws).

1.2 An application: The Vlasov-Maxwell system

The Vlasov-Maxwell system describes the evolution of charged particles and
it reads

O f4+v(p) Vo f+(E(t, ) +v(p)x B(t,x))-V,f =0, t>0, z,p e R% (1.11)

The fields £ and B are the electric and magnetic fields and are solutions to
Maxwell equations

OF —curl B=—j, divE = p,

1.12
OB+ curl E =0, divB =0, ( )

where p and j are the density and current of charged particles and therefore
computed from f

p(t,x) = [ f(t,z,p)dp, j(t,I)ZAdv(p)f(t,x,p)dp. (1.13)

R4

Initial data are required for the system

ft=0,2,p) = fOx,p), E({t=02)=E"2), B(t=01)=B"®x).
(1.14)
Finally the variable p represents the impulsion of the particles. In the classical
case (velocities of the particles much lower than the light speed), it is simply
the velocity and

v(p) = p.
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In the relativistic case, the velocity is related to the impulsion through

o(p) = -
(1+ [p?)'/2
For simplicity all physical constants were taken equal to 1.

Globally in time and in dimension 3 and more, only the existence of
solutions in the sense of distributions is known (and thus no uniqueness).
This was proved in [15] and it is one of the first examples of application of
averaging lemmas.

As usual one considers a sequence of classical solutions f., E., B. to a
regularized system. The form of this system is essentially unimportant as
long as it has the same a priori estimates as (1.11)-(1.12). For (1.11) and
from the analysis in 1.1.2, one first has

£t s M ergzay < N2l omeay, V¢ 20, Vp e [l, o], (1.15)

The only other available a priori estimate is the conservation of energy
| Bt p s [ (B + |Buito)) do <
R2d Rd

(1.16)
| B0 2w dedp [ (B + B0 de

This relation is an inequality instead of an equality as the regularized system

typically dissipates a bit. The term E(p) is equal to the usual kinetic energy

|p|? in the classical case and to (1 4 |p|?)!/? in the relativistic case.
Therefore assuming that

f0>0, f2¢ L' n L (R*), / E(p) fPdrdp < 0o, E° B°e L*R%),
R2d
7)

(1.1
then the same bounds are uniformly true in € for f.(¢,.,.), E.(t,.) and B(t, .).
On the other hand, we obviously have that

/Rd pe(t,x) = - fe(t,z,p) = fo (1.18)

R2d

In the relativistic case

‘5 y d > AZES) = g, .
[litaar< [ inani= [ (1.19)
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while in the classical case, through Cauchy-Schwarz inequality

et 2)|de = [ |plfe < fe - Ipl* f- 1/2- (1.20)
R4 R2d R2d R2d

As a consequence p, and j. are uniformly bounded in L!.
Moreover a simple interpolation estimate may provide LP estimates for
pe and je

1
plte) < [ fdps [ fdp < Bl + e [ BO) fdp
B(0,R) Ip|>R R?

<11 ([ Bw rap) ™

through minimization in a; o = 1 in the relativistic case and o = 2 in the
classical case. So

[ ot e < 1A [ B) sdpn
R4 R2d

Eventually one may obtain the following uniform bounds
pe(t,.) € LY N LA/ dRY) 5 (t,) € Lt n Lt/ (dra=(Rd)  (1.2])

We may thus extract weak-* converging subsequences for f., E., B. and p,,
Je in the corresponding spaces. One may then try to pass to the limit in
(1.11) and (1.12). This works just fine for all terms except

(Ee(t,x) +v(p) x Be(t,x)) - Vpfe=Vy- (((E=(t,z) +v(p) x B:(t,v))fe),

as it is of course not possible to pass to the limit in a product of only weakly
converging sequences.

Unfortunately, it is not possible to prove compactness of f. and Maxwell
eq. being hyperbolic the compactness of E. and B. would require it for p.
and j.. However for ¢ € D(R?*))

/de E.(t,z) f-(t,z,p) ¢(x,p) dudp = /

Rd

Et.2) | felt,2.p) ola.p)dp de,

and what is only needed is the compactness of moments of f. like

fe(t, 2, p) ¢(z,p) dp. (1.22)

Rd



From the estimates proved in the third chapter, one gets that uniformly in e
et w.p) él,p) dp € HH(RY),
R
and that all moments are compact. This proves the following

Theorem 1.4 Assume that (1.17) holds then there exists f € L®(Ry, L'N
L>(R?)) with

E(p) f(t,z,p)dxdp € L=(R,),

R2d

and E, B € L*®(R,, L*(RY)) solution in the sense of distribution of (1.11)-
(1.12).

Note finally that from the compactness of the moments like fRd fe(t,z,p)
¢(x, p) dp, it would be possible to deduce the compactness of p. and j. and
then of E. and B.. This is not necessary to obtain the existence though.

2 The L? estimate

2.1 Presentation

This chapter is entirely devoted to proving the following: If f and ¢ satisfy
Eq. (1.2) namely

a(v)-Vof =g, z€RY vew,

with f, g € L>(R? x w) then the moment

plz) = / £, v) do, (2.1)

belongs to the Hilbert space H*(R?) with k depending on the assumptions
on a: w— R? but at best k = 1/2.
Following [6] and [32], (1.2) is rewritten as

a) -Vof+f=f+g

and we get
plz) =T f+Ty,
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with
T f(x) ://0 flx —a(v)t, v)e tdtdv. (2.2)

The aim is now to determine the exponent k such that 7" is continuous from
L*(R? x w) to H*(RY). For further use, we will work with

Ts f(x) = / /000 flr —a(v)t, v)t e dtdv. (2.3)

This estimate on T is the core estimate for averaging lemmas. With the
exception of the one with a full derivative in [45], most others estimates can
be derived from it, usually through some kind of interpolation procedure. The
L? regularizing effect presented here was first obtained in [24] and precised
in [22], [23].

The operator T" and in particular its dual 7% in the case a(v) = v

T*h(x,v) = / h(z +uvt)e " dt
0
are related to the X-ray transform X : R? — R? x §-1

o0
X h(z,v) = / h(z + vt) dt.
Note that T takes a function of two variables z and v and makes it into a
function of only z (because of the average), so conversely the dual T* takes
a function h of only the x variable and makes it into a function T*h of the
two variables x and v.

This operator was studied separately in harmonic analysis (see for in-
stance [9], [18], [54]) but with emphasis on mixed type inequalities like the
continuity from LP(R?) to L'(R?, LP(S971)) and not on the gain of differen-
tiability which is our main goal here. These other inequalities are nevertheless
very usefull and can be seen as a kind of dispersion estimates for (1.2).

Note that even though this chapter deals uniquely with the stationary
case, most of the proofs can easily be adapted to the unstationary case (1.1)
(which can anyway be obtained as a subcase of this one) or to more general
averages like (1.22).

Finally the Fourier transform in x is denoted F and we recall that it is
an isometry on L?*(R?) and that

i = {pe S®Y| [ 1+ P 17 pOP ds < oo}
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The homogeneous Sobolev space (used in the next chapter) is simply
AR = {p e SRY| [ 1617 P < oo}
R4

2.2 Averaging lemmas through Fourier transform

The proof here is mainly taken and adapted from [6]. Applying Fourier
transform to (2.3), one gets

[e%e) —t
]—"Tsfz/]-“f(g,v)/ emital)¢ et—sdtdv.
w 0

This is simply equal to
F f(&v)
_— U’
o 1 Fia(v) &
if s =0.
Denote

Notice that of course
()] < /met—jdtsw oo,
0
provided that s < 1. This already gives that
FTN< [ VF rE ol

and thanks to Cauchy-Schwarz that

/Rd T, f(z) dz < |w] |f(z,v)|?* dz dv. (2.4)

R xw

On the other hand, if |z| > 1, we have in addition
K 00 ] et
/ £ dt‘ + / e 't? —dt‘
0 K £

1 [e.e]
—/ et — st dt‘
2 JK

SCK173+£K75< C

I

IX(2)] <

<CK'™+
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through minimization in K. The combination of both yields

C

< —-
X < T

Now by Cauchy-Schwarz, we have that

|fTsf|2s/|fff, 2 do /Ix (0))]? do

C
S/‘ff(fav)FdU /1+|a(v)~§\2_25 dv

We recall that for all ¢ € C*(R)

[ otla) €y do=— [~ ) o € wi latw) €l < )l dy.
Let us assume that
V¢ € ST Ve € Ry, H{vew; a()-¢| <e}] <& (2.5)

We obtain that

C /OO c C
< | —2 Y g ,
/w1+ a(v) €272 70 = fo T+ [ylP )P V= léJe

provided that § — 3 4+ 2s < —1. Together with (2.4) and assuming that
|w| < oo, this implies that

/ (L+&)? |F Ty fI?dg < 0/ | f(x,v)|? dz dv.
R4 R

dxw

As a consequence we have proved the

Theorem 2.1 Assume |w| < oo, that (2.5) holds and that 6 + 2s < 2 then
T, is continuous from L*(R? x w) to HY/?(R?).

Consequently if |w| < oo, (2.5) holds, and if f, g € L*(R? x w) satisfy (1.2)
then p defined through (2.1) belongs to H/?(R?).

Notice finally that @ is at most 1, in the case a(v) = v and w = S9! for

instance. If @ = 1 then s can at most be equal to 1/2 and the average p
belongs to H'/2.
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2.3 Real space method for averaging lemmas

The use of Fourier transform is not strictly necessary for averaging lemmas;
it is sometimes useful to proceed otherwise, for discretized problems like in
[5] for instance. The proofs however rely on orthogonality properties of the
operator T' so that a direct proof is difficult. The method presented here uses
instead a T'T™* argument and is taken from [32]. We restrict ourselves to the

case
alv)=v, w=S8"" (2.6)

to simplify the exposition and since the general case was already dealt with
in section 2.2.
The dual of operator Tj is

Trh(x,v) = / h(z +vt)t e " dt. (2.7)
0

It is then equivalent to prove the lemma and to show that 77 sends H~'/2
in L2(R? x S4=1) or L2(R?) in L2(S%', HY2(R?)) since T commutes with
the derivation in x.

Denote by A the differentiation operator

Ah = FH(EP Fh),

with obviously Al = —A the laplacian.
Now compute

/ AYVAT b AYAT B da dv = / AYV2T, T*h - h(z) da.
R2d

Rd
We then observe that

= [ o
gd—1
—2/ / / —h (z + (t—u)v)e " dv dudt.

gd—1
With two changes of variables from ¢t —u to 7 and from the polar coordinates
TV tOo Y

00 t 1
= / / / —h(x +7v)e 4T du dr dt
gd—1 ts t— 7' $

e~ 2+l dy "
ly|<t — 1Y Y
w" (t [yl Tyl
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=




Hence when differentiating 7 77, we obtain exactly the structure of a Riesz
transform provided still that s < 1/2. Therefore the operator T, T3 is con-
tinuous from L?(R%) to H'(R%) or AT, T is continuous inside L*(R?).

We finally recover Theorem 2.1. This proof is even slighty simpler than
the previous one but only in the simple case of (2.6), the general case would
be somewhat more complicated.

2.4 A direct proof

We present here a direct method in L? for the dual operator T* from [32]. The
proof is much longer than the two previous ones, it is nevertheless interesting
because it more clearly exhibits the orthogonality argument at the core of
the result.

Precisely we prove the slighty suboptimal

Proposition 2.1 The operator T* with (2.6) is continuous from L*(RY) in
L2(S41) HY(R?) for 6 < 1/2 provided s < 1/2.

A direct proof could be written for 7 by adapting the one for 77, it would
even be slighty longer though.

In the spirit of [18], we first prove Proposition 2.1 for characteristic func-
tions of sets and even only for sets which are composed of small hypercubes
C;. The heart of the argument is that for an operator T’ derived from TF (it
is a derivative of a regularization of T7) then the scalar product

/ / Tle, Tle, dv dx
Rad J Sd—1

is very small provided the two cubes C; and C; are far apart.

Hence if h = I and E is composed of N hypercubes then the L? norm
of Th behaves only like v/N times the L? norm for one hypercube TTe. For
L' or L™ though, the norm of Th behaves like N times the norm for one
hypercube.

This gain of one v/N is typical of such orthogonality argument (or almost
orthogonality like here) and it is responsible for the gain of 1/2 derivative.

2.4.1 The case of characteristic functions: Reduction of the prob-
lem

The first point to note is that we may work in a domain Sy in v which is

included in {v € S%! 1/4d < v; < 1/2 Vi < d} instead of working in
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the whole sphere since the sphere may be decomposed in a finite number of

domains of the same form as Sy and the result is the same on any of them
due to the invariance by rotation of the problem.

Next for any N > 0, we say that a set F belongs to Cy if it is the union

of closed squares (or cubes or hypercubes) of the form [i; /N, i1 /N + 1/N] x

. X [ig/N, iq/N + 1/N] where i,...,i; are integers. Of course we choose

this form for Cy because the “bad” directions which are along the axis of
coordinates do not belong to Sy. Then we prove

Lemma 2.1 For any N > 0 and any E € Cy, we have for < 1/2 and
s<1/2
1T 1622 sy, momey < CIEI.

Proof. We compute directly the norm using the well known expression
T TE 2z 1 =/ / T3 (2,v) =T Tp(y, v) Plo—y| ™7 dv dy da.
) z,yeR JveSy
Let us decompose according to the distance between x and y

HTS*HEH%gHz_/ | / TS, 0) = TS ey, v) Pl —y| =7 dv dy da
z—y|>1 JveES)

o
i=1 Y27 i<|z—y|<2 i

Of course the first term is dominated by the power 2 of the norm of 77y in
L?  which is trivially bounded by the measure of E, as we already noticed

T,V

that T is bounded from L?(R%) to L*(Sy x RY). Since we do not want to
get the precised critical case § = 1/2, it is therefore enough to show that for
any M and any 6 < 1/2

/ / T g (2, v) =T E(y, v) PM2 dv dy de < C|E|. (2.8)
1/ M<|z—y|<2/M JveESy

Indeed fixing 6 < 1/2 and choosing 6" €]0, 1/2[, one would have from (2.8)
with 6" that

T sz 0 < CIE+ Y C B x 27720 < O'|E).

=1
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The next point to note, is that we may limit ourselves to the case where
E has a fixed bounded diameter K independent of M or i and where we
integrate over a ball of the same diameter. Indeed let us fix a ball, then

/ / / T g (z,v) =T g (y, v)|* M2 dv dy dz
z€B(x0,K) J1/M<|z—y|<2/M JveSy

= C/ / / |T:HEQB($0’2K) (:C, U) _Ts*]IEmB(IO,QK) (y, U)|2Md+29
B(zo,K) J |z—y|~1/M Jv

LK / / / (T L (e, 0) 2 + T2 Ly, o)2) M4,
B(zo,K) J1/M<|z—y|<2/MJv

because of the e~ term in 77 of course. If we are able to prove that for § > 6
but with ¢’ < 1/2

/ / /|TS*HE”B(5”072K)($7U)_T;]IEQB(mO,zK)(y,U)|2Md+29’
B(zo,K) J1/M<|y—z|<2/M Jv

< Ox|E N B(xo, 2K)|,
(2.9)

summing on the balls, we get

[ [ T ) =TT )M o dy d
z€RL J1/M<|z—y|<2/M JveSy

< Cx M%7 |E

L ek / / / (T T (z, 0) 2 + [Ty, o)) M+
R J1/M<|z—y|<2/MJv

< CxMPY|B| + Ce K M| ).

A simple scaling argument shows that, in (2.9), C'x is dominated by a power
of K (depending on p). So choosing eventually K in terms of M we may
deduce (2.8) from (2.9). Hence from now on, E will have a given finite
diameter and the integrals in x or y will be taken inside a ball.

Before finaly turning to proving (2.9), we remark that we may choose
M = N (not a great surprise). If E € Cy then E belongs to every Cyiy
simply by dividing each hypercube in 2% smaller identical hypercubes: So
we may always take N > M. And if (2.9) is true for M = N, it is true for
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all M < N since for instance

N d+260
/ [Tt o -TswoR (3) dvdys
2/N<|e—y|<4/N Ju 2
N d+20
<2 f [Tt~ T1E G+ - 02,0 (5 )
2/N<|z—y|<4/N Jv 2

N d-+260
= [T+ (= 0)/2.0) - T21E (0 (—)
2/N<|e—y|<4/N Jo 2

4 / !
= 2d+29N20729 / /’T:HE(Z';U)—TS*HE(y,U)FNdHG dv dy dz.
1/N<|z—y|<2/N Jv

Then 4N?=2%" is less than 1 (unless N is of order one but the proof is trivial
then) if ¢ > 0+ C/InN. So (2.9) for M = N implies (2.9) for M = N/2
and by repeating the same argument In N/Inln N times, for In N < M < N
with a final number of derivatives equal to 6y = 6, — C//Inln N, which is all
right. Now of course if M < In N then the argument is obvious because we
may lose at most a In NV factor which does not matter.

The last reduction of the problem we make is to regularize 7. Indeed by
the same kind of argument, we may take 77" of the form

e—t

Ty = I t)———dt
s B /(; E(x+v)<1/N_'_t)s )

and denoting C;, 1 < i < n, the hypercubes which compose E and x; their
center, we approximate 7 by

Tn(z,v) = E li(z, v)¢i(x),
i=1
e_lz_xil

(1/N + |z — z4])®

i, 0) = /OOO Io(z + vt) dt,  ¢s(x) =

We may do so because

—t

dt.
/N +t

Ty (z,v) — Tilg(x,v)| < C/ Ig(z + vt)N**
0
Therefore since s + 0 < 1, we have

//N<| | 4/N/|(T;]IE—TN)(x,U)|2Nd+20dvdydx < OHTF]IEH%%U < C|E|,
2/N<|z—y|< v
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and in proving (2.9), we may replace T:1g by T.

Instead of (2.9), we prove

sup/ / Vo Ty (x + &, 0))? dvdx
l€1<1 J B(0,K) JveSo

(2.10)
< / / IV T (x,v)*dvdr < N> |E).
B(0,2K) Jveso
Estimate (2.10) implies (2.9). Indeed, writing

T (2, v) — T (y, v)| = /0 (y — 2)VuTw(x + s(y — 7), ) ds

1
<lo sl x [ VTl + sty =) )l ds,
0

and inserting this in the left hand side of (2.9), we find after a simple Holder
estimate in s

/ / / T LB (o 2r) (T, 0) = T g o 2r) (3, 0) [P N2
B(0,K) J1/N<|y—z|<2/N Jv
1
< / / / /]VxTN(:L’ + &, 0) PN 72 dy dy da ds
0 JB(z0,K)J1/N<|¢|<2/N Jwv

1
g/ / / /]VITN(ers&,v)]sz“o_? dvdx dyds < C|E)|,
0 Jigl<2/N J B(wo,k) Ju

if (2.10) holds. To prove (2.10), we compute the derivative of Ty which may
be decomposed into

’VmTN(xav)‘ = <

> Vili(z,0)¢i(x) +liw, v) Vadi()

=1

Z Vali(x,v) i ()

€—|x—:ci|

+CN ;li<x>1/]\f—i—|x—xi\'

The last term is not a problem, it leads to the same computation as for the
approximation of T:1g by T (as s+ 6 < 1) and so we do not repeat it here.
We focus on the first term instead.
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It is easy to compute V,[;. It has a non zero component only in the space
orthogonal to v. We denote by L(x,v) the line passing through z and of
direction v and by n; (z,v) the outward normal of the side of the hypercube
C; through which L(z,v) enters C; and n; the outward normal of the side
of the hypercube through which L(z,v) leaves. Then

+ —
e-n "Ny
e Vili(x,v) = TF T o (2.11)

~
~

Consequently this derivative is zero if the two sides are parallel and since
v € Sy,

< CKN. (2.12)

vali(ﬂfav) ¢i()

This estimate would not however provide any gain in derivative.

Since v-V,l; = 0, it is enough to do the proof for the first d—1 components
Okl; of V,l;. We choose k = 1: the computation for any other £ < d — 1 is
the same because of the symmetry in Sy.

2.4.2 The orthogonality argument

Define N; as the set of j such that C; intersects one of the half lines centered
inside C; and of direction inside Sy (because of the definition of Sy, for any
x, on a line connecting x, C; and C}, C; is between = and C}).

Note that, with B; the set of x such that L(x,v) enters C; on a given
chosen side C¥, k =1...2¢

2 n
dv dx = 2° /0/ O, li &3 O, @ dx dv.
/B(O,QK) /SO ZZ So/ B; 7

=1 jEN;
Then we perform a change of variable from (x) to (n,t) where t = |z — x;]
and 1 + x; is the point where L(x,v) crosses the chosen side of C; (thus

In| < 1/N) to get

<cy / / / (Ouls 6100,y 67) -+ 0t+17, 0) (1, £, v)d i
So Jt<2KJneCk—=z;

1,7=1

i=1

2

dv dx
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Define for n a vector with |n| < 1/N

Z/ Op, li(n+x;+0t, v) s (n+x;+0t)

JEN;
X Oy, Li(n+z4+vt,0) 0 (n+z;+vt) Y(v) dv.

The estimate that we are looking for is a consequence of
|A7(x)] < Ot x log N. (2.13)

Indeed since 9 is a perfectly regular function, we may switch the order of
integration and apply (2.13) to find

A

dvdm<ClogNZ / k 72 dn dt
t<2K JneCk—a;

=1

2
V lidi()
=1

<C 1ogNZN1*d < CN log N |E|,

i=1

which would finish to prove (2.10) and the lemma. The bound (2.13) is thus
the almost orthogonality property that we want.

Fix j € N;, a real t and a side of C;, we denote by S; the subspace
of Sy so that L(xg,v) enters C; on the chosen side and therefore 0,,(; is a
constant. Then since 0,,[/; is non zero as a function of v, on a space of
measure C(|z; — z;| N)'~¢

< ON"H! x |z, — ‘rj’fdJrl.

/ O lj(n+x; — vt,v) Y(v) dv
Si

But using the cancellations and provided @ is a regular function, we can
prove the better inequality

< CN™x |z — x| 7% (2.14)

/ O (0 + x; — vt,v) Y(v) dv
S1

This additional cancellation is behind (2.13).

Denote by C} and C? the sides of C; whose normal vectors n; and n?
are parallel to e; and of (z,v) the function with value 1 if L(z,v) intersects
C’f and 0 otherwise. Note that since v € Sy, there cannot exist v,v" € Sy
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such that L(z,v) enters the hypercube on the side C} but L(z,v") leaves the
hypercube on Cj2 or the converse. Therefore

‘/@Cllj(neri—vt,v)wdv <
Si

/(Oz}(nJr:):i—vt,v)—a?(nqL:ci—vt,v)) ﬂdv :
S; U1

We know that o (z,v) = aj(z, Riv) with R;; such that | Rju—v| < C/N |z;—
z;|. Since the functions ¢ and 1/v; are C'*° over Sy, we immediately get (2.14)
from the fact that af is the indicatrix of a subset of S; of diameter at most
C/(N [: - ;).

Now note that in A,(t), in fact ¢;(n + z; — vt) and ¢;(n + z; — tv) are
almost constant since |n + z; — vt| is equal to t £ 1/N and |+ z; — x; + tv|
to |z; — x;| +t £ 1/N (the points x; — tv, z; and x; are almost on the same
line if VI; is not zero). So up to an approximation of the kind we already
performed, we may take it constant and we then have thanks to (2.14)

AT < ONTU > " (Jag — ] + 1) | — 5]
JEN;
N
SONTU N (k/N + )7 (k/N)™ x k4,
k=1

summing first on all j € N/ which are at the same distance of z;. Eventually
we find (2.13).

2.4.3 The general case and the proof of Prop. 2.1

The proof uses Lemma 2.1 and a standard approximation procedure.

Let us consider any nonnegative function f with compact support and
which is constant on any hypercubes of the form [i; /N, i1 /N +1/N] x ... X
[ig/N, iq/N + 1/N] for a given integer N. Therefore f takes only a finite
number of positive values 0 < a3 < ... < «,. Denoting by E; the set of
points x where f is equal to «;, we know that E; € Cy from the assumption
on f. Hence for any 6 < 1/2 by Lemma 2.1

n n
175 fllzme < il Tele, llzme < C Y os| B2,

i=1 i=1
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Denote by f*(t) the decreasing rearrangement corresponding to f (see [2]).
Then f*(¢) has value o; on the interval [3;11, 4] with 3; = 3°7; |E;|. Con-
sequently the Lorentz norm of f satisfies

n

> * dt 1/2 1/2 g
s = [ 02 OF =S (sl = 1) = O3 B

i=1 i=1
So eventually we showed that for any 6 < 1/2
15 fllzzme < Cllf|[ 220

Since L?! is embedded in H~* for any k > 0 and since we do not care about
the critical case, this implies that for any § < 1/2 and any function f as
described at the beginning

HT;f||Lgv[/;jv2 < C(”fHL?-

Now it is enough to note that functions with compact support and whose
level sets belong to Cy for a given N, are dense in L? which concludes the
proof of Prop. 2.1.

3 The L? estimates

3.1 Presentation
Consider a solution to
av) -Vof =AY%g zecRY veM, a<l, (3.1)

and with the average for some ® € C°(M) and M a regular hypersurface of
Rd

po(z) = / f(z,v) ®(v) dv. (3.2)
M
Let us assume that
30, V€ € S Ve {ve M st |a(v) €& <e}| < Cer. (3.3)

Note that in the usual unstationary case a(v) = (1,a(v)), M = R?! and the
previous condition simply becomes

30, V€ € R W Ve H{v e R st |a(v) - € — 7| < e} < OF. (3.4)
Then the following holds
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Theorem 3.1 Let f and g satisfy (3.1) and

fe whr(m, L»RY),  B>0,

: J (3.5)

g € W)Ia(M, L2(R)), —o0o<y<1—Fk/2,
with 1 < pa, o < 00, 1 < p; < min(py, p3) and 1 < ¢ < min(qe, ¢3)
where for a general p, p* s the dual exponent of p, and assume moreover
that v —1/q1 < 0. Then,

[P T e Y 1 o
with
1 1—-6 6
- = + —, =(l1—a)k0,
r P2 q2
g — 1+6—-1/m (3:6)

L+68—=1/pr—~v+ 1/

For simplicity in this chapter we consider only the simplified setting: The
equation reads

v-Vof =A%, xcRY veR? a<l, (3.7)
and the average is
plx) = g f(@,v) o(v) dv. (3.8)
The aim is to prove and investigate the optimality of
Theorem 3.2 Let f and g satisfy (3.7) and

fewrr®Y, LERY), 820,

. 4 J (3.9)

g € WIa(R? L2(RY)), —o0 <y <1,
with 1 < pa, @@ < 00, 1 < p; < min(py, p3) and 1 < ¢ < min(qe, ¢3)
where for a general p, p* is the dual exponent of p, and assume moreover
that v —1/qy < 0. Then,

Iollsss . < CIFIL 2o ey * Nl
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with

2 2
3.10
1+5—1/pm ( )

0

14+ B8-1/p—y+1/q

This result essentially uses the L? regularizing effect given by Th. 2.1 and a
lot of interpolation. The definition of the spaces WP and ngfoo are recalled
later on.

Notice that as predicted by the simple example in the first chapter the
regularity of the average p depends only on the regularity in velocity of f
and g. The more general case of (1.2), (2.1) with the condition (2.5) would
just give the same result provided 3,7 < 0 (the regularity would in fact
depend on the exponent in (2.5) with the one given in Th. 3.2 if it is 1).
However dealing with 3 > 0 or v > 0 would likely require a more stringent
assumption; At least it is not known how to do it with only (2.5).

For a large part (the case p; = p2, ¢1 = ¢2, f = 0 and v < 0), Theorem
3.2 was proved in [17] using dyadic decomposition in the Fourier space to
interpolate and obtaining the average p in the Besov space BZJ. This was
improved in [3] using product Hardy spaces for the interpolation with an
average in the Sobolev space W*". We also refer to [6], [13], [46].

The case of positive derivatives in v (but still with p; = pa, ¢1 = ¢2) was
obtained in [31] with a simpler but less effective interpolation method that
we use here also.

3.2 Sobolev, Besov spaces and real interpolation

This section only aims at recalling or introducing the basic tools that we will
need. No proof is included and the reader should refer to [2] for instance for
more details and information.

Definition 3.1 Let E and F be two Banach spaces. An interpolated space

at order 6 between E and F' is a space G included in E + F such that for all
operators T continuous in E and in F then T is continuous in G and

ITlle < 115 ITII%.
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Note that there is no reason why the interpolate should be unique (and in
most cases it is not). The definition in fact works also if 7" is an operator
between two Banach spaces

Proposition 3.1 Let T be a continuous operator from Ey to FEy and from
Fy to Fy. Let G; be an interpolated space at order 6 between E; and F;. Then
T is continuous from G, to G and

ITlei—c: < NN g, 1T~

It is for example well known that an interpolate at order 6 between the spaces
LP(RY) and L?(R?) is the space L"(RY) with

1 1-0 0

r p q
Let us recall the definition of Sobolev spaces

W (RY) = {f € L"(RY)| Vf € LP(R)},
WPRY) ={f =g+ V-h|ge L"R), he (L"R))},
and homogeneous Sobolev spaces
WP (RY) = {f e D'(RY) | V[ € LP(RY)},
WP RY) = {f = V- k| h e (L"(RY)"),
with the obvious extensions for W*? where k € Z. Then the spaces W*P(R%)
with s € R can be obtained by interpolation: For instance if s € [0, 1] then
W#P(R?) is an interpolate at order s between LP(R?) and W'P(R?). If 1 <
p < 0o then an equivalent definition is that f € W*P(R?) iff A2 f € LP(R?).
Different approaches exist to interpolation theory namely the complex
methods and the real methods which are a bit more complicated but more
constructive. We describe here one real method: The so-called K-theory from
(35].
For F and F two Banach spaces and p € E + F we define

E,(t)= nf (lpille+tealle)- (3.11)

p1+p2

We define (F, F)g as the space of functions p such that

([wmen )" <
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and in the particular case k = oo
sup K,(t)t7% < oo.
t
All spaces (E, F)py for any 6 €]0, 1], £ € [1, oo] are interpolated spaces
at order 6. The method generates all Besov spaces (and Lorentz spaces for
the interpolation between LP and L9). We will use it only for £ = oo and

describe the main interpolated spaces.
The space (W*P(R%), We2P(R?))y o, is the Besov space B3P(RY) with

s=(1—0)s;+0ss.
This space is very close from the Sobolev space and in particular
WeP(RY) ¢ B3P(RY) € W P(RY) Vs < s.

For the homogeneous spaces (Werp(RY), WP (R%))g ., We obtain the ho-
mogeneous Besov space BSP(R?) with on a compact support

WP(Q) C B3P(Q) C W¥P(Q) Vs <s.

Unfortunately the space (W*P(R?), W#24(R%))y ., is not a Besov space if
p # q, we denote it B3 but it also satisfies

WP (RY) € B (RY) c W'P(RY) Vs < s.

3.3 Proof of the Theorem

We regularize the operator v - V, by adding Af (X is a parameter of interpo-
lation which will be chosen later in terms of f and g)

A +v-V,) f(x,v) = A 2g(z,v) + A f(z,v).
We denote by T the operator
Thf(z) = / flz —vt, v)e M ¢(v) dvdt. (3.12)
0 Jrd
Consequently

p(x) = | fz,0)d(v)dv = AT\ f + AY*Thg. (3.13)
Rd

We study this operator 7T in the next subsection and conclude the proof of
Theorem 3.2 in the last one.
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3.3.1 Estimates for T)

We prove

Proposition 3.2 For any 1 < p; < min(pe, p}) with 1 < py < oo, for any s
with s < 1/py, we have

Ty : WP (Rd, LP? (Rd)) — Wit Upnp2 (Rd), with norm CX\*~1/Pt,

loc,v

Notice first that with a simple change of variable
1 [ 1
Thf(z) = —/ flx —vt/X, v)e P dv)dvdt = — T fr(\r),
AJo Jra A

with fy(x) = f(x/A,v). Therefore it is enough to show Prop. 3.2 for A = 1,
i.e. for the operator T.

We begin with the simple case where we only have L! regularity in veloc-
ity. In this case T' can at best exchange derivability in v for derivability in
x, more precisely we have

Lemma 3.1 V0<s<1, T: W%

v,loc(Rd7 LI;(RCZ)) - W57p(Rd); fOT every
I <p<oo.

Proof. It is a direct computation, once one has noticed that

O, [(x —vt,v) = —%8Ui(f(x —ot, v))) + %(&,Zf)(m —vt, v).

First of all, simply by commuting the integrals, it is obvious that

where C' does not depend on t. Then we also obtain from our remark that

C
< e
Lp

flx —wvt, v) d(v) dv < CHfHL})L’;v

R4 Lr

Op, | flz—vt, v)o(v)dv

Rd

By interpolation, we conclude that for any s < 1
‘ C

S t_stHWi’ng’
and by integrating in ¢ against e~! we get the desired result. o
With exactly the same idea, one obtains for negative derivatives,

flx —vt, v) p(v) dv

R4

Wsp
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Lemma 3.2 Vs <0, T: W' (RY, LP(RY)) — W5P(R?).

It remains to combine this with the L? case provided by Theorem 2.1. In
fact one has for any s € R

AS2h(x + vt) = A 2h(x + vt) t75,

which implies for the dual operator T* and if s < 1
[e'¢] —t
AT h = A;j/Q/ h(z + vt)et—s dt = A3°T7h,
0

according to the definition of T (2.3). As we precisely proved Th. 2.1 for T}
and therefore 777 one obtains

Lemma 3.3 Vs < 1/2, T : H3(L?) — H*t1/2,

To obtain the behaviour of T' on any space of the form W' (L??), we only
have to interpolate between Lemma 3.1 and Lemma 3.3. A slight problem
arises because the operator A? does not operate nicely on L.

For any 1 < py, < 2, we first point out that the proof of Lemma 3.1
also shows that T sends W:'(H!) in A;*/*H! with H! the Hardy space;
This would also be true with any Banach space whose norm is invariant by
translation (i.e. the norm of f(x + h) is equal to the norm of f).

Then we can interpolate without any problem between le(H;) and
H$L2 to obtain W22 LP? whose image by T is in the interpolation of Az */*H!
and H*t1/2 that is W'~/P2#2_ Finally we interpolate between W2'(L??)
and WP2 P2 which is the space W' LP2 with its image in the interpolate
between W5P2 and W'=1/P2p2 That precisely gives Prop. 3.2.

3.3.2 Conclusion of the proof of Theorem 3.2

We are ready to prove Theorem 3.2. We first do it with the additional
assumption that 5 < 1/p;. Indeed with that we may apply Proposition 3.2
to both f and g.
We have
p=rp'+p"=NI\f+AY?Tyg,

with by Proposition 3.2

leHWHﬁ—l/Plvpz S CAX NP Hf”Wf‘plLi%

”pQHWHW*l/tn*a,qz < CATHn “gHW]’qlLZQ‘
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We then minimize in A according to the K-method of real interpolation which
was earlier described. We take

\ — 251/(1-1-/@—1/101—7-&-1/111)7

and we indeed find

K( ) < te Hf| WﬁmLpz ||g||W7 1792,
with
1+8—-1/m

1+68—-1/p1—v+1/q’

as given by Theorem 3.2. Consequently p belongs to the space fof’oo as the in-
terpolation of order (8, 00) of the two spaces W1+#=1/p1.p2 and JWitr—1/a—aa,

It only remains to indicate how we prove Theorem 3.2 for § > 1/p;.
Clearly if Proposition 3.2 were true for these values, we would be done since
there would not be any difficulty with the previous argument of real inter-
polation.

If one tries to prove any of the lemmas in the previous subsection for
(3 > 1/p1, the problem is that we do not have enough integrability in t. More
precisely, we would have to integrate a term in ¢* with & > 1 which is not
possible. However

6 =

T\ f= /00 ) Oy(t) f(x — vt, v)e ™ ¢(v) dvdt
/ f(z —vt, v) Xe™ ¢(v)

Rd//Rdef — o, )te™ g(v)

/ [z —vt, v) Me™ ¢(v)

) / /Rd AY2g(x — vt, v)Me ™™ ¢(v).

The first term has the same homogeneity as T) f but with more integrability
around the origin in ¢. The second term, once it is multiplied by A behaves
exactly like the usual Tyg.
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Therefore, repeating this simple trick as many times as necessary, we
avoid any problem of integrability in ¢ for T)f and we may consider 3 as
large as we want.

Notice finally that this would not work for T g because we have used that
v-Vof = N g and we do not have anything like that for g. This is only
natural as one cannot expect to gain more than one derivative from averaging
lemmas.

3.4 Optimality

This is the exact analogue in a slighty more general situation of the two notes
[36] and [37], which show that the usual averaging lemmas (with p; = pa,
¢1 = ¢2 and 5 = 0) are optimal.

They are given in dimension two for simplicity. We do it in two steps.
For the first one consider two C2° functions @ and b and take

fn(z,v) = NIA/P=B) « a(N x1,x9/N) b(N‘Svl),

3.14
gn(z,v) = N1=0H+3/P1=05 o O1a(N z1,x9/N) Nou, b(N‘Svl). ( )

We then simply choose § such that gy belongs to the space W% (L%) uni-
formly in N for every ¢, so

1
0= .
1=1/pi+B8+1/q1 — v

Notice that if 7 < 0, we also have to require that wb(w) be the ~ derivative
of some function. Moreover, we have

v-Vyfn =gy + hy,

with for any r
1Al 3 yiory < ONT2.

Therefore the contribution from Ay to the regularity of the average is one full
derivative and (from the point of view of counterexample) we may neglect
this term.

To finish with this counterexample, it is enough to notice that for any
1<r<oo

ol yirsr > Ns—6(=1/p1+5)
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Hence for this norm to be bounded uniformly in N, we need that

1—1/p+7
s<6(1—1/p+p0) = ,
U ) = T S =
which is precisely the value given by Theorem 3.2. This counterexample also
shows that, provided p; < ps and ¢; < g9, the regularity gained by averaging
does not depend on the integrability in x of either f or g.

Now we prove that the exponent r given by Theorem 3.2 is optimal. To
do so we consider

fn(z,v) = NYPHW/P=b8) w0 (N z1, 25) b(Novy),

3.15
gn(x,v) = NWHYP2=083/m=38 o 5 (N x1, x5) Novy b(Novy). (3.15)

To bound uniformly gy in the space given by (4.3) (fy was correctly nor-
malized), we need to take

_ 4k —1/e
L=1/p1+B+1/q1—~

We again have
v-Veofy=gn + hy,

with hy more regular than gy and so negligible for our purpose. Finally

HpNHWS,'r Z N5+1/p2—1/7«_5(1_1/p1+5)'

Since we already know that s is at most the value given by Theorem 3.2, we
take that one and deduce that for py to be uniformly bounded, we need that

1 1 S S

Y

r P2 D2 q2

which is the value given by theorem 3.2. If we care only about local regularity
then any 1/r larger than this will do of course.

4 Limit Cases

Some limitations of Theorem 3.2 are investigated here. The first two are
the case of a full derivative (¢ = 1 in (3.7)) and the case of only L' reg-
ularity in velocity for f; in both cases, only compactness can be expected
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from averaging lemmas and of course no gain of derivatives. These two situa-
tions however have important uses: The first one as it replaces compensated
compactness arguments in some cases (see for example [40] and [50] for com-
pensated compactness) and the second one for Boltzmann equation or other
collisional models. The last part of the chapter is devoted to the limitation
p1 < min(pe, p3) (or ¢3 < min(qe, ¢5)) and it illustrates the complexity of
averaging lemmas with mixed norm.

4.1 The case of a full derivative

The main result here was obtained in [45]. We deal with Eq. (3.1) witha =1
or

v-Vof =diveg, zeRY ve st (4.1)

(4.1

Very little can be expected in this case as indeed all functions f satisfy (4.1)
with a right hand side just as regular as themselves. Nevertheless (4.1) is
enough to ensure some compactness for the average

p(x) = o f(z,v) dv. (4.2)

In fact one may first prove the

Theorem 4.1 Let f and g satisfy (3.7) and

fe Whr(stt L2RY),  g>0,

) 4.3
g € Wra(stt Le(RY), —00 <y <1, (4:3)

with 1 < pa, o < 00, 1 < py < min(py, p3) and 1 < ¢ < min(ge, ¢5)
where for a general p, p* s the dual exponent of p, and assume moreover
that v —1/q1 < 0. Then,

ol < ULt e % Nl gy
with
1 1-6 6
r P2 ¢’
s 145-1p )

14+ B8-1/p—v+1/q
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The space BY%"_ is again obtained by interpolation but here as p trivially

belongs to LPQV(Rd) we have that p belongs to all L with ' € [py, 7[ or
|7, p2]. Moreover it is possible to deduce from Theorem 4.1

Corollary 4.1 Consider two sequences f, and g, solutions to (4.1). Assume
moreover that f, is uniformly bounded in WP (S4=1 [P2(R%)) with

5 Z 07 1 < p2 < 00, 1 Spl S min<p27 p;)7
and that g, is uniformly bounded and compact in W9 (S*1, L®(R?)) with
—co<y<1, 1<g<o0, 1<q <min(g, ¢).

Then the sequence p, is compact in any L with v’ €]py, 7| or r, pso| and r
given by (4.4).

These two results were obtained in [45] (with a different decomposition of
the operator v - V, and thus with p in a true Besov space). They are quite
useful for kinetic formulations as the next chapter illustrates.

Proof of Cor. (4.1). It is an almost straightforward consequence of Theo-
rem 4.1. As f, is uniformly bounded, it converges weak—x* to some limit f
(at least after extraction of a sub sequence). On the other hand, still after
extraction, g, converges strongly to some limit g and thus

v-V,f =div, g,

or
v-Va(fn — f) =dive (g, — 9)-
Applying now Th. 4.1 to f, — f and g, — g, we find that

lo = pallper.. < CIF = Falli s yoay X 19 = Gullior g

As g, — g strongly converges toward 0 and f,, is uniformly bounded, we deduce
that p, — p converges strongly toward 0 in ngjoo. Therefore it also does in
all L' with v’ €]pa, [ or |r, ps| since p — p, is uniformly bounded in LP2.

Proof of Theorem 4.1. We follow the steps of the proof of Th. 3.2 and
decompose
p=p1+p2=NI\f+div, Thg.
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From Prop. 3.2 we get that

”p1HW1+ﬂ*1/P1,PQ <CAX APt Hf”Wf’plLﬁb

||p2HW”Y*1/417q2 < CXHa HgHWJ’qlL?cQ'

So again minimizing in A in the functional K (¢) we take

A\ = tl/(1+ﬂ—1/p1—7+1/q1)7

and we indeed find

K(t> < te X ||f| ‘1,;;,?1]452 X ||9||€[/]’q1L327
with
1+6—1/p

1+ B8=1/p—y+1/q

Therefore p belongs to B, and it only remains to notice that

s=1-0)1+5-1/p)+0(y—1/q) =0,

which finishes the proof.

4.2 L' integrability only for f

Theorem 3.2 does not give any regularity for the average if 1/py — 3 =1. A

case of notable interest is
v - wa = ga

(4.5)

where f is only in L!'(R? x S?71). It is notably crucial for collisional models:
See [15] for the existence of renormalized solutions to Boltzmann equation,

and [26], [27], [48] for the famous derivation of hydrodynamic limits.

In that situation the average p is not generally in any Sobolev spaces.
Even though it was shown in [25] that some compactness property still holds

namely

Theorem 4.2 Let f,, and g, be two sequences uniformly bounded in the space
LY R x S41) and solutions to (4.5). Assume moreover that the sequence
fn is uniformly equi-integrable in v. Then the sequences of averages p, is

compact in L, (R).

loc
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The proof relies first on the fact that if f, is equi-integrable in velocity then
it is in both variables:

Proposition 4.1 Let f, and g, be two sequences uniformly bounded in L*(R%x
Se=1Y and solutions to (4.5). If the sequence f, is uniformly equi-integrable
in v € S then it is uniformly equi-integrable in (x,v) € R% x S4-1,

It is then possible to get

Theorem 4.3 Let f,, and g, be two sequences uniformly bounded in the space
LY R x S%Y) and solutions to (4.5). Assume moreover that the sequence
fn is uniformly equi-integrable in (x,v) € R? x S¥=1. Then the sequence of

averages p, is compact in L} (R?).

With the additional assumption that g, is equi-integrable, this last result
was already noticed in [23].

We only give here the proof of 4.3 with a slight variant of the method
used in [25].

If f and g satisfy (4.5), and if there is an increasing function ® € C(R, )
with ¢(§)/€ increasing and ®(§)/§ — oo as £ — oo and such that

0= [, #feohded <o

then there exists a function £(h) depending only on ® with lime(h) = 0 as
h — 0 and such that for any ¢ € C}(R?, R,)

» p(z +h) = p(x)| ¢(x) dv < Cye(h) ([[fller + Ngller +1(F)). (4.6)

Of course (4.6) would imply Theorem 4.3.

Notice that
v-Vy(of)=go+ fv-Vo.

Now decompose
A +v- Vo) (0f) =5+ M+ AL,

with
M=oy, f2' =0 Lpsm G=gd+ fv- V.o
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Then
dp=TxG+ NI\ + ATy fM.

Obviously

[ ot +1) = ol o) < [ 6o+ mpte +1) = o(2)p(o)
+ IVl e
< [ g+ ~Taglde+ [ N+ ) = MY do
R4 Rd

+ / Ny [ (2 + h) — ATy f22 | dw + Cy h| | 12
R

<2Tiglls + AN o+ [ DTA G+ =T do + Cohlf o
R

From Prop. 3.2, we have

_ C C
1T5gllzr < 3 gl < X (lgllzr + Coll fllzr),
and - v
My < — [ fMy < = —— T
e A N L

as (remember that ¢(£)/€ is increasing)

/ |f(:v,v)|]1f|>dedU:/ <I>(|f(:v,v)|)]l‘f|>Mﬂdxdv
Rdx Sd—1 Rdx Sd—1 CI)‘fl

< sup % /RS (| f(z, v)]) da dv.

For the last term T fM, notice first that is is compactly supported in the
support of ¢ so

TS lwrrsea ey < Coll OS2y
Furthermore as fM belongs to L?(R? x S%~!) then
1732 N aragmay < C A2 [l paqgaxsa-ny < O A2 M2 |2
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Consequently

DY (@ h) = AT e < B2 T (2 ey
R
< O¢ h1/2 )\1/2 M1/2 ||f1]\/[||2/12

Combining all estimates, one obtains

M

p(z + h) = plx)| o(x) da S% (gl + Coll Fllr) + CW 1(f)

O NN R 4 Cah | f

R4

For any h, it only remains to minimize in A and M to obtain (4.6).
Notice finally that in most applications, ® is equal to & log ¢ (from entropy
bounds). In that case, the function e(h) is

1
“h) = g1

4.3 Mixed norm inequalities

A disappointing condition in Theorem 3.2 is that p; < min(ps, p}) (and the
same for ¢; and ¢p). First of all it tells that the best case would be when f
or g belongs to LP(RY x S471) and any additional integrability in velocity is
“lost”. This somehow contradicts the idea that the regularity of the average
depends only on the regularity in velocity; This idea though is supported by
some heuristics arguments and results like [53] (where the average is however
obtained in a weak space).

It turns out that this question is probably quite difficult. We give a proof
(but only in dimension 2) which improves Theorem 3.2 but also an example
showing that this cannot be carried out too far (namely if f is only L' in x
then nothing may be gained even it is L in v).

4.3.1 An improvement on the condition p; < p

We can prove the following

Proposition 4.2 Let f, g in L*3(R2, L%(S")) satisfy (4.5). Assume more-
over that f and g are even in v then the average p = fsl f(z,v)dv belongs
to W43(R?) for all s < 1/2.
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Therefore we gain 1/2 derivative on the average even though we work only in
L*3 in 2. This result is proved only in dimension 2, an equivalent in higher
dimension is unknown (and would probably involve another critical space
than L*/3). In dimension 2, L*/3 is probably critical in the sense that any L?
with p < 4/3 would give less than 1/2 derivative.

If f or gisin L?(S', L*3(R?)), then nothing is known. Notice that, of
course, by Holder estimates, L*/3(R?, L?(S")) is stronger (included in) than
L2(SY, LY3(R?)).

The assumption f even in v is not necessary, and Prop. 4.2 can of course
be combined with the other estimates in chapter 3 by interpolation to give
more elaborate estimates (we refer to [32] for more details).

Proof of Prop. 4.2. We again decompose
p=Tf+Tg.

Since f and g are even

Tf_/Sd_l/ooof(x—vt,v)e—tdt_/9d_1/_2f(x—vt,v)e—tdt_Tof.

Now we have to prove that Tj is continuous from L*3(R? L%(S')) to the
space W*4/3(R?) for any s < 1/2. By duality this is equivalent to the con-
tinuity of the dual 7§ from L*(R?) to W*4(R? L2(S')). Finally with a
decomposition similar to the one performed in subsection 2.4.3, it is enough
to show

Lemma 4.1 For any set E and any 0 < 0 < 1/2,

IAY T Tg |7 @2, 1251y < C B (4.7)

Proof of Lemma 4.1. First of all, we decompose the sphere S! into sub-
domains Si with k& = 1, 2 such that |vx| > 1/2 in Sg. Of course it is enough
to prove (4.7) with Sy instead of S' and by symmetry we do it only for S.
Now we are going to make two reductions.
Step 1: Reduction to the compactly supported case.

We explain why it is enough to prove for any K > 0 and any set E €
B(0, K), the inequality

||AZ/2T5HE||Aig(3(o,K),Lg(Sl)) < C(K)|E| (4.8)

38



Take any set £ C R? with finite measure and any K > 0. We decompose E
into U; E; with E; C B(x;, K) and |z; — z;] > K/2 and E; N E; =0, Vi # j.

Then
Ig(y) = ZHE (y),

and consequently
T3lg(z,v) = Z T51g,(z,v) Ipg, 2y (x) + ZTJHE@, V) Lpgysorc = T+ 11

Now, of course because of the condition |z; — ;| > K/2

2 2
/ ( |Af/2[|2dv> da::CZ/ < |Ag/2T§HEi(:c,v)|2dv> dx
R2 \J S, — JB(:2K) \Js,

< C(2K)> |E;| < C(2K)|E|,

since (4.8) is obviously invariant by translation and hence true as well if we
replace B(0, K) by B(y, K) for any y.
As for the second term, we remark that, as E; C B(x;, K)

T(;(]IE) (.T, U) H|J:—xi|>2K < e_lm_$i|/2_K/27

and that furthermore (that inequality is proved in [18]), for any «

1 To1g, (z,0) > dv < C|Ey).
S1

Eventually we simply bound in L*

2
/ (/ |H|2dv) deCe_KZ|Ei|1/2|Ej|1/2/ e—l—ail/2—le—a;1/2 g,
R2 S1

.. 2
(2% R

<Ce ¥|E|

We have decomposed 71y into two terms for any K. The first one belongs to
W94 (L?) with norm (C(2K)|E|)** (which is obviously at most polynomial
in K) and the second one in L* with norm e=%/4|E|'/4. By real interpolation,
we deduce that Tz belongs to W 4(L?) with norm C|E|*/* for any ¢’ < 6,
which is exactly what we want.
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Step 2: Reduction to the X-ray transform.
The aim here is to get back the case where T;Ig(z,v) is invariant along
any line with direction v like the X-ray transform. So first of all, we write

0
|AY2TH (2, v)| = |A§/2/ vV, I g (x + tv,v) dt|

— 00

“+oo
< / |A%2 4 N Tilg(z + tu,v)] dt.

All these expressions make sense because now £ C B(0, K)

[e.e]

vV I5lg(z + tv,v) = / vV lg(x+tv+rv)e " dr

<0
—]I - :
/0 8r p(z+tv+rv)) e dr (4.9)

——/ Ig(z 4+ tv +rv) e "dr,

0

by integration by parts in r. Then 77 is the integral on the whole line by
(2.3) and so

o0

vV I5lg(x + tv,v) = / Ig(z+to+rv) e x _| dr. (4.10)

0 |

Now we denote
+o0
Tlg(z,v) :/ A2 .V, T gz + tv, v)| dt.

Thanks to (4.9) and (4.10), we know the following properties on 7', for some
¢ >0 (in fact ¢ =1/2 —0)

) _ 0'/2 1/2
vV, Tlg(z,v) =0, |[A, T]IEHLQB(O,K)xsl < C|E|"=. (4.11)
We want to deduce from (4.11)
ITTEN 24 B0.50), £2(50)) < C(K) |EL. (4.12)

Step 3: Deduction of (4.12) from (4.11).
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We begin with

2
HT]IE||4L;§<B<0,K>,L%(sm:/ (/ |THE($’U)|2dv> o
B(0,K) veEST

:/ / |TTg(x,v)]* X |T1g(z, w)|* dv dw dz
B(0,K) Jvwes;

:/ / / Tz, v)|* | T (z, w)|?* dw dx dv.
’UESl CEGB(O,K) ’LUGSl

We change variables in « decomposing = in y 4 lv with y in the plane H;
of equation z; = 0. Since |v1] > 1/2, the jacobian of the transformation is
bounded and as all the terms in the integral are non negative, we may simply

bound

K
ITTE 24 (B0,5), 2(51)) S/ / / / T Ip(y+1v,v)|?
veS1JyeH JI=—KJweS,
X | T (y+v, w)|* dw dl dy dv

K
§/ / T 15y, v)|* x (/ / T 15 (y+1v, w)2dw dl) dy dv,
veS1JyeH, I=—KJwes,

because T'f(z,v) is constant on any line with direction v and therefore
T1g(y + lv,v) does not depend on . We denote

K
o= [ [ sty dv,
=— weEST

and we want to show that I belongs to L*>. So we fix y and v and we first
decompose S; into the union of S} with S} = {w € S*, 277! < |[v—w| < 27"}
and so

I(l,v) = Zfi(l,v) = Z/l

K

/ 1T 15 (y + lv,w)|?* dwdl.
KJweSt

Of course T'Ig(y + v, w) is constant along any line with direction w so we
may bound

1 K K
I < —/ / / T 1g(y + sw + lv,w)|* ds dl dw.
2K weSi JI=—KJs=—K
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We change again variables from [ and s to z = y + sw + lv. We denote by
Cyow the set {y + sw + v, |s|] < K, |l| < K} and by |(v,w)| the sinus of
the angle between v and w. Then

1 dz dw
I < —/ / TTs(z, w)|?
2K Jyesi Joecy o | (v, w)]

Y
< TIg(z,w)|"dz dw.
2K wESi 2€Cy v,w

Cyvw and E=En Cy. Clearly, as all the terms are

Denote C,, = J

non negative

weS]

2 Tl w)
I; < / / Tl:(z,w)|"dzdw.
2K weSE JzeCy,, i

Using a Holder estimate, we find for any p > 2,

9i+1 2/p
I; < X |Cyol 7P x / / T 15(2,w)Pdz dw
2K wGSi 2€Cyv

2/p
< C(K) 2+t x 2710=2/p) / ( / T T5(z,w)P dz) dw,
2€B(0,2K)

weS1

because the measure of Cy , is bounded by a constant depending on K times
27", Now by Sobolev embedding, for 1/2—6'/2 < 1/p < 1/2, the last integral
is dominated by the L2 H? norm of TTz. Therefore, taking 1/p = 1/2—6'/2,
we get by (4.11)

I; < C(K) 2 x 27 % /

we St

/ IAY 2T (2, w)|? dz dw
2€B(0,2K)

< C(K) 27 x 277 x C'|E| < C(K) x 277,

because the measure of F is less than the measure of C,,. Eventually we
may sum up the series and get



This has as immediate consequence that

1A TTg |24 B0,x), 12050y < CK) /ES /y€H|A§;/2T]IE(y,U)|2dy dw
v 1 1
< C(K) x |E],
using again the known L? estimate (4.11) on 7. o

Note that it is relatively simple to find a set E for which the lemma
would be false if p > 4 in dimension two. Indeed, one may take for example
a set composed of the N sets F; of equations in polar coordinates 7,6, 6 €
[i/N, i/N +i/2N] and r < 1. Then |E| > 1 and for any z in the square of
size 1/N centered at the origin [ |AY I (2, v)|?dv = N and so to have

N2><Np§/

B

p/2
</ |AL/A ]IE(:L’,U)\de) dx < CNP/?,
0:2K) \Jo

one must have p < 4.

4.3.2 A example in L'

The example that we give below shows that in L*(RY) (in x) no derivative
may be gained.
Consider the following function gy

N N
gn(z,0) =Y (=) Ly ijwj<ywe X (22 = j/N) x Oy (v).
i=1 j=1

Instead of true dirac masses, we should take approximations of them in L!
so that gy belong to L.L. However to keep things as simple as possible, we
will do just as if Dirac masses belong to L!. Then, we obviously have

lgnlloize = N X N x N72x [ @y ]|z < 1.

The function ® 5 will be determined later on but with an L norm less than
one.
Next we define fy by means of gy

In(z,v) = a(x) x /000 gn(x — vt v)dt,
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with a(z) a regular function with compact support and value 1 in the ball of
radius 2. Therefore we have

v-Vafn =gn + hn,

with -
hn = (v-Vya) ></ gn(z — vt,v) dt.
0

It is obvious that hy is at least as regular as gy and so
|lv-Vefnllrre < C. (4.13)

Now let us compute the L. L norm of fy. Given x and v the value of fy
depends on the number of times the line issued from x, and with direction
v, crosses one of the small segments of which gy is composed. This almost
never happens. For instance, if Nx5 is an integer and if v is along the z;-axis,
then fy is the average of Dirac masses. This case is avoided by assuming
that ®((a,0)) = 0, for any a and it ensures that fy does not exhibit any
Dirac mass itself.

However, it remains the other cases where for example z; = i/N + 1/N?
for some 4. Then if |v;] < 1/N? | f(x,v) is of order N. Finally the norm of
fn may be estimated as

[fvllzize <SC(1+NxNxN?)<C. (4.14)

For py those points of concentration of fy do not have any importance.
Indeed py is the average of fy in v and if fy is of order N at some points,
it is only for values of v in an angular sector of size N~2. Consequently, py
is at most of order one. Then consider a segment with relative coordinates
(a,b) (relative with respect to x), this segment is seen from = with an angular
variation of

1 b
max | —, —— | -
N2b’ N2q?
Hence for a given = which is typically at a distance 1/2N of the closest line

x9 = j/N, the measure of the set of velocities v, such that the corresponding
line crosses at least one segment, is

N N .
1 J/N
2 (] % N_j+z:; N2i2/N2> ~ L

Jj=1
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Note that this also justifies that a given line almost never intersects more
than one segment.

Now of course there is the question of the alterning signs in gy which
could produce cancellations in py. This is where the definition of ®,, and
the fact that it is L* but not in any Sobolev space, plays a crucial role.
Indeed let us choose a @y such that py is indeed of order 1 at the point
(1/2, 1/2) for instance. This is possible but only because we do not need any
derivability on ® .

Then notice that p is almost periodic of period 2/N. If the segments in
gy where equidistributed in the whole space, it would be exactly periodic
but as it is, some small perturbation has to be expected from the compact
support in gn. Because the derivative of py is obviously at most of order N,
this means that py is of order one on a domain a measure of order one also.

To conlcude this counterexample, we remark that py changes sign if we
add 1/N to x; due to the alterning signs in gy. Therefore, the derivative of
pn is exactly of order N and

lonllyes ~ N°. (4.15)

The combination of (4.13), (4.14) and (4.15) shows that, although fx and gn

are uniformly bounded in LLL py is not uniformly bounded in any I/Vl‘f)j ,

s> 0.

We turn to the case of exponents p > 2. We use polar coordinates in x
and v, hence = = re?? v = €', We take

iN

eZN(’I[TSN x e e,

gN(I7 U) =

such that
lgnllze e = N?4.

As in the previous case, we define fy as

In(z,v) = (/ g(x — vt,v) dt) x a(r/N),
0
for a a C° function. We obtain
[0 Vo fullps e ~ N/, (4.16)
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Given any z = re', if we choose v = €!®+™ then fy(z,v) is equal to N, so
that
15l g g ~ N1F2P. (4.17)

Now given x and assuming that v is not parallel to z, then there are cancel-
lations in the integral defining fy. As a matter of fact, the order of fy is the
typical length on which there cannot be any cancellation. It is easy to see
that this length is N/r or N if r < 1. Therefore, given the oscillation in py
coming from the ¢V% in gy

o llys ~ N (1.18)

As previously, this norm has to be bounded by the norm of gy to the power s
times the norm of fy to the power 1 —s. Estimates (4.16), (4.17) and (4.18)
have as a consequence that s has to satisfy

2 2s

2
l+s< 2 4losto——2
q p P

or .
N
1—-1/q+1/p

This again corresponds to the result predicted by Theorem 3.2.

Before ending this subsection, we would like to point out that these
examples do not rigorously allow us to conlude that the conditions p; <
min(pe, p3), or the same for ¢;, are absolutely necessary. At least a coun-
terexample with an exponent p; < 2 for f and an exponent g, > 2 for g (or
the converse) is missing.

5 Application to Scalar Conservation Laws

The purpose of this chapter is to present a (relatively short and self-contained)
application of the previous results namely for kinetic formulations of scalar
conservation laws. Its scope is much too limited to give an overview of
conservation laws, or even scalar conservation laws, kinetic formulations or
regularity results for these equations. Hence many major contributions to
the field are not described. We refer the interested reader to [42] for a more
complete description of kinetic formulations, and to [11], [28], or [47] for
example for an introduction to the theory of conservation laws.
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Scalar conservation laws are hyperbolic equations on a scalar u(t,x) € R

0w+ Va - (Alult,2))) =0, t>0, z€R,

u(t =0,2) = u’(z), (5.1)

where the flux A will always be regular here, namely A € C?(R, R?).
The characteristics for Eq. (5.1) are lines. More precisely if u is a regular
(C1) solution then
ult, @ + ta(u(2))) = u(z),

where a(§) = A'(§). Of course this also shows that regular solutions cannot
exist in general for all times : if & = z1 + ta(u®(2z1)) = 22 + ta(u’(x)), then
u(t, x) would have to be equal to both u°(x;) and u°(x5).

This lack of regular solutions in large times requires the use of weak solu-
tions for which, unfortunately, there is no uniqueness; hence the introduction
of entropy to discriminate.

We present here the theory of entropy solutions through kinetic formu-
lations, as this is the simplest way to apply averaging lemmas. Other ap-
proaches are of course as valid; the more tradional being the use of vanishing
viscosity and Kruzkov entropy.

5.1 Kinetic Formulation

5.1.1 The definition

The kinetic formulation for scalar laws was first introduced in [38] (and at
the same time in [39] for isentropic gas dynamic).
Assume that v is a classical solution to (5.1). Define then

1 if0<v<u(t ),
flt,z,v)=¢ —1 ifu(t,z) <v <0, (5.2)

0 in the other cases.

Compute (in the sense of distribution)

Oif = O d(u(t,x) —v) = —a(u(t,z)) - Vyu(t,z) d(u(t,z) — v)
= —a(v) - Vyu(t,z) é(u(t,x) —v) = —a(v) - V. f,

and so f solves the free transport equation. When u is no more C! this
computation cannot be done. Instead one may define
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Definition: A function u € L} (R, x RY) is an entropy solution to (5.1) if

loc
and only if there exists a non negative measure m € M, (R, x R?*?), such

that the function f defined through (5.2) satisfies

of+a) Vuf =0,m. (5.3)

Note that if f satisfies (5.3) then f is of bounded variation in time with
value in a negative Sobolev space (BVj,.(R,, W=1=01(R4*1))). Therefore
the trace of f at t = 0 (¢ = 0+ more precisely) is well defined and since u
can be recovered through

u(t,x):/Rf(t,x,v)dv (5.4)

the value of u at ¢ = 0 makes perfect sense and one may add an initial
condition to the definition.

Through the rest of this chapter, we will assume for simplicity the equiv-
alent of (2.5)

3C, V¢ € RY, Vr, Ve € R4, Hv €R; |a(v)-§—71| <e}| <e. (5.5)

This condition enables us to use the equivalent of Theorem 3.2. However
most of the theory would remain valid under the weaker assumption

3C, V¢ € R, Vr, Ve e Ry, Hv €R; |a(v)- & —71|<e}| <& (5.6)

for some 6 > 0.
The main aim of this chapter is to prove the following

Theorem 5.1 Assume (5.5). For any u® € L*(RY), there exists a unique
function u € L®(Ry, LY(R?)), entropy solution to (5.1) with u(t = 0) = u°.
Moreover if u® € L the solution satisfies u € M/Z‘Z’S/Q(Ri x R) for any
s < 1/3.

5.1.2 Propagation of L” norms

Let us begin by showing the easiest property of entropy solutions, namely

Proposition 5.1 Take any ¢ € C*(R), convexr and assume that

» o(u’(z)) dx < oo,
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then for any t > 0 and any entropy solution u with initial data u®
o(u(t,x))dx < (u’(x)) dx.
R4 R

In particular if u® € LP then u € L>(Ry, LP(R?)).

Proof. Define ¢,, a sequence converging toward ¢ with ¢/, € C.(R). Notice
that because of (5.2)

Gn(u(t,r)) dx =/ ol (v) f(t,xz,v) dz dv.
R4 RExR

Now multiplying (5.3) by ¢/, (v), integrating in space and velocity
d
o, (v) f(t,x,v)dxdv = / ¢, (v) Oym dx dv

dt R4 xR R4 xR

:—/ ol (v)ymdxdv <0,
R4 xR
because ¢! > 0 and m > 0. Consequently
On(u(t,x))de = / &, (v) f(t,x,v) dz dv
Rd RIxR
<[ )00
RIxR
= gbn(uo(a:)) dx,
Rd

and passing to the limit in n, one obtains the proposition. Notice that the
sign of the measure is crucial to get the estimate.

5.2 Existence by transport-collapse approximation

As usual the existence of a solution is obtained by an approximation proce-
dure. The classical one is the vanishing viscosity method, it however requires
the use of compensated compactness arguments or velocity averaging lemmas
with a full derivative in = (see 4.1). Here we instead use the transport and
collapse introduced by Y. Brenier (see for example [7], [51] for the conver-
gence of the method or [29] for other relaxation schemes).

49



5.2.1 Presentation of the method

For any n we define the function f,, recursively on the intervals |i/n, (i+1)/n].
The approximate solution wu,, is then always given by

un(t, ) :/fn(t,x,v) dv. (5.7)
R
Step 0: Initialization We start with

1 if0<wv<u(t2),
fn(0,2,0) =< —1 ifu(t,z) <v <0,

0 in the other cases.

Step 1: Transport. Given f,(i/n,z,v), f, onli/n, (i+1)/n]is the solution
to
atfn + G(U) . fon = 0,

with the corresponding initial data at ¢t = i/n. Finally u, on |i/n, (i+1)/n|
is given by (5.7). This explicitly gives

fult,z,v) = fuli/n,xz —a(v) (t —i/n),v).

Notice however that on this interval, one does not necessarily have the con-
straint (5.2) as there is nothing in the free transport equation to ensure it.

Step 2: Collapse We introduce the non linear collapse operator L on the
functions of the variable v by

1 if0§v</f(v)dv,
R
Liw) =9 _1 i /f(v) dv < v <0, (5.8)
R
0 in the other cases.
Then one defines
fal(i+1)/n,z,0) = L (fu(i/n,x — a(v)/n,v)) = L fu((i + 1) /n—, z,0),

where f,((i +1)/n—,z,v) is the limit of f,(¢,z,v) for t — (¢ + 1)/n with
t<(i+1)/n.
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Therefore one recovers for all ¢

1 if 0 <o <u,(i/n,x),
fuli/myz,0) =< —1 ifu,(i/n,z) <v <0, (5.9)
0 in the other cases.

Finally let us point out the main property of the collapse operator. For any
f with sup |f| <1 and any regular function ¢(v) with ¢'(v) >0

[o@Lrwans [ o) fo)a (510)
R R
The proof of this estimate is not given here (see [7]).

5.2.2 Convergence to an entropy solution

In the sense of distribution f,, satisfies

atfn + a(v) . vxfn = Gn, (511)
with

Gn =Y 0t —i/n) (fuli/n,z,0) = foli/n—, z,0)).
i=1
Moreover
sup | fn(0, z,v)| =1, / | fn(0,2,v) dx dv = / u’(z) dv < oo,
R+1 R4
and by induction on the intervals [i/n, (i + 1)/n], for any t > 0
1t Mlzrgary = lun(t, )@y = 0]z, sup | fu(t, #, v)| = 1.

Hence we may extract a converging subsequence, still denoted f,,,
fo—f, w—xL>.

And in addition we may use (5.10) to deduce that for any test function
O (z,v) with 9,9 > 0

/Rd+1 O (z,v) (fu(i/n,z,v) — fuli/n—, x,v)) dzdv < 0.
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Hence there exists a non negative measure M, ,(x,v) such that
(fuli/n,z,v) — fu(i/n—, x,v)) = 0, M, n(x,v).
Obviously this implies that
Gn = Opmp, My >0, (5.12)
with §
Mo (t,2,0) = 6(t —i/n) M (z,0).

i=1

Now define ®,,

Qp(v) =v for [v] < M,
Oy (v) =M forv> M,
Oy (v)=—-M forv<—M,

Multiplying eq. (5.11) by ®,; and integrating on [0, 7] x R4 | one gets

T
/ Oy (fo(T,x,0) — fr(0,2,0)) dedv = —/ / Op®rr dmy,(t, z,v).
Rd+1 0 Rd+1

So from the L! estimate on f,

T M
/0 /_M /Rd dmy,(t, z,v) < 2M|| ful(t,., )|l < ZMHUOHLl(Rd).
Therefore still extracting a subsequence, we obtain
My, —m, w—*M},
with m a non negative measure in M} (R, x R¥1). The limit f then satisfies
o f +al)-V.f=0,m.

It remains to show that the constraint (5.2) holds. Assuming that u, is
compact in L' then this follows from (5.9) and we are done.
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5.2.3 Compactness of u,
Take a function & € C*(R) satisfying

Ov)=1 if jy| <1, P(v)=0 ifjv|>2, 0<P(v) <1 Vo
Then define

ult = /an(t,x,v)cb(v/R) dv.
This uf is an average of f,, as defined by Eq. (3.2). Moreover we have
O fn+a(v) Vyfn = 0ymy,

with m,, bounded in any W="?([0, T] x R¢ x [-R, R]) for r > 0 and p <
(1—7r/d)"" as

[mallw-ra(o, 71xrax(-R, B < Cr/ dm, < C; R ||u®| 1.
[0, T]xR¢x[~R, R]

Next the supremum of f, is less than 1 so f,, is locally in any LP and in
particular

| fallz2 0, TixBO,K)x[~R, R) < C VT KR.

Using Theorem 3.1, one gets that uf belongs to VVlij/ *(R, x RY) for any
s < 1/5 with
||U§||Ws,5/3([o, nxo.kx) < C(s,T, K, R), (5.13)

and therefore uZ is locally compact so that

ul — uf = / f(t,z,v) ®(v/R) dv. in LY/?. (5.14)
R

n loc

Now as u’ € L' there exists an even convex function x € C?*(R) with
x(0) =0, x(&)/|¢] — +o0 as |{] — +oo and such that

/Rd x(ul(z)) dr < co.

Note that from the definition of f,, this implies that

/Rde X' (0) fu(t =0,2,v) dvdx :/ y(u(2)) dz < .

R4
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Indeed assume that u°(x) > 0 (the negative case being the same as x is even)
then

u®(z)
AxmonwzmxmmUzé Y (0) dv = x(u(2)).

Multiplying Eq. (5.11) by x’ and integrating, one gets from (5.12)

@t dede =L [ () fult,0) dvda

dt RIXR dt R4 xR

= / Gn X dx dv = —/ my X" (v) dvdz < 0.
RIXR RIxR

This shows that

/]un—uf”\dxg// | fr(t, z,v)| dv
R4 Re J|v|>R

< X' fodxdv <
X' (R)] Jrixr X' (R)] Jra

and so u, —uf in L' goes to 0 as R tends to infinity, uniformly in n. From
the compactness of uf (5.14), we deduce the compactness of u,, in L and
we are done.

The heart of the argument here is the compactness provided by averaging
lemma. Non optimal averaging lemmas would be enough though.

x(u'(2)) dz,

5.3 Uniqueness and propagation of BV bound

Uniqueness for scalar conservation was first obtained in [34]. We give here a
formal argument corresponding to the proof in [43] which uses directly the
kinetic formulation.

5.3.1 Uniqueness

Consider two entropy solutions u; and us to the scalar law, then

Proposition 5.2 (L' contractivity) We have for any t > 0

lua(t,.) = ua(t, )l pageay < [Juf = uall 1 (ra).-
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This of course implies the uniqueness of the solution but it does even more
than that (see the next subsection).

Denote f; and f; the two functions defined from u; and us by (5.2) and
m1, ma the measures in (5.3). For simplicity assume that u; and uy are non
negative and hence so are f; and fs.

First note that as a consequence f? = f;. The function f? solves the same
equation but multiplying (5.3) by 2f; we also get

atfi2 +a(v) - VCCfiQ = 2f; Oym,.
Thus
2f7, avmi = avmia
and

/ fi Oym; dv = 0. (5.15)
R

Of course this is only formal. The rigourous argument requires the use of
convolution as in [43].
Now use (5.3) for f; and f, and compute

i ’fl_f2’2d$d7}:/ (fr = f2)(Oymy — Oymy)

dt RIxR RIxR
:_/ (fl avm2+f28vml)7
RIxR

by (5.15). As f; is non increasing

/ f1O0ymodxdv = —/ 0, fimo dx dv > 0,
RaxR

RAxR
and the same is true for the other term. Finally

d
—_— |f1—f2‘2d$d’0§0

dt R4 xR

To conclude note that |f; — fa] is equal to 0 if 0 < v <y and 0 < v < uy
or if v > uy and v > wug; it is equal to 1 if u; < v < ug or Uy < v < Uq.

Therefore
/ ]fl—f2]2dxdv—/ |uy — ug| dx,
RdxR Rd

d
— — dzr <0.

Again this computation is only formal.

and
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5.3.2 Propagation of BV norm

Take any h in R? and apply Prop. 5.2 for a solution u(¢,x) and the solution
u(t, x + h) which corresponds to the initial data u®(z + h), it shows that

lu(t,x + h) —u(t,z)|de < [u®(x + h) — u’(x)| du,
Rd Rd

and so

R |h| R

Hence as a corollary

Corollary 5.1 Let u be an entropy solution to (5.1) and assume that u® €
BV (RY) then u(t,.) € BV (R?) and

lu(t, v < u°ll sy

Note that typically, there is no equality (the inequality is strict). Indeed the
equality holds only as long as there is a strong solution.

There are many ways to prove this result. The regularity will typically
be shown to hold uniformly for a sequence of approximating solutions. If one
considers the sequence f, obtained through transport-collapse, it is easy to
check that

| fn(ts s ) Bvre, arwy) = [[fali/n+, 5 )l Bvee, sy, V€ [i/n, (i+1)/n],

and that the collapse operator contracts the BV norm or

i/ nts - sy @e, sy < 1 fuli/n=, - lBves, a @)

One then gets that

1 fu(t, - Mavee, mey < 1200, ) svee, awy = 140 sy e,
and from that an estimate on the BV norm of u,,.

Finally let us point out that the proof through uniqueness given here is
interesting because if one goes back to the estimate on f, it bounds

t h,v) — f(t 2
/ f(tatho) = fEn ol
RIXR |h’
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which is not the BV norm of f as it would be natural but looks in fact like
the H'/2 norm on f. Of course as u is the average of f

u(t, )y = If(t, ., ) Bvaay,

and this in turn dominates any H2(L?) norm of f with s < 1/2 (by interpo-
lation as f is also BV in velocity by its definition). However it is only the
very specific form of f which provides the bound the other way around.
In fact the argument in section 5.3.1 could be used to directly bound

2 ’f(t,l’,?]) _f(tvyav)P
s = dx dy dv.
H3(L2) /]R2d><]R 7 — |2+ Y

/1

5.4 Regularization

The first section proves a regularization of the solution in LP. Then averaging
lemmas may be directly applied to get the regularization of Theorem 5.1. We
finish by showing Oleinik BV regularizing property and with some comments
on other (non Sobolev) regularity properties.

5.4.1 Dispersion estimates and L? regularity

As all other regularizing effects shown here, this one relies only on the proper-
ties of free transport. The use of dispersion estimates on the kinetic equation
to improve the L” norm of u was already performed in [38] (see also [42] where
a simple illustration is given and [44] or [19] for a more complete treatment
but purely for kinetic equations).

Let us first take the simple example

1 1
L+ vk 1T+ |z|"

O f +v-Vuf =0, f(t:()’xvv):

Then the solution is simply

1 1
t pu .
f(t,@,v) 1+ 14|z —ovt|
Therefore although [(1+ |[v|*) f(t = 0)dv € L, (R?) only for k < n —d, we
have that [(1+|v|¥) () dv € L}, (R?) for any ¢ > 0 and for all k < n+1—d.

This shows that the solution enjoys additional decay in velocity, depend-
ing on its decay in space.
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The same feature is true for the solution f to (5.3) with the additional
remark that moments in velocity imply LP norm for u. In order to simplify
the exposition, let us assume that

lv| |d'(v)| < Cla(v)], C'la(v)] > |v|', for |v| large enough. (5.17)

Note that from (5.6), one would expect I = 6 but of course (5.6) does not
imply any estimate like (5.17) (which is not strictly necessary in addition).
Now we have

Proposition 5.3 Assume that for some p > 1, u® € LP(R?), then for any
t>0, u(t,.) e LLY(RY) and for any k > 1

loc

‘,U‘p—I—l 1
/ / |f(t,z,v)|dxdvdt < C’/ [u ()P da. (5.18)
rast (14 [z])* R4

Proof. By Eq. (5.3) we have

ft,z,v) = (0,2 —a(v)t,v) + /0 Oym(t — s,z — a(v) s,v) ds

Therefore for ¢ > 0

|u[Pti-2 |v|p+l 1
/ / L ) ———vf(t,z,v)drdvdt = / / EREE = f(t x,0)]
Rd-+1 Rd+1 ZE
|U|p+l 1
/ / 5| f(0,7 —a(v)t,v)|drdvdt
R

d+1 1 + \x|

|U|p+l 2
/ / / (1+ [z])* F0Oum(t —s,x —a(v)s,v) dedvds dt.
Rd+1 xr

On the one hand, for k > 1, by (5.17)

|U|p+l 1
/ /Rd+1 1+ | | k|f( a(v)t,v)| dz dv dt

|U‘p+l—1 e
—/0 /RdJrl (1+ [z +a(v) t])* |£(0,2,v)|dx dv dt
. la(v)]
S O/ |U|p_1f<0’x7v) / ( % dt dI d’U
Ra+4+1 0

L+ [z +a(v)t])
<C [v[P~1£(0,z,v) do dv = C / |u®(x)|P dz.
Rd

Ra+1
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On the other hand with a change of variable, and an integration by parts

|U|p+l 2
/ / / 1_|_| )k Ua”m(t_Sax—a(v)s,v)dl‘dvdsdt
Ra+1 T

p+l 2
/ //Rd+1 1—|—|x+a() Dkvavm(t—sw,v)d:vdvdsdt

ol
B l t — dx dvd
(p+ )/0 /0/Rd+1 <1+|x+a(v)s|)km( s,,v) dz dv ds
B k/T /t/ |U|p+l—1 a(v) - (x+ a(v)s) m(t — s, x,v) dx dvdsdt
o Jo Jr

ar1 (14 |z + a(v) s|)F1 x |z + a(v) s

O T—s ’,U|p+l 2 P
<
-~ /0 /0 /Rd+1 (1 —|— |a’,’ + a(v) s|)k;+]_ m(ry m)U) X av ar as

as m is non negative and by (5.17). With the same argument as for f(0) one
concludes that

|U|p+l 2
/ / / 1+ |z))* F0Om(t —s,2 —a(v)s,v) dedvdsdi
Rd+1 T

< C’k‘/ / lv[P~2 m(r, z,v) /T la(v) dsdx dv dr
B 0 Jret o (T Jz+a(v) s))E
T
< C’k/ / P2 m(r, x,v) dx dv dr.
0 Jratt

Notice that from the estimate on the propagation of the L? bound for u

t
lu(t, z)|P dx + / / [P~ m(t, z,v) dx dvdt < [u’ ()| du,
R4 0 JRd+!

Rd

so finally

|U|p+l : drdvdt <C O(2)|Pd
t t < .
/ /RdH T ] )F = f(t z,v)| do dv /Rd\u (x)|P dx
O

It is in fact conjectured that with suitable assumptions on a, then the solution
u becomes immediately bounded. This is still unproved however. If one could
prove an estimate like

ottt / |u () [?
t dedvdt < C ———d
/ Ad+1 1+ |l‘| |f< 7([’1})‘ rav - R4 (1 + |l‘|)kl o
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then by boostraping it, it would show that the solution belongs to LP for any
p < oo. But notice that the argument of Prop. 5.3 may precisely only be
used once because it requires the full L? of " and not only a weighted LP.

5.4.2 Regularization by averaging lemma

Define as before for a regular ®

ult = /Rf(t,x,v) ®(v/R) dv.

Note that from the definition of f (5.2)

/ 10y f(t, x,v)|dv = 2.

Indeed (at least for a continuous u), assuming for simplicity that u(t,x) > 0
8vf(t7 1:71}) = 6<U - u<t7‘r)) - 5(”))

integrating this gives the claimed estimate, which is then easy to extend by
density for any u € Lj, .
So that

[ f] oo @y xR, BV (r)) < C-

As on the other hand || f|| g, xra+1y = 1, by interpolation for any s < 1/2

[ £l ooy e, ms(m)) < C

Because || f||zoe(r,, r1(ra+1)) = [[U]|ror,, £1(re)), With a last interpolation for
any ' > 0

||f||L2([0, TIxRd, Hs(R)) < C(||“||L°°(R+, Ll(Rd))-

Since m is a locally bounded measure, it belongs to V[/leoc1 (R, x R for any
0 < 0. Thanks to (5.5), we may apply Theorem 3.1 and get

uP e WAAR, x R, Vs <1/3.

loc

Now if u € L* then for R > ||u||p~, uf* = u and
we WPPR, x RYY), Vs <1/3. (5.19)

loc

This is the regularity given in Theorem 5.1
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Proposition 5.4 Assume that u® € L' N L>®(R?) and that u is the entropy
solution to (5.1). Then if (5.5) holds, u € W, 3/2(R+ x R?) for any s < 1/3.

loc

If w is only in LP, then the argument would be more complicated and we
only give a sketch. It is necessary to do another interpolation using R as a
parameter, namely

u = uft +vf, vR:/R(l—(ID(v/R))fdv.

The control on v is simple, for any 7' > 0, K > 0,

T
HURHLl([o, T)xB(0,K)) S/ / / fdvdxdt
0o JB(,K) >R

1 T 1
< Rp_l/o /B(OK)/RMP Ydvdedt < — T ||uHL,, ([0, TIxB0.K))"

So it would remain to bound the behaviour of ||uff||y;s.s/2 in terms of R. That
is more delicate because it depends on the behaviour of a(v) for large v so
the final result also depends on this behaviour.

Let us only give the example where d = 1 and v = a(v). Define then

fr(t,z,v) = R f(t/R,z, Rv) and mg(t,z,v) = R~ m(t/R,x, Rv)

8tfR +v v:ch - atf + Rv Va:f = avaa

and
u(t/R,x) = /RCI)(U/R) ft/R,x,v)dv = /RCI)(U) frdo.
Moreover

R3/2 (1+ R71)%/2 3/2
”st3/2([0, T|xB(0,K)) < R Hu (t/R, x)“w 3/2(]0, RT]|x B(0,K))

R —1\3/2
N UERT)
- R

k=1

[u

lul(t/R, z)|[2?

Ws:3/2([T(k—1), Tk]x B(0,K))"

By Theorem 3.2, as [T'(k — 1), Tk] is of length T', for r < 1/2

Hu (t/R x)”Ws?’/Q([T(k 1), Tk]xB(0,K)) <HfRHL2(T(k 1), Tk]xB(0,K), H"(R))

X ”mRHMl([T(kfl),Tk]xB(O,K)x[fl 2))-
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Note that as r < 1/2

Tk/R
||fR||%2([T(kfl),Tk]xB(O,K), Hr(R)) = RQ/ / / |00 f(t, 2, v)|?
T(k—1)/R J B(0,K) JR
< RE T fll7m, xz, #r@) < CR.

With the same computation

Tk 2
/ / / mg(t,z,v) dvdzdt
T(k—1) J B(0,K) J -2

Tk/R
<R / / m(t,z,v)dvdz dt.
T(k—1)/R J B(0,K) J]v|<2R

And from the computation on the propagation of the L norm of u (see the
corresponding subsection), one deduces that

T
/ //|U|p_2m(t,m,v)dvdxdt§ |-
o JrJR

So finally with p = min(2, p)

Tk 2 ~
/ / / mg(t,z,v)dvdedt < C R* P71
T(k-1) JB(0,K) J 2

and
Ju"(t/R, ) lwss/2( 1), Th]x B(0,K)) < C RV/?-s/22smsbms — O RI/2H5/275P,
Concluding

||uRHW5a3/2([O, T B(0.K)) < CRl/Z*S/Q*FQS*Sﬁ*S — CfR1/2+s/27sf)7

so that using the real method of interpolation described earlier, we get that

weWhiwithr < (p—1)/2(p—sp—1/2+5s/2)) and 1/q = (1 —2r) +4r/3.

5.4.3 Oleinik BV regularization

It is possible to show that the solution immediately becomes BV in the
particular case of a strictly convex flux in dimension 1: infa'(v) > 0.
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The original argument was given in [41] for the vanishing viscosity ap-
proximation, with first proving a semi-Lipschitz bound on u. Here we instead
use the transport collapse scheme described in subsection 5.2.1.

To simplify assume that

a(v)=v, u®>0, u”e€L>(R). (5.20)

This is not a huge hypothesis as anyway the computation can only be done
for strictly increasing a(v).

The following uniform bound holds for the sequences f,, and wu,, defined
in 5.2.1

Proposition 5.5 For anyt >0, any R >0
[t Osuen(t, ) = Ular-r, ry < 2R[W”|| e + 2t [[u”[| 70

Proof. We argue by induction on every interval |i/n, (i + 1)/n]. Let us
start with the first |0, 1/n]. For ¢t < 1/n, f, is simply the solution to the
free transport and hence

fo(t,z,v) = f(0,2 — vt,v).
So

Opun(t, ) = / O fr(0, 2 — vt, v) dv
R
— [[(30A 0.0~ 00) + @0~ vt do
R
~ 5 [@s)0.0-vt)an
t Jr
As such for 0 < t < 1/n, since f(0) satisfies (5.2)

t Opun(t,x)—1 = /R((S(U)—é(v—uo(x—vt))) dv—1= —/R5(U—u0(x—vt))dv.

R+t
/ |0ptun (t, x) —de—// §(v — u’(z)) dx dv
R+t

Ret|Ju®||poo ¢
< / /5@ — @) dado < 2R ||u]|
R

—R—[[u0| oo t

Therefore
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As u,, is continuous in time at ¢ = i/n (the collapse operator only modifies
fn), the same estimate is true at t = 1/n.

Next, assume that the estimate is true at time ¢t = i/n. Define
gn(i,z,0) = fu(i/n+,x +vi/n,v),

and notice that
0,00 = (OuF) (/b4 vifn.0) + L0, 1, (i/nt.z +vifn.v).
On the other hand for t €]i/n, (i +1)/n]

un(t,x):/an(t,x,v)dv:/Rgn(i,x—vt,v)dv,

so with the same argument as before

Dsttn _% /R(avgn)(i,x—vt.v) dv — %/(&,fn)(i/n—l—,x—l—v(i/n—t),v)
w12 [l ot/ —0).0) o

By the definition of f,(i/n+) (5.8), one gets the induction relation
FOuy — 1 = /(5@) 8w — un(ifn, x4 (i/n — 1)) dv — 1
R
+ % / Butin(i 1, T + v (i1 — £),0) 8(0 — un i/, 2 + v (i/n — 1)) dv
R

= /R(%(?xun(i/n,ac +v(i/n—1))—1)d(v—u,(i/n,xz+v(i/n—1)))dv.
(5.21)
Consequently for i/n <t < (i+1)/n

R R (t—i/n) [|u®]| poo
/ |t8mun—1]dx§/ /|/n8un i/mx) — 1|
R _

R—(t=i/n) [[u®]| oo

(v — up(i/n,x)) dvde

Ret(t—i/n) [|u®]| oo
< / li/ndyu,(i/n, x) — 1| dx

— JR—(t—ifn) 0] e

. 2i
< 2R+ (t —i/n) u’| zoe) lu’]| o + . [u°]17
< 2R’ oo + 2’| 1=,
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because we have assumed that u(i/n, z) satisfies the estimate. o

5.4.4 Comments on the regularization effect

In dimension one there is a wide gap between the previous BV regularity and
the 1/3 derivative provided by averaging lemmas. So of course it is natural
to wonder whether in higher dimensions (or for non convex fluxes) one could
not improve the result of averaging lemmas and possibly reach BV, which
for many reasons would be a crucial step.

The answer is not known for entropy solutions. However there is a coun-
terexample if one considers the larger class of solutions with bounded entropy
production. Those are u such that the function f defined through (5.2) solves
(5.3) with m a bounded measure (but not necessarily non negative). Obvi-
ously there is no uniqueness in this case. For those solutions an example
detailed in [12] shows that the 1/3 derivative is optimal.

What is missing is a precise and careful use of the sign of m (this is true
as well for the LP regularization). The kind of techniques that are used for
averaging lemmas do not make that easy however, and again it is not sure
at all that the regularity can be improved anyway. We refer to [8] for more
on the regularity of scalar conservation laws (not necessarily with averaging
lemmas).

Regularity in Sobolev spaces is not the only interesting property of so-
lutions. For instance BV regularity is interesting over W1/33/2 because, in
particular, it provides the existence of strong traces of the solution. Instead
of trying to get BV bound, one may directly study the traces though. This
kind of approach is better able to take advantage of the structure of Eq.
(5.3). So for example, strong traces are proved to exist for the solution in
[52] (even for solutions with only bounded entropy). More recently it was
shown that the solutions enjoy a “BV like” structure (see [10]).

Finally let us mention that kinetic formulations and the corresponding
averaging results are not limited to scalar conservation laws: See [39] or [30]
for other examples, [49] for a class of hyperbolic equations with possibly
degenerate second order terms, or again [42].
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